PHY450H1S. Relativistic Electrodynamics Tutorial 9 (TA: Simon
Freedman). Some worked problems. EM reflection. Stress energy
tensor for simple configurations.

Originally appeared at:
http://sites.google.com/site/peeterjoot/math2011/relativisticElectrodynamicsT9.pdf

Peeter Joot — peeter.joot@gmail.com
Mar 30, 2011  relativisticElectrodynamicsT9.tex

Contents

1 HWBe6. Question 3. (Non subtle hints about how important this is (i.e. for the exam) 1
1.1 Motivation. . . . . . . . . L e 1
1.2 On thesigns of the force perunitarea . ... .. ... ... ... ............ 1
1.3 Returning to the tutorialnotes . . . . . .. ... ... ... ... o o0 2

2 Working out the tensor. 2
2.1 Aside: On the geometry, and the angle of incidence. . . . . .. ... ... ... .... 3
2.2 Backtothe problem (again). . . . . . ... ... ..o oo 4
23 Forceperunitarea? . . . . . .. ... ... .. e 6

3 A problem from Griffiths. 7

4 Infinite parallel plate capacitor 7

1. HW6. Question 3. (Non subtle hints about how important this is (i.e. for the exam)

1.1. Motivation.
This is problem 1 from §47 of the text [1].

Determine the force exerted on a wall from which an incident plane EM wave is reflected (w/
reflection coefficient R) and incident angle 0.
Solution from the book
fo = —0Oupnp — 0’ pnig D

Here 0,4 is the Maxwell stress tensor for the incident wave, and o’ «p is the Maxwell stress
tensor for the reflected wave, and 7 is normal to the wall.

1.2. On the signs of the force per unit area

The signs in 1 require a bit of thought. We have for the rate of change of the « component of

the field momentum
d S%
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where d%0f = d%on - eg, and n is the outwards unit normal to the surface. This is the rate of
change of momentum for the field, the force on the field. For the force on the wall per unit area,
we wish to invert this, giving

dfgn the wall, per unit area — (1‘1 ' e,B) T'B“ = - (1’1 : eﬁ)aﬁﬂc (3)
1.3. Returning to the tutorial notes
Simon writes
fi=—01 -0} 4)
fi=—o =71 (5)

and then says stating this solution is very non-trivial, because 0,4 is non-linear in E and B.
This non-triviality is a good point. Without calculating it, I find the results above to be pulled out
of a magic hat. The point of the tutorial discussion was to work through this in detail.

2. Working out the tensor.

FIXME: PICTURE:
The Reflection coefficient can be defined in this case as

E'[?
= T (6)
|E[?
a ratio of the powers of the reflected wave power to the incident wave power (which are pro-
portional to E % and E2 respectively.
Suppose we pick the following orientation for the incident fields

E, = Esinf (7)
Ey, = —Ecost (8)
B, =E, 9)

With the reflected assumed to be in some still perpendicular orientation (with this orientation
picked for convienence)

E\ = E'sinf (10)
E, = E'cosf (11)
B, = E. (12)
Here
E = Epcos(p - x — wt) (13)
E' = VREycos(p’ - x — wt) (14)



FIXME: there are assumptions below that p’ - x = p - x. I don’t see where that comes from,
since the propagation directions are difference for the incident and the reflected waves.

Op = T = % (5*5ﬁ + BB — %5“/3(52 4 32)> (15)

2.1. Aside: On the geometry, and the angle of incidence.

According to wikipedia [2] the angle of incidence is measured from the normal.
Let’s use complex numbers to get the orientation of the electric and propagation direction
fields right. We have for the incident propagation direction

_ IA) ~ ei(?‘(-l-e) (16)

or

p~e’ (17)
If we pick the electric field rotated negatively from that direction, we have
E~ —ie®
= —i(cosf +isinf)
= —icost +sin®

E; ~ sinf (18)
E, ~ —cos® (19)

For the reflected direction we have
p/ ~ ei(n—@) — _e—i9 (20)

rotating negatively for the electric field direction, we have

E ~ —i(—e™ )
= i(cosf — isinh)
= icosf 4 sin 6

El ~sin® (21)
E, ~ cosf (22)



2.2. Back to the problem (again).
Where € and B are the total EM fields.

Aside: Why the fields are added in this fashion wasn’t clear to me, but I guess this makes sense.
Even if the propagation directions differ, the total field at any point is still just a superposition.

