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Fundamental parameters of antennas

This is my first set of notes for the UofT course ECE1229, Advanced Antenna Theory, taught by Prof.
Eleftheriades, covering ch.2 [1] content.

Unlike most of the other classes I have taken, I am not attempting to take comprehensive notes
for this class. The class is taught on slides that match the textbook so closely, there is little value
to me taking notes that just replicate the text. Instead, I am annotating my copy of textbook with
little details instead. My usual notes collection for the class will contain musings of details that were
unclear, or in some cases, details that were provided in class, but are not in the text (and too long to
pencil into my book.)

1.1 Poynting vector

The Poynting vector was written in an unfamiliar form

(1.1)W = E ×H.

I can roll with the use of a different symbol (i.e. not S) for the Poynting vector, but I’m used to
seeing a c/4π factor ([6] and [5]). I remembered something like that in SI units too, so was slightly
confused not to see it here.

Per [3] that something is a µ0, as in

(1.2)W =
1
µ0

E × B.

Note that the use of H instead of B is what wipes out the requirement for the 1/µ0 term since
H = B/µ0, assuming linear media, and no magnetization.

1.2 Typical far-field radiation intensity

It was mentioned that

(1.3)
U(θ, φ) =

r2

2η0
|E(r, θ, φ)|2

=
1

2η0

(
|Eθ(θ, φ)|2 +

∣∣Eφ(θ, φ)
∣∣2) ,
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where the intrinsic impedance of free space is

(1.4)η0 =
√

µ0

ε0
= 377Ω.

(this is also eq.2-19 in the text.)
To get an understanding where this comes from, consider the far field radial solutions to the electric

and magnetic dipole problems, which have the respective forms (from [3]) of

(1.5a)
E = −µ0 p0ω2

4π

sin θ

r
cos (wt − kr) θ̂

B = −µ0 p0ω2

4πc
sin θ

r
cos (wt − kr) φ̂

(1.5b)
E =

µ0m0ω2

4πc
sin θ

r
cos (wt − kr) φ̂

B = −µ0m0ω2

4πc2
sin θ

r
cos (wt − kr) θ̂

In neither case is there a component in the direction of propagation, and in both cases (using
µ0ε0 = 1/c2)

(1.6)

|H| =
|E |
µ0c

= |E |
√

ε0

µ0

=
1
η0
|E |.

A superposition of the phasors for such dipole fields, in the far field, will have the form

(1.7)
E =

1
r
(
Eθ(θ, φ)θ̂ + Eφ(θ, φ)φ̂

)
B =

1
rc
(
Eθ(θ, φ)θ̂− Eφ(θ, φ)φ̂

)
,

with a corresponding time averaged Poynting vector

(1.8)

Wav =
1

2µ0
E× B∗

=
1

2µ0cr2

(
Eθ θ̂ + Eφφ̂

)
×
(

E∗θ θ̂− E∗φφ̂
)

=
θ̂× φ̂

2µ0cr2

(
|Eθ |2 +

∣∣Eφ

∣∣2) ,

=
r̂

2η0r2

(
|Eθ |2 +

∣∣Eφ

∣∣2) ,
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Figure 1.1: Plot methods for fields and intensities

rcap = {Cos[#], Sin[#]} & ;
scap = {Sin[#1] Cos[#2], Sin[#1] Sin[#2], Cos[#1]} & ;
ParametricPlot[ f[r0, θ, 0] rcap, {θ, 0, Pi}]
ParametricPlot3D[ f[r0, θ, φ] scap, {θ, 0, Pi}, {φ, 0, 2 Pi}]

verifying eq. (1.3) for a superposition of electric and magnetic dipole fields. This can likely be
shown for more general fields too.

1.3 Field plots

We can plot the fields, or intensity (or log plots in dB of these). It is pointed out in [3] that when there
is r dependence these plots are done by considering the values of at fixed r.

The field plots are conceptually the simplest, since that vector parameterizes a surface. Any such
radial field with magnitude f (r, θ, φ) can be plotted in Mathematica in the φ = 0 plane at r = r0, or in
3D (respectively, but also at r = r0) with code like fig. 1.1

Intensity plots can use the same code, with the only difference being the interpretation. The surface
doesn’t represent the value of a vector valued radial function, but is the magnitude of a scalar valued
function evaluated at f (r0, θ, φ).

The surfaces for U = sin θ, sin2 θ in the plane are parametrically plotted in fig. 1.3, and for cosines
in fig. 1.2 to compare with textbook figures.

Figure 1.2: Cosinusoidal radiation intensities
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Figure 1.3: Sinusoidal radiation intensities

Visualizations of U = sin2 θ and U = cos2 θ can be found in fig. 1.4 and fig. 1.5 respectively. Even
for such simple functions these look pretty cool.

Figure 1.4: Square sinusoidal radiation intensity

1.4 dB vs dBi

Note that dBi is used to indicate that the gain is with respect to an “isotropic” radiator. This is detailed
more in [2].
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Figure 1.5: Square cosinusoidal radiation intensity

Table 1.1:
∫ π/2

0 sinr θ coss θdθ

r
s 0 1 2 3 4 5
0 π/2 1 π/4 2/3 3π/16 8/15
1 1 1/2 1/3 1/4 1/5 1/6
2 π/4 1/3 π/16 2/15 π/32 8/105
3 2/3 1/4 2/15 1/12 2/35 1/24
4 3π/16 1/5 π/32 2/35 3π/256 8/315
5 8/15 1/6 8/105 1/24 8/315 1/60

1.5 Trig integrals

Tables table 1.1 and table 1.2 produced with tableOfTrigIntegrals.nb have some of the sine and cosine
integrals that are pervasive in this chapter.

