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1 Motivation.

Both the NFCM and GAFP books have axiomatic introductions of the gener-
alized (vector, blade) dot and wedge products, but there are elements of both
that I was unsatisfied with. Perhaps the biggest issue with both is that they
aren’t presented in a dumb enough fashion.

NFCM presents but does not prove the generalized dot and wedge product
operations in terms of symmetric and antisymmetric sums, but it is really the
grade operation that is fundamental. You need that to define the dot product
of two bivectors for example.

GAFP axiomatic presentation is much clearer, but the definition of general-
ized wedge product as the totally antisymmetric sum is a bit strange when all
the differential forms book give such a different definition.

Here I collect some of my notes on how one starts with the geometric prod-
uct action on colinear and perpendicular vectors and gets the familiar results
for two and three vector products. I may not try to generalize this, but just
want to see things presented in a fashion that makes sense to me.

2 Introduction.

The aim of this document is to introduce a “new” powerful vector multiplica-
tion operation, the geometric product, to a student with some traditional vector
algebra background.

The geometric product, also called the Clifford product !, has remained
a relatively obscure mathematical subject. This operation actually makes a
great deal of vector manipulation simpler than possible with the traditional
methods, and provides a way to naturally expresses many geometric concepts.
There is a great deal of information available on the subject, however most of it
is targeted for those with a university graduate school background in physics

1 After William Clifford (1845-1879).



or mathematics. That level of mathematical sophistication should not required
to understand the subject.

It is the author’s opinion that this could be dumbed down even further, so
that it would be palatable for somebody without any traditional vector algebra
background.

3 What is multiplication?

The operations of vector addition, subtraction and numeric multiplication have
the usual definitions (addition defined in terms of addition of coordinates, and
numeric multiplication as a scaling of the vector retaining its direction). Mul-
tiplication and division of vectors is often described as “undefined”. It is pos-
sible however, to define a multiplication, or division operation for vectors, in a
natural geometric fashion.

What meaning should be given to multiplication or division of vectors?

3.1 Rules for multiplication of numbers

Assuming no prior knowledge of how to multiply two vectors (such as the dot,
cross, or wedge products to be introduced later) consider instead the rules for
multiplication of numbers.

1. Product of two positive numbers is positive. Any consideration of count-
able sets of objects justifies this rule.

2. Product of a positive and negative number is negative. Example: multi-
plying a debt (negative number) increases the amount of the debt.

3. Product of a negative and negative number is positive.

4. Multiplication is distributive. Product of a sum is the sum of the prod-
ucts. 2

a(b+c) =ab+ac
(a+b)c=ac+bc

5. Multiplication is associative. Changing the order that multiplication is
grouped by does not change the result.

(ab)c = a(bc)

2The name of this property isn’t important and no student should ever be tested on it. It is a
word like dividand which countless countless school kids are forced to memorize. Like dividand it
is perfectly acceptable to forget it after the test because nobody has to know it to perform division.
Since most useful sorts of multiplications have this property this is the least important of the named
multiplication properties. This word exists mostly so that authors of math books can impress
themselves writing phrases like “a mathematical entity that behaves this way is left and right
distributive with respect to addition”.




6. Multiplication is communatitive. Switching the order of multiplication
does not change the result.

ab = ba

Unless the reader had an exceptionally gifted grade three teacher it is likely
that rule three was presented without any sort of justification or analogy. This
can be considered as a special case of the previous rule. Geometrically, a mul-
tiplication by -1 results in an inversion on the number line. If one considers the
number line to be a line in space, then this is a 180 degree rotation. Two nega-
tive multiplications results in a 360 degree rotation, and thus takes the number
back to its original positive or negative segment on its “number line”.

3.2 Rules for multiplication of vectors with the same direction

Having identified the rules for multiplication of numbers, one can use these
to define multiplication rules for a simple case, one dimensional vectors. Con-
ceptually a one dimensional vector space can be thought of like a number line,
or the set of all numbers as the set of all scalar multiples of a unit vector of a
particular direction in space.

It is reasonable to expect the rules for multiplication of two vectors with
the same direction to have some of the same characteristics as multiplication
of numbers. Lets state this algebraically writing the directed distance from the
origin to the points 2 and b in a vector notation

where e is the unit vector alone the line in question.
The product of these two vectors is

ab = abee

Although no specific meaning has yet been given to the ee term yet, one
can make a few observations about a product of this form.

1. It is communatitive, since ab = ba = abee.
2. It is distributive since numeric multiplication is.

3. The product of three such vectors is distributive (no matter the grouping
of the multiplications there will be a numeric factor and a eee factor.

