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PHY2403H Quantum Field Theory. Lecture 12: Klein-Gordon Green'’s
function, Feynman propagator path deformation, Weightmann function,
Retarded Green’s function. Taught by Prof. Erich Poppitz

DISCLAIMER: Very rough notes from class, with some additional side notes. ~ These are notes for the UofT
course PHY2403H, Quantum Field Theory, taught by Prof. Erich Poppitz, fall 2018.

1.1 Green’s functions for the forced Klein-Gordon equation.

The problem were were preparing to do was to study the problem of “particle creation by external
classical source”.
We continue with a real scalar field, free, massive, but with an interaction with a source

Sin = [ 9. (1.1)

Modern application:  think of ¢ has some SM field and think of j as due to inflaton (i.e. cosmological
inflation interaction) oscillation. In the inflationary model, the process of “reheating” creates all the
matter in the universe. We won't be talking about inflation, but will be considering a toy model that
has some similar characteristics to the inflationary theory.

The equation of motion that we end up with is

(0" +m*) ¢ =], (1.2)

and we wish to solve this using Green’s function techniques.

Definition 1.1: Klein-Gordon Green’s function.

The QFT conventions for the Klein-Gordon Green’s function is

(940" + m?*) G(x —y) = —is*(x — y).

As usual, we assume that it is possible to find a solution ¢ by convolution

¢ =i [ FyGe - iw. (1.9



Check:
(0,0" + %) () = (3,0 + %) [ d*yG(x = )jw)
i / dhy(—i)o*(x — )j(y)
= j(x).

Also, as usual, we take out our Fourier transforms, the power tool of physics, and determine the
structure of the Green’s function by inverting the transform equation

G(x —y) = ﬂ@%ﬂwﬁﬁ(y (1.5)
Y (2m)* P
Operating with KG gives
d* . . —ip-(x—y) &
(940" + mz) G(x) = / ﬁ ((—ipu)(—ip*) + mz) e PENG(p). (1.6)
This must equal
—i6*(x — y) = —i/ ﬂe*ip-(xfy) (1.7)
(2m)* '
or ’ ~ .
(m* = pup) G(p) = —i. (1.8)

The Green’s function in the momentum domain is

~ i

G(p) = m (1.9)
The inverse transform provides the spatial domain representation of the Green’s function
dtp i
G(x) = / e P
) 2m)t (p°)? — p? —m? (1.10)
= / d3p eip'x %efiPOxo ! .
(2m)3 27 (po — wp)(po + wp)

In the po plane, we have two poles at pg = +wp. There are 4 ways to go around the poles, the
retarded time deformation that we used to derive the Green’s function for the harmonic oscillator, as
sketched in fig. 1.1, the advanced time deformation sketched in fig. 1.2, and mixed deformations.

We will evaluate the integral using the “Feynman propagator” contour sketched in fig. 1.3. Why
we use the Feynman contour, and not the retarded contour can be justified by how well this works
for the perturbation methods that will be developed later.

Consider each contour in turn.



Figure 1.1: Retarded time deformations and contours.
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Figure 1.2: Advanced time deformation.
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Figure 1.3: Feynman propagator deformation path.



Figure 1.4: Feynman propagator contour for t > 0.

Casel. x° > 0 For this case, we use the lower half plane contour sketched in fig. 1.4, which vanishes
for (po) < 0,x9 > 0, where —i(i(po)xo) < 0.
Here we pick up just the pole at pg = wp, and take a negatively oriented path

P = dgp eip-x @eﬂ'poxo i
(2m)? 2 (Po — wp)(po + wp)
_/ d3p eip'x( 27_[1) <giP0x0 1 )
) @er 2 +
@m) e /A P (1.11)
— d3p oPx —