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1 Expanding out the stress energy vector in tensor
form.

[Doran and Lasenby(2003)|| defines (with €y ommitted), the energy momentum
stress tensor as a vector to vector mapping of the following form:

€0 ~ €0
T(a) = —FaF = ——FaF 1
(a) = 2 FaF = ~LFa )

This quantity can only have vector, trivector, and five vector grades. The
grade five term must be zero

(T(a))s = %OF/\a AE

:z—oaA(F/\ﬁ)

=0

Since (T(a)) = T(a), the grade three term is also zero (trivectors invert on
reversion), so this must therefore be a vector.
As a vector this can be expanded in coordinates



T(a) = (T(a) 7")
= (T(”y')’u) : ')’V) Tv
= a"yy (T(ve) - 7")

It’s this last bit that has the form of a traditional tensor, so we can write

T(a) = a7, T," 2)
Tyv = T('Yy) Y 3)

Let’s expand this tensor T, explicitly to verify its form.
We want to expand, and dot with 7", the following

1

—2— (T(’Yy) "YV) Yv

- (VAA) Y (VAA)),

(VANA) -9 (VANA)+ (VANA) A (V AA)),
(VANA) 7)) - (VAA) + (VAA) Avu) - (VA A)

Both of these will get temporarily messy, so let’s do them in parts. Starting
with

(VAA) -7 = (7 AYP) - 70 Ag
= (7%0Py — 7P6%)au Ap
= 7", Ay — 'yﬁaVA,;
= 7" (02 Ay — 9, An)
= 7" Fay

(VAA) 7)) - (VAA) = (v"Fu) - (vp Aya)oP A
= 9P ANy (8% gy — 6% 2 vp)
= (0" APFy, — 0P A"Fy)vp
= F“ﬁFw'Yﬁ



So, by dotting with v we have

(VAA)-7) - (VAA) -2 = FVEy, (4)

Moving on to the next bit, (((V A A) Ay#) - (V AA)) - Y. By inspection the
first part of this is

(VAA) Ayu = (7y)2(7a AYP) A YHouAp
so dotting with V A A, we have

(VAA) A7) - (VAA) = (13)20uApd* A (Y AyP A) - (A Avs)
= (7)%0a A" A (Y AP AY) - 70) - 7

Expanding just the dot product parts of this we have
(" ArP) A 1) 16

= (Y AYPYO N = (Y AP A+ (VP AY)8*0) s
= 9% (6P 5ot — 01 50P \) + AP (87 56% ) — 8%56% 3) + * (6% 56P 5 — 6P 50% )

This can now be applied to 9" A°

A (Y AYPY AY) - 72) -7
= F APy — P Al L 9% AF AP — g A% AP L OB A%l — 9% AP
= (AP — 9P A 4 (9% AF — 9F A%y P + (9P A% — 9¥ AP)

This is getting closer, and we can now write

(VAA) A7) - (VAA) = (74)* 0 Ag(FIP®  FUHyP 4 Pt
= (1u)29p A"y + (1)?00 AgF* 9P + (7,) 0 AgFP !
= FP*Fuayp + 0u APy,

This can now be dotted with v,



(VAA) A7) - (VAA) -2 = FPFuadp + 0 AgFPes,"

which is
1
(VAA) A7) - (VAA) - =F*Fue + EPM;F/%‘(SMV (5)

The final combination of results[4} and [p]gives

1
(FyuF) - 9" = 2F"Fyy + EFaﬁFﬁ“éyV

Yielding the tensor

T.' = € (ipaﬁp“ﬁ(sy“ — FWF”‘”> (6)

2 Validate against previously calculated Poynting
result.

In [Joot()], the electrodynamic energy density U and momentum flux density
vectors were related as follows

_ €0 (g2 2p2

u="5 (E +cB) @)

P = ¢oc’E x B = eyc(icB) - E ®

0:3@(Ez+Csz)+C2€0v.(ExB)+E-j ©)
ot 2

Additionally the energy and momentum flux densities are components of
this stress tensor four vector

1
T(y0) = Uyo + EP')’O

From this we can read the first row of the tensor elements

T’ = U= (B +c8?)

1
To* = ~(P70) 7" = egcE"B ey



Let’s compare these to[6} which gives

4
= (FyFY = 3EoF")

1
To" = € ( FygF*f — F,,(OF"‘O>

- % (ijF’”f + FoFY — 3FjOFjO)

_ ¢ pmj _Tjo
= 7 (FujP" —2EF")
Tok = —GOFaoF“k

= *eononk

Now, our field in terms of electric and magnetic coordinates is

F=E+icB
= Efyv0 + icB 0
= Efyy0 — ceank BXvavp

so the electric field tensor components are

FO = (F-40) .4/
= Ek(Skf
= F/

and

Fio = (7)*(70)*F°

and the magnetic tensor components are

F™ = Fy;

= —ceaiB* (Yavp) - 1) * Ym
= —cemjkBk



This gives
0 _ €0 (p2pkpk g/
To 4(2cBB +2EE)
_ €0 ( 2n2 2
=2 (@B + )
Tok = eoE/ Pk
= GOCerfEer
= GO(CE X B)k
1
— — P .
< (P-oy)
Okay, good. This checks 4 of the elements of [f| against the explicit E and

B based representation of T(7p) in @ leaving only 6 unique elements in the
remaining parts of the (symmetric) tensor to verify.