These properties are consistent with half the properties of numeric multi-
plication. If the other half of the numeric multiplication rules are assumed to
also apply we have



1. Product of two vectors in the same direction is positive (rules 1 and 3
above).

2. Product of two vectors pointing in opposite directions is negative (rule 2
above).

This can only be possible by giving the following meaning to the square of
a unit vector

ee=1

Alternately, one can state that the square of a vector is that vectors squared

length.
aa = o’

This property, as well as the associative and distributive properties are the
defining properties of the geometric product.

It will be shown shortly that in order to retain this squared vector length
property for vectors with components in different directions it will be required
to drop the communatitive property of numeric multiplication:

ab # ba

This is a choice that will later be observed to have important consequences.
There are many types of multiplications that do not have the communatitive
property. Matrix multiplication is not even necessarily defined when the or-
der is switched. Other multiplication operations (wedge and cross products)
change sign when the order is switched.

Another important choice has been made to require the product of two vec-
tors not be a vector itself. This also breaks from the number line analogy since
the product of two numbers is still a number. However, it is notable that in
order to take roots of a negative number one has to introduce a second num-
ber line (the i, or imaginary axis), and so even for numbers, products can be
“different” than their factors. Interestingly enough, it will later be possible to
show that the choice to not require a vector product to be a vector allow com-
plex numbers to be defined directly in terms of the geometric product of two
vectors in a plane.

4 Axioms

The previous discussion attempts to justify the choice of the following set of
axioms for multiplication of vectors

1. linearity

2. associativity



3. contraction

Square of a vector is its squared length.

This last property is weakened in some circumstances (for example, an al-
ternate definition of vector length is desirable for relativistic calculations.)

5 dot product

One can express the dot product in terms of these axioms. This follows by
calculating the length of a sum or difference of vectors, starting with the re-
quirement that the vector square is the squared length of that vector.
Given two vectors a and b, their sum ¢ = a + b has squared length:
> = (a+b)(a+b)=a’+ba+tab+b’ (1)
We do not have any specific meaning for the product of vectors, but equa-
tion 1 shows that the symmetric sum of such a product:
ba + ab = scalar (2)
since the RHS is also a scalar.
Additionally, if a and b are perpendicular, then we must also have:
a’> +b* =a*+ b

This implies a rule for vector multiplication of perpendicular vectors

ba+ab =0
Or,

ba = —ab. 3)

Note that equation 3 doesn’t assign any meaning to this product of vectors
when they perpendicular. Whatever that meaning is, the entity such a perpen-
dicular vector product produces changes sign with commutation.

Performing the same length calculation using standard vector algebra shows
that we can identify the symmetric sum of vector products with the dot prod-
uct:

le|* = (a+b) - (a+b) = [a]*+2a-b+ b (4)
Thus we can make the identity:
1
a~b:§(ab+ba) )]



6 Coordinate expansion of the geometric product.

A powerful feature of geometric algebra is that it allows for coordinate free
results, and the avoidance of basis selection that coordinates require. While
this is true, explicit coordinate expansion, especially initially while making the
transition from coordinate based vector algebra, is believed to add clarity to
the subject.

Writing a pair of vectors in coordinate vector notation:

a— Zaiei
i

b= Zb]e]
j

Despite not yet knowing what meaning to give to the geometric product
of two general (non-colinear) vectors, given the axioms above and their conse-
quences we actually have enough information to completely expand the geo-
metric product of two vectors in terms of these coordinates:

ab = Za,-bjeiej
ij
= Zaibjeiej + Zﬂib]'e,'e]'

—Zabeel—f—Zab]ee]—i-Zabee]

i<j j<i
fZab +2a bjeie; +ajbieje;
i<j
—Zab + Y (aib; — biaj)eje;
i<j

This can be summarized nicely in terms of determinants:

ab = Zab +Z

i<j

b, b ee] (6)

This shows, without requiring the “triangle law” expansion of 4, that the
geometric product has a scalar component that we recognize as the Euclidian
vector dot product. It also shows that the remaining bit is a “something else”
component. This “something else” is called a bivector. We don’t yet know
what this bivector is or what to do with it, but will come back to that.

Observe that an interchange of a and b leaves the scalar part of equation 6
unaltered (ie: it is symmetric), whereas an interchange inverts the bivector (ie:
it is the antisymmetric part).



7 Some specific examples to get a feel for things.

Moving from the abstract, consider a few specific geometric product example.
e Product of two non-colinear non-orthogonal vectors.
(e1 +2ex)(e; —ep) = eje; — 2epep + 2ere; — eje; = —1+ 3eze;
Such a product produces both scalar and bivector parts.
e Squaring a bivector
(e1e2)? = (ejep)(—eze;) = —ej(erer)e; = —eje; = —1

This particular bivector squares to minus one very much like the imagi-
nary number i.

e Product of two perpendicular vectors.

(e1 +e2)(e; —e2) = 2ezeq
Such a product generates just a bivector term.

e Product of a bivector and a vector in the plane.

(xe1 +yez)ejer = xey — yeq
This rotates the vector counterclockwise by 90 degrees.

e General R? geometric product of two vectors.

xy = (x1e1 + x2€5 + x3€3) (y1€1 + Y202 + Y3€3)

X1 X2
yi Y2

X X
1 2 ejesz +

€1€2

€e3 €ze; €€
Xy=x-y+| x X X3
Y y2 Y3

Observe that if one identifies e, e3, eseq, and eje; with vectors e, ep, and
e3 respectively, this second term is the cross product. A precise way to
perform this identification will be described later.

The key thing to observe here is that the structure of the cross product
is naturally associated with the geometric product. One can think of the
geometric product as a complete product including elements of both the
dot and cross product. Unlike the cross product the geometric product is
also well defined in two dimensions and greater than three.

These examples are all somewhat random, but give a couple hints of results
to come.



8 Antisymmetric part of the geometric product.
Having identified the symmetric sum of vector products with the dot product

we can write the geometric product of two arbitrary vectors in terms of this
and it’s difference

ab = %(ab%—ba) + %(ab —ba)
=a-b+f(ab)

Let’s examine this second term, the bivector, a mapping of a pair of vectors
into a different sort of object of yet unknown properties.

1
f(a ka) = E(aka —kaa) =0
Property: Zero when the vectors are colinear.

flaka+b) = %(a(ka +b) — (ka+ mb)a) = f(a,b)

Property: colinear contributions are rejected.

(xapb — Bbaa) = aff(a,b)

NI~

f(aa, pb) =

Property: bilinearity.

F(b,a) = %(ba— ab) — —%(ab —ba) = —f(a,b)

Property: Interchange inverts.

Operationally, these are in fact the properties of what in the calculus of
differential forms is called the wedge product (uncoincidentally, these are also
all properties of the cross product as well.)

Because the properties are identical the notation from differential forms is
stolen, and we write

a/\b:%(ab—ba) (7)

And as mentioned, the object that this wedge product produces from two
vectors is called a bivector.

Strictly speaking the wedge product of differential calculus is defined as an
alternating, associative, multilinear form. We have here bilinear, not multilin-
ear and associativity is not meaningful until more than two factors are intro-
duced, however when we get to the product of more than three vectors, we
will find that the geometric vector product produces an entity with all of these
properties.



Returning to the product of two vectors we can now write

ab=a-b+aAb (8)

This is often used as the initial definition of the geometric product.

9 Yes, but what is that wedge product thing.

Combination of the symmetric and antisymmetric decomposition in equation
8 shows that the product of two vectors according to the axioms has a scalar
part and a bivector part. What is this bivector part geometrically?

One can show that the equation of a plane can be written in terms of bivec-
tors. One can also show that the area of the parallelogram spanned by two
vectors can be expressed in terms of the “magnitude” of a bivector. Both of
these show that a bivector characterizes a plane and can be thought of loosely
as a “plane vector”.

Neither the plane equation or the area result are hard to show, but we will
get to those later. A more direct way to get an intuitive feel for the geometric
properties of the bivector can be obtained by first examining the square of a
bivector.

By subtracting the projection of one vector a from another b, one can form
the rejection of a from b:

b’ =b—(b-a)a

With respect to the dot product, this vector is orthogonal to a. Sincea A & =
0, this allows us to write the wedge product of vectors a and b as the direct
product of two othogonal vectors

aAb=aA(b—(b-4)a))
=aAb’
= ab’
= —b'a

The square of the bivector can then be written

(aAb)? = (ab’)(—b'a)
— _aZ(b/)Z‘

Thus the square of a bivector is negative. It’s thus natural to define a bivec-
tor norm:



laAnb| = \/—(a/\b)2: \/(a/\b)(bAa)

Dividing by this norm we have an entity that acts precisely like the imagi-
nary number i.

Looking back to equation 8 one can now assign additional meaning to the
two parts. The first, the dot product, is a scalar (ie: a real number), and a second
part, the wedge product, is a pure imaginary term. Provided a A b # 0, we can

write i = ‘:ﬁ};‘ and express the geometric product in complex number form:

ab=a-b+ilaADb|

The complex number system is the algebra of the plane, and the geometric
product of two vectors can be used to completely characterize the algebra of
an arbitrarily oriented plane in a higher order vector space.

It actually will be very natural to define complex numbers in terms of the
geometric product, and we will see later that the geometric product allows for
the ad-hoc definition of “complex number” systems according to convienience
in many ways.

We will also see that generalizations of complex numbers such as quater-
nion algebras also find their natural place as specific instances of geometric
products.

Concepts familar from complex numbers such as conjugation, inversion,
exponentials as rotations, and even things like the residue theory of complex
contour integration, will all have a natural geometric algebra analogue.

We will return to this, but first some more detailed initial examination of
the wedge product properties is in order, as is a look at the product of greater
than two vectors.
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