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A dumb expansion of the Fermi-Dirac grand partition function

In §6.2 [1] we have the following notation for the sums in the grand partition function Ω 1 .

Ω =
∞

∑
N=0

zNQN(V, T) (1.1a)

QN(V, T) = ∑
{nε}

′e−β ∑ε nεε. (1.1b)

This was shorthand notation for the canonical ensemble, subject to constraints on N and E

QN(V, T) = ∑
E

e−βE (1.2a)

E = ∑
ε

nεε (1.2b)

N = ∑
ε

nε. (1.2c)

I found this notation pretty confusing, since the normal conventions about what is a dummy index
in the various summations do not hold.

The claim of the text (and in class) is that we could write out the grand canonical partition function
as

Ω =

(
∑
n0

(
ze−βε0

)n0

)(
∑
n1

(
ze−βε1

)n1

)
· · · (1.3)

Let’s verify this for a Fermi-Dirac distribution by dispensing with the notational tricks and writing
out the original specification of the grand canonical partition function in long form, and compare
that to the first few terms of the expansion of eq. (1.6).

Let’s consider a specific value of E, namely all those values of E that apply to N = 3. Note that we
have nε ∈ {0, 1} only for a Fermi-Dirac sysstem, so this means we can have values of E like

E ∈ {ε0 + ε1 + ε2, ε0 + ε3 + ε7, ε2 + ε6 + ε11, · · ·} (1.4)

1On notation: Ω is new notation that our final exam introduced, and I’m going to switch to that from the ZG that we used
in class. The text appears to use a script Q like Q but with the loop much more disconnected and hard to interpret

1



Our grand canonical partition function, when written out explicitly, will have the form

Ω = z0e−0 + z1 ∑
εk

e−βεk + z2 ∑
εk ,εm

e−β(εk+εm) + z3 ∑
εr ,εs ,εt

e−β(εr+εs+εt) + · · · (1.5)

Okay, that’s simple enough and really what the primed notation is getting at. Now let’s verify that
after simplification this matches up with eq. (1.6). Expanding this out a bit we have

Ω =

(
1

∑
n0=0

(
ze−βε0

)n0

)(
1

∑
n1=0

(
ze−βε1

)n1

)
· · ·

=
(

1 + ze−βε0
) (

1 + ze−βε1
) (

1 + ze−βε2
)
· · ·

=
(

1 + ze−βε0 + ze−βε1 + ze−β(ε0+ε1)
) (

1 + ze−βε2 + ze−βε3 + z2e−β(ε2+ε3)
) (

1 + ze−βε4
)
· · ·

=
(

1 + z
(

e−βε0 + e−βε1 + e−βε2 + e−βε3
)

+ z2
(

e−β(ε0+ε1) + e−β(ε0+ε2) + e−β(ε0+ε3) + e−β(ε1+ε2) +

e−β(ε1+ε3) + e−β(ε2+ε3)
)

+ z3
(

e−β(ε0+ε1+ε2)e−β(ε0+ε1+ε3)e−β(ε0+ε2+ε3)e−β(ε1+ε2+ε3)
)) (

1 + ze−βε4
)
· · ·

(1.6)

This completes the verification of the result as expected. It is definitely a brute force way of doing
so, but easy to understand and I found for myself that it removed some of the notation that obfuscated
what is really a simple statement.

Once we are comfortable with this Fermi-Dirac expression of the grand canonical partition func-
tion, we can then write it in the product form that leads to the sum that we want after taking logs

Ω =
(

1 + ze−βε0
) (

1 + ze−βε1
) (

1 + ze−βε2
)
· · · = ∏

ε

(
1 + ze−βε

)
. (1.7)
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