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Maxwell’s equations
These are notes for the UofT course ECE1229, Advanced Antenna Theory, taught by Prof. Eleftheriades, covering ch.3 [1] content.
Unlike most of the other classes I have taken, I am not attempting to take comprehensive notes
for this class. The class is taught on slides that match the textbook so closely, there is little value
to me taking notes that just replicate the text. Instead, I am annotating my copy of textbook with
little details instead. My usual notes collection for the class will contain musings of details that were
unclear, or in some cases, details that were provided in class, but are not in the text (and too long to
pencil into my book.)
1.1

Maxwell’s equation review

For reasons that are yet to be seen (and justified), we work with a generalization of Maxwell’s equations to include electric AND magnetic charge densities.

∇ × E = −M −
∇×H=J +

∂B
∂t

(1.1a)

∂D
∂t

(1.1b)

∇·D =ρ

(1.1c)

∇ · B = ρm .
Assuming a phasor relationships of the form E = Re E(r)e
reduce to
∇ × E = −M − jωB

(1.1d)

jωt

for the fields and the currents, these
(1.2a)

∇ × H = J + jωD

(1.2b)

∇·D=ρ

(1.2c)

∇ · B = ρm .

(1.2d)

In engineering the fields
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• E : Electric field intensity (V/m, Volts/meter).
• H : Magnetic field intensity (A/m, Amperes/meter).
are designated primary fields, whereas
• D : Electric flux density (or displacement vector) (C/m, Coulombs/meter).
• B : Magnetic flux density (W/m, Webers/meter).
are designated the induced fields. The currents and charges are
• J : Electric current density (A/m).
• M : Magnetic current density (V/m).
• ρ : Electric charge density (C/m3 ).
• ρm : Magnetic charge density (W/m3 ).
Because ∇ · (∇ × f) = 0 for any (sufficiently continuous) vector f, divergence relations between
the currents and the charges follow from eq. (1.2)
0 = −∇ · M − jω ∇ · B
= −∇ · M − jωρm ,

(1.3)

0 = ∇ · J + jω ∇ · D
= ∇ · J + jωρ,

(1.4)

and

These are the phasor forms of the continuity equations

∇ · M = − jωρm

(1.5a)

∇ · J = − jωρ.

(1.5b)

Integral forms The integral forms of Maxwell’s equations follow from Stokes’ theorem and the divergence theorems. Stokes’ theorem is a relation between the integral of the curl and the outwards
normal differential area element of a surface, to the boundary of that surface, and applies to any
surface with that boundary
¨
‰
dA · (∇ × f) = f · dl.
(1.6)
The divergence theorem, a special case of the general Stokes’ theorem is
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¨

˚

f · dA,

∇ · fdV =
V

(1.7)

∂V

where the integral is over the surface of the volume, and the area element of the bounding integral
has an outwards normal orientation.
See [5] for a derivation of this and various generalizations.
Applying these to eq. (1.2) gives
‰
¨

dl · E = −
dA · M + jωB
(1.8a)
‰

¨
dl · H =

dA · J + jωD

¨



(1.8b)

˚
dA · D =

ρdV

(1.8c)

ρm dV

(1.8d)

∂V

¨

˚
dA · B =
∂V

1.2

Constitutive relations

For linear isotropic homogeneous materials, the following constitutive relations apply
• D = eE
• B = µH
• J = σE, Ohm’s law.
where
• e = er e0 , is the permutivity (F/m, Farads/meter ).
• µ = µr µ0 , is the permeability (H/m, Henries/meter), µ0 = 4π × 10−7 .
1
• σ, is the conductivity ( Ωm
, where 1/Ω is a Siemens.)

In AM radio, will see ferrite cores with the inductors, which introduces non-unit µr . This is to
increase the radiation resistance.
1.3

Boundary conditions

For good electric conductor E = 0. For good magnetic conductor B = 0.
(more on class slides)
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1.4

Linear time invariant

Linear time invariant meant that the impulse response h(t, t0 ) was a function of just the difference in
times h(t, t0 ) = h(t − t0 ).
1.5

Green’s functions

For electromagnetic problems the impulse function sources δ(r − r0 ) also has a direction, and can
yield any of Ex , Ey , Ez . A tensor impulse response is required.
Some overview of an approach that uses such tensor Green’s functions is outlined on the slides.
It gets really messy since we require four tensor Green’s functions to handle electric and magnetic
current and charges. Because of this complexity, we don’t go down this path, and use potentials
instead.
In §3.5 [1] and the class notes, a verification of the spherical wave form for the Helmholtz Green’s
function was developed. This was much simpler than the same verification I did in [4]. Part of the
reason for that was that I worked in Cartesian coordinates, which made things much messier. The
other part of the reason, for treating a neighbourhood of |´r − r0 | ∼ 0,
 I verified the convolution,
whereas Prof. Eleftheriades argues that a verification that
∇2 + k2 G(r, r0 )dV 0 = 1 is sufficient.
Balanis, on the other hand, argues that knowing the solution for k 6= 0 must just be the solution for
k = 0 (i.e. the Poisson solution) provided it is multiplied by the e− jkr factor.
Note that back when I did that derivation, I used a different sign convention for the Green’s function, and in QM we used a positive sign instead of the negative in e− jkr .
1.6

Notation
• Phasor frequency terms are written as e jωt , not e− jωt , as done in physics. I didn’t recall that
this was always the case in physics, and wouldn’t have assumed it. This is the case in both
[3] and [2]. The latter however, also uses cos(ωt − kr) for spherical waves possibly implying
an alternate phasor sign convention in that content, so I’d be wary about trusting any absolute
“engineering” vs. physics sign convention without checking carefully.
• Prof. Eleftheriades’s J looks like pi with a tail fig. 1.1.

Figure 1.1: Prof handwriting decoder: J.
• Prof. Eleftheriades’s λ looks like fig. 1.2 (a mirror image of his ’h’.)
• Prof. Eleftheriades’s µ can look like an M fig. 1.3.
• In Green’s functions G(r, r0 ), r is the point of observation, and r0 is the point in the convolution
integration space.
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Figure 1.2: Prof handwriting decoder: λ.

Figure 1.3: Prof handwriting decoder: µ.
• Both M and Jm are used for magnetic current sources in the class notes.
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