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Reciprocity theorem

The class slides presented a derivation of the reciprocity theorem, a theorem that contained the inte-
gral of ∫ (

E(a) ×H(b) − E(b) ×H(a)
)
· dS = · · · (1.1)

over a surface, where the RHS was a volume integral involving the fields and (electric and mag-
netic) current sources. The idea was to consider two different source loading configurations of the
same system, and to show that the fields and sources in the two configurations can be related.

To derive the result in question, a simple way to start is to look at the divergence of the difference of
cross products above. This will require the phasor form of the two cross product Maxwell’s equations

(1.2a)∇ × E = −(M + jωµ0H)

(1.2b)∇ ×H = J + jωε0E,

so the divergence is

(1.3)

∇ ·
(

E(a) ×H(b) − E(b) ×H(a)
)

= H(b) ·
(
∇ × E(a)

)
− E(a) ·

(
∇ ×H(b)

)
−H(a) ·

(
∇ × E(b)

)
+ E(b) ·

(
∇ ×H(a)

)
= −H(b) ·

(
M(a) + jωµ0H(a)

)
− E(a) ·

(
J(b) + jωε0E(b)

)
+ H(a) ·

(
M(b) + jωµ0H(b)

)
+ E(b) ·

(
J(a) + jωε0E(a)

)
.

The non-source terms cancel, leaving

∇ ·
(

E(a) ×H(b) − E(b) ×H(a)
)

= −H(b) ·M(a) − E(a) · J(b) + H(a) ·M(b) + E(b) · J(a) (1.4)

Should we be suprised to have a relation of this form? Probably not, given that the energy momen-
tum relationship between the fields and currents of a single source has the form

∂

∂t
ε0

2

(
E2 + c2B2

)
+ ∇ · 1

µ0
(E ×B) = −E ·J . (1.5)
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(this is without magnetic sources).
This initially suggests that the reciprocity theorem can be expressed more generally in terms of

the energy-momentum tensor. However, there are some subtle differences since the time domain
products lead to averages in terms of the real parts of conjugate pairs such as E ×B → E× B∗, and
E ·J → E · J∗.

1.1 far field integral form

Employing the divergence theorem over a sphere the identity above takes the form

(1.6)
∫

S

(
E(a) ×H(b) − E(b) ×H(a)

)
· r̂dS =

∫
V

(
−H(b) ·M(a) − E(a) · J(b) + H(a) ·M(b) + E(b)

· J(a)
)

dV

In the far field, the cross products are strictly radial. That surface integral can be written as

(1.7)

∫
S

(
E(a) ×H(b) − E(b) ×H(a)

)
· r̂dS =

1
µ0

∫
S

(
E(a) ×

(
r̂× E(b)

)
− E(b) ×

(
r̂× E(a)

))
· r̂dS

=
1
µ0

∫
S

(
E(a) · E(b) − E(b) · E(a)

)
dS

= 0

The above expansions used eq. (1.11) to expand the terms of the form

(1.8)(A× (r̂× C)) · r̂ = A · C− (A · r̂) (C · r̂) ,

in which only the first dot product survives due to the transverse nature of the fields.
So in the far field we have a direct relation between the fields and sources of two source configura-

tions of the same system of the form∫
V

(
H(a) ·M(b) + E(b) · J(a)

)
dV =

∫
V

(
H(b) ·M(a) + E(a) · J(b)

)
dV (1.9)

1.2 Application to antenna

This is the underlying reason that we are able to pose the problem of what an antenna can recieve, in
terms of what the antenna can transmit.

Prof. Eleftheriades explained the the send-recieve equivalence using the concepts of a two-port
network ([2], [3]).

An alternate, and very intuitive, explaination can be found in appendix A.1 [1], that directly re-
lated the current density sources and scalar current to the voltages in those regions using an integral
representation of the reciprocity theorem.
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1.3 Identities

Lemma 1.1: Divergence of a cross product

∇ · (A× B) = B (∇×A)−A (∇× B) .

Proof.

(1.10)
∇ · (A× B) = ∂aεabc AbBc

= εabc(∂a Ab)Bc − εbac Ab(∂aBc)
= B · (∇ × A)− B · (∇ × A).

Lemma 1.2: Triple cross product dotted

(A× (B×C)) ·D = (A ·C) (B ·D)− (A · B) (C ·D)

Proof.

(1.11)

(A× (B× C)) ·D = εabc AbεrscBrCsDa
= δrs

[ab]AbBrCsDa

= AsBrCsDr − ArBrCsDs
= (A · C) (B ·D)− (A · B) (C ·D) .
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