E=E+F
B=B+B
Get
—i _1 52, 32 _
033_471 B.B, 2(5 +B%) | =0
B2
031 :O:0‘32
— i 1\2 _1 32 32
=g ((5) 2(5 + B?)
B’ = (B +Bl)’ = (E+E
SO
on =g (€ S(E + (€ + (E+EY
47 2
= - (= (- (E+E)
— o ((B+E)2sin?0 — (E'— Ecos?0 — (E+E'P)
= 8%( (EZ(sin29 — 0520 — 1) + (E')%(sin? 0 — cos?§ — 1) + 2EE/ (sin?@ + cos? 6 — 1)
- 871( 2E” cos” 6 — 2(E')* cos” 6)
_i 2 N2 2
= 47_[(E + (E")*) cos* 6
= o)+

(23)
(24)

(25)

(26)

(27)

(28)
(29)

This last bit I didn’t get. What is o) and ¢’||. Are these parallel to the wall or parallel to the
normal to the wall. It turns out that this appears to mean parallel to the normal. We can see this

by direct calculation



CAr 2

L (o0, 1
—47_[<E sin“ 6 22E>

o 1 1
O.chr;(adent _ = (Ei . *(EZ + BZ)>

1
= _EEZ cos? 6

1 1
U;fcﬂected _ = (E;{Z _ 7(E/2 + BIZ))

4 2
= % <E’2 sin? 6 — ;215’2)
=— ﬁE' % cos? 0
So by comparison we see that we have
o1y = gincident y preflected (30)

Moving on, for our other component on the x, y place cj, we have

_ 1 e
O1p = 47_[5 &
1
= E(E+ E')sin0(—E + E’) cos 6
1

= E((EI)Z — E?)sinf cos 6

Again we can compare to the sums of the reflected and incident tensors for this x, y component.
Those are

o 1
incident 12
= —(E'E
013 4_71( )
1
= —— FE2sin6 cos 0,
4
and
1 1.2
reflected 11y
= —(E"E
012 471( )

1
= —E"%sinfcos0
47
Which demonstrates that we have

o1y = O.irzlcident + U{gﬂected (31)

Summarizing, for the components in the x, y plane we have found that we have
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0i5ng = 08 = 0g + 0 (32)

(where ng = SPLY
This result, assumed in the text, was non-trivial to derive. It is also not generally true. We have

o= = ((sy)z (€ BZ)>

4

= (€7 - €7 - B)

si( 2cos?0 — (E+ E')?*sin’ — (E+ E')?)

8i< —1+ cos? § — sin? 0)—|—E’ (— 1+c0529—sin29)+2EE'(—c0529—sin29—1)>
:—47_[ (E*sin®6 + (E')*sin?  + 2EE’)

If we compare to the incident and reflected tensors we have

o 1 1
incident __ y\2 _ -2
Tyy =1 ((E )2 2E )

1
= —E*(cos”0— 1
47 (cos )

1
= —EEz Sinz 9
and

1 1
reflected __ N2 A2
Tyy =i ((E ) 2E )

1
= EE/Z(COSZ 6—1)

1 .
=——F
4

sin? 0

There’s a cross term that we can’t have summing the two, so we have, in general

U,E(Etal 7& U;r;cident + U;;ﬂected (33)
2.3. Force per unit area?
fo =N 0 (34)
Averaged
L2 2
(Oxx) = _gEo(l + R) cos” 6 (35)
1
(00y) = —gEg(l — R)sinf cos 0 (36)



(S) = ——E2f 37)

87
¢ N
(8") = -5 Eon’ (38)
(|S]) = Work =W (39)
fr = 10y = W(1+ R) cos? @ (40)
fy = nYox, = W(1 — R) sin6 cos 6 (41)

3. A problem from Griffiths.

FIXME: try this.

Two charges g+, g— reflected in a plane, separated by distance 2. Work out the stress energy
tensor from the Coulomb fields of the charges on the plane.

Will get the Coulomb force:

72
F= k@. (43)
4. Infinite parallel plate capacitor
Write 0p.
B=0 (44)
E= —goez (45)

FIXME: derive this. Observe that we have no distance dependence in the field because it is an
infinite plate.

1 —o\? o2
=[—zo( — = = 46
011 ( 5 < € > ) 26(2) 022 (46)
_ VI T A N S
033 = (E ) 2E = 2E = —022 (47)

Force per unit area is then

fo = npoup
= N30x3



So

fi=0=1f (48)
2
o
fza =033 28 (49)
2
o
f == —%ez (50)

REMEMBER: EXAM WEDNESDAY!
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