3 Four vector form of energy momentum conserva-
tion relationship.

One can observe that there is a spacetime divergence hiding there directly in
the energy conservation equation of [/} In particular, writing the last of those as

0:30%0 (E?+¢*B?) + V-P/c+E-j/c
We can then write the energy-momentum parts as a four vector divergence
(om0 (g2 4 2p2)  Ipky ) = g
v ( ; (E —i—cB)—i—CP'yk)— E-j/c

Since we have a divergence relationship, it should also be possible to con-
vert a spacetime hypervolume integration of this quantity into a time-surface
integral or a pure volume integral. Pursing this will probably clarify how the
tensor is related to the hypersurface flux as mentioned in the text here, but
making this concrete will take a bit more thought.

Having seen that we have a divergence relationship for the energy momen-
tum tensor in the rest frame, it is clear that the Poynting energy momentum
flux relationship should follow much more directly if we play it backwards in
a relativistic setting.

This is a very sneaky way to do it since we have to have seen the answer to
get there, but it should avoid the complexity of trying to factor out the spacial
gradients and recover the divergence relationship that provides the Poynting
vector. Our sneaky starting point is to compute



V - (FyoF) = (V(FyoF))
= <(VF)’)/QF + VF70ﬁ>
(

-

Since this is a scalar quantity, it is equal to its own reverse and we can
reverse all factors in this second term to convert the left acting gradient to a
more regular right acting form. This is

VF)’)/Q? + lf"VF70>

V- (FyoF) = ((VF)yoF +10F(VF))
Now using Maxwell’s equation VF = ]/egc, we have

- 1 - -
V- (FyoF) = $<IWOF+70F]>

2 ~
= @<I’YOF>

2 -
:&(]A’YOWF

_ Now, | = ypcp + Yk, 50 T Ao = T vy = JFox = j, and dotting this with
F = —E — icB will pick up only the (negated) electric field components, so we

have

(J A7) E=j-(-E)

Although done in [Joot()], for completeness let’s re-expand F7F in terms
of the electric and magnetic field vectors.

FyoF = —(E +icB)o(E + icB)
= v9(E — icB)(E + icB)
= 70(E® + ¢®B* + ic(EB — BE))
= 90(E? 4 ¢*B? + 2ic(E A B))
= 70(E? + ¢®B*> — 2¢(E x B))



Next, we want an explicit spacetime split of the gradient

Vo = (%90 + 7" 3k) 70

= do — 7kY09%
= 80 — U'kak
=0dyp—V

We are now in shape to assemble all the intermediate results for the left
hand side

V- (FyoF) = (V(F1oF))
= <(ao — V)(E? + ¢®B* — 2¢(E x B))>
= 99(E? 4+ ¢?B?) +2cV - (E x B)
With a final reassembly of the left and right hand sides of V - T (), the

spacetime divergence of the rest frame stress vector we have

1 2
~01(E*+¢*B?) +2cV - (ExB) = ——j-E
c ceQ
Multipling through by €pc/2 we have the classical Poynting vector energy
conservation relationship.

0 €0 2 2p2 1 .
——(E B V.-—(ExB)=—j-E 10
53 (B B £ V- (ExB) = -] (10)
Observe that the momentum flux density, the Poynting vector P = (E X
B) /110, is zero in the rest frame, which makes sense since there is no magnetic
field for a static charge distribution. So with no currents and therefore no mag-
netic fields the field energy is a constant.

3.1 Transformation properties.

Equation [10]is the explicit spacetime expansion of the equivalent relativisitic
equation

V- (eT(70)) = V- (S2E%F) = (J0oF)

This has all the same content, but in relativistic form seems almost trivial.
While the stress vector T(7) is not itself a relativistic invariant, this divergence
equation is.



Suppose we form a Lorentz transformation £(x) = RxR, applied to this
equation we have

Transforming all the objects in the equation we have

V' (SEPNE) = (')

(RVR) - (?RFRRWORR(RFRY) = (RJRRYoR(RFR))

This is nothing more than the original untransformed quantity

V- (S2F0F) = (J2oF)

4 Validate with relativistic transformation.

As a relativistic quantity we should be able to verify the messy tensor relation-
ship by Lorentz transforming the energy density from a rest frame to a moving
frame.

Now let’s try the Lorentz transformation of the energy density.
FIXME: TODO.
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