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Totally asymmetric potential

Q:[1]pr4.11 (a) Given a time reversal invariant Hamiltonian, show that for any energy eigenket
(L) = 0. (1.1)
(b) If the wave function of such a state is expanded as

ZFlelm(G/ 4))/ (12)
Im

what are the phase restrictions on Fj,,?

A:part (a)  For a time reversal invariant Hamiltonian H we have
HO = OH. (1.3)

If |¢) is an energy eigenstate with eigenvalue E, we have

HO |¢) = OH |¢) (1.4)
=A@ ),

so O |¢) is also an eigenvalue of H, so can only differ from |¢) by a phase factor. That is

}1/’,> = @ %) (1.5)
= e [y).
Now consider the expectation of L with respect to a time reversed state
(W'|L]y") = (y| @ 'LO[y) (1.6)
= Wl =D) ),
however, we also have
WLl = (e ™)L (e y)) (L.7)
={pILly),

so we have (| L |¢) = — (¢| L |¢) which is only possible if (L) = (| L |¢) = 0.



A:part (b)  Consider the expansion of the wave function of a time reversed energy eigenstate

(x| ©y) = (x| [y) (1.8)
= (x[y),

and then consider the same state expanded in the position basis

(x101y) = (x|© [ dX (|X) (X]) 9)
= (x|© [ & ((¢|9) [x)
= [ & ((X[y))" ©]x)
= [ @ (X [9))"[x)
[ (X [9)) (xIx)
/d3x’ (p|x') 6(x — X')
= ().
This demonstrates a relationship between the wave function and its complex conjugate
(x|p) =e™ (p|x). (1.10)

Now expand the wave function in the spherical harmonic basis

(x|y) :/dQ (x|f) (Afy)
= ZFlm(T’)Ylm(B/ qb)
Im

i (lz Fyn(1)Yim (6, 4>>> *

=e ¥ IZTZFzm(r))* Y7, (6, ¢)

=0 lzm; (Fim ()" (=1)"Y1,_u(6, ¢)
_ ewé(ﬁ,_mm)* (1,006, 9),

(1.11)

so the Fy,, functions are constrained by

Fi(r) =™ (F_u(r)" (= 1™ (1.12)
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