1.6 Polarization vectors

The text introduces polarization vectors ρ̂ , but doesn’t spell out their form. Consider a plane wave
field of the form

(1.9)E = Exejφx ej(ωt−kz)x̂ + Eyejφy ej(ωt−kz)ŷ.

The x, y plane directionality of this phasor can be written

(1.10)ρ = Exejφx x̂ + Eyejφy ŷ,

so that
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Table 1.2:
∫ π

0 sinr θ coss θdθ

r
s 0 1 2 3 4 5
0 π 0 π/2 0 3π/8 0
1 2 0 2/3 0 2/5 0
2 π/2 0 π/8 0 π/16 0
3 4/3 0 4/15 0 4/35 0
4 3π/8 0 π/16 0 3π/128 0
5 16/15 0 16/105 0 16/315 0

(1.11)E = ρej(ωt−kz).

Separating this direction and magnitude into factors

(1.12)ρ = |E|ρ̂,

allows the phasor to be expressed as

(1.13)E = ρ̂|E|ej(ωt−kz).

As an example, suppose that Ex = Ey, and set φx = 0. Then

(1.14)ρ̂ = x̂ + ŷejφy .

1.7 Phasor power

In §2.13 the phasor power is written as

(1.15)I2R/2,

where I, R are the magnitudes of phasors in the circuit.
I vaguely recall this relation, but had to refer back to [4] for the details. This relation expresses

average power over a period associated with the frequency of the phasor

(1.16)

P =
1
T

∫ t0+T

t0

p(t)dt

=
1
T

∫ t0+T

t0

|V| cos
(
ωt + φV

)
|I| cos

(
ωt + φI

)
dt

=
1
T

∫ t0+T

t0

|V||I|
(
cos

(
φV − φI

)
+ cos

(
2ωt + φV + φI

))
dt

=
1
2
|V||I| cos

(
φV − φI

)
.

Introducing the impedance for this circuit element
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(1.17)
Z =
|V|ejφV

|I|ejφI

=
|V|
|I| ej(φV−φI),

this average power can be written in phasor form

(1.18)P =
1
2
|I|2Z,

with
(1.19)P = Re P.

Observe that we have to be careful to use the absolute value of the current phasor I, since I2 differs
in phase from |I|2. This explains the conjugation in the [4] definition of complex power, which had
the form

(1.20)S = VrmsI∗rms.

1.8 Radar cross section examples

Flat plate.

(1.21)σmax =
4π (LW)2

λ2

Figure 1.6: Square geometry for RCS example.

Sphere. In the optical limit the radar cross section for a sphere

Figure 1.7: Sphere geometry for RCS example.

(1.22)σmax = πr2

Note that this is smaller than the physical area 4πr2.
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Figure 1.8: Cylinder geometry for RCS example.

Cylinder.

(1.23)σmax =
2πrh2

λ

Figure 1.9: Trihedral corner reflector geometry for RCS example.

Tridedral corner reflector

(1.24)σmax =
4πL4

3λ2

1.9 Scattering from a sphere vs frequency

Frequency dependence of spherical scattering is sketched in fig. 1.10.

• Low frequency (or small particles): Rayleigh

(1.25)σ =
(
πr2) 7.11 (κr)4 , κ

= 2π/λ.

• Mie scattering (resonance),

(1.26)σmax(A) = 4πr2

(1.27)σmax(B) = 0.26πr2.

• optical limit ( r � λ )

(1.28)σ = πr2.

FIXME: Do I have a derivation of this in my optics notes?
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Figure 1.10: Scattering from a sphere vs frequency (from Prof. Eleftheriades’ class notes).

1.10 Notation

• Time average. Both Prof. Eleftheriades and the text [1] use square brackets [· · ·] for time aver-
ages, not 〈· · ·〉. Was that an engineering convention?

• Prof. Eleftheriades writes Ω as a circle floating above a face up square bracket, as in fig. 1.11,
and σ like a number 6, as in fig. 1.12.

• Bold vectors are usually phasors, with (bold) calligraphic script used for the time domain fields.
Example: E(x, y, z, t) = êE(x, y)ej(ωt−kz), E(x, y, z, t) = Re E.

Figure 1.11: Prof. handwriting decoder ring: Ω

Figure 1.12: Prof. handwriting decoder ring: σ

1.11 Mathematica notebooks

These Mathematica notebooks, some just trivial ones used to generate figures, others more elaborate,
and perhaps some even polished, can be found in

https://raw.github.com/peeterjoot/mathematica/master/.
The free Wolfram CDF player, is capable of read-only viewing these notebooks to some extent.

• Jan 18, 2015 ece1229/tableOfTrigIntegrals.nb

Integrals of some powers of sine and cosine products
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• Jan 19, 2015 ece1229/sphericalPlot3d.nb

Antenna intensity plots for sine and cosine powers 1,2.
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