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PHY1520H Graduate Quantum Mechanics. Lecture 14: Angular
momentum (cont.). Taught by Prof. Arun Paramekanti

Disclaimer — Peeter’s lecture notes from class. These may be incoherent and rough.
These are notes for the UofT course PHY1520, Graduate Quantum Mechanics, taught by Prof.
Paramekanti, covering ch. 3 [1] content.

Review: Angular momentum  Given eigenket |a, b), where

L% |a,b) = H*a|a,b)
N (1.1)
L,|a,b) =hb|a,b)
We were looking for
f‘x/y ‘a’ b> = E'A;C:g,h/ al b/> 7 (12)
b/
by applying
Li=1,+ iﬁy (1.3)
We found
Liocla,b+1) (1.4)
Let
|¢p+) = L4 [a,b) (1.5)
We want
(¢+|p+) =0, (1.6)
o b|L.L_|a,b) >0
a, —la,b) =
(@bl 2oL o, B) (1.7)
(a,b| L_Ly |a,b) >0
We found



Bob = (Le+ily) (Le —iL,)
= (L2 = L2) — i [Ly, L]
= (L — 12) —i (inl.)
fo en R
= (L* - L?) + AL, (1.8)
SO
(a,b| Ly L_ |a,b) = (L> — L2 + AL,). (1.9)
Similarly
(a,b|L_L|a,b) = (L* —[2—hL,). (1.10)
Constraints
a—b*+b>0 (L.11)
a—-bv-b>0 '
If these are satisfied at the equality extreme we have
bmax (bmax + 1) =a (1‘12)
bmin (bmin - 1) = 4.
Rearranging this to solve, we can rewrite the equality as
1\? 1 1\? 1
<bmax + 2> - Z = <bmin - 2) - Zl’ (113)
which has solutions at
1 1
bmax + E =4+ <bmin - 2) . (114)
One of the solutions is
—bmin = bmax- (115)
The other solution is bmax = bmin — 1, which we discard.
The final constraint is therefore
| —bmax <b < bmax, | (1.16)
and
Lilab =0
+ 18, Bmax) (1.17)

i_ |a, bmin> =0

If we had the sequence, which must terminate at bpin or else it will go on forever



L 1.1

55 |2, bmax — 2) (1.18)

I

— |a/ bm1n> ’
then we know that byax — bmin € Z, Or

bmax — 1 = bmin = —Dmax (1.19)
or
n
bmax = E/ (1.20)

this is either an integer or a 1/2 odd integer, depending on whether # is even or odd. These are
called “orbital” or “spin” respectively.
The convention is to write

bmax = ]

» (1.21)
a=j(j+1).
soforme —j,—j+1,---,+j
L2 |j, m) = 1%jGj + 1) |f, m) 1.22)
Lz |j,m) =l |f,m) .

1.1 Schwinger’s Harmonic oscillator representation of angular momentum operators.

In [2] a powerful method for describing angular momentum with harmonic oscillators was intro-
duced, which will be outlined here. The question is whether we can construct a set of harmonic
oscillators that allows a mapping from

L, < a™ (1.23)

Picture two harmonic oscillators, one with states counted from one zero towards co and another
with states counted from a different zero towards —oo, as pictured in fig. 1.1.

Is it possible that such an overlapping set of harmonic oscillators can provide the properties of
the angular momentum operators? Let’s relabel the counting so that we have two sets of positive
counted SHO systems, each counted in a positive direction as sketched in fig. 1.2.

It turns out that given a constraint there the number of ways to distribute particles between a pair
of SHO systems, the process that can be viewed as reproducing the angular momentum action is a
transfer of particles from one harmonic oscillator to the other. For L, = +j

N1 = Nmax

1.24
1y =0, (1.24)



Figure 1.2: Relabeling the counting for overlapping SHO systems

and for [, = —j

ny = 0
(1.25)
Ny = Nmax-
We can make the identifications
A h
L= (1 —n)3, (1.26)
and .
j = Enmax; (1-27)
or
11 + 1y = fixed = Mmax (1.28)

Changes that keep n; + n; fixed are those that change 1, 12 by +1 or —1 respectively, as sketched
in fig. 1.3.
Can we make an identification that takes

1, 12) 55 [y — 1,12 +1) 2 (1.29)



Figure 1.3: Number conservation constraint.

What operator in the SHO problem has this effect? Let’s try

Is this correct? Do we need to make any scalar adjustments? We want

[

First check this with the [, commutator
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But

|:El+€l, 61+] = €l+ﬂﬂ+ — El+ﬂl+£l

=a' (1 + a+a) —atata

and

[a+a, ﬂ} = a+aa — Elﬁl+€l

=ataa — (1 + u+a) a

= —ﬂ,

+[ +
a, [alal,al} aj [azaz,az}).

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)



SO

(L., L] = h*azal = KL, (1.35)
as desired. Similarly
PN 1
L., L] = Ehz [m — nz,aZal}
1
= Ehz {a{al — aﬁaz,azal}
1
= Ehz (ag [a{al,al] —m [a%az, aED (1.36)
1
= Ehz (a;(_al) - ﬂﬂ%)
= —h*aiay
= —hlL_
With
_m+np
2
mem (1.37)
2
We can make the identification
|ny, mp) = |j+m,j—m). (1.38)
Another way ~ With
Liljym) =df, |j,m+1) (1.39)
or
hajay |j+m,j—m)y=df, |[j+m+1,j—m—1), (1.40)

we can seek this factor d;, by operating with Ly

Ly |j,m) = halay |ny, np)
= halay |j+m,j—m)

141
=hvn+1lyny|j+m+1,j—m—1) (141)
=iy/(j+m+1) (j—m) [j+m+1,j—m—1)
That gives
i, =h/(G—m)(G+m+1)
" \/ (1.42)

4, =/ G+ m) (j — m+1).



This equivalence can be used to model spin interaction in crystals as harmonic oscillators. This
equivalence of lattice vibrations and spin oscillations is called “spin waves”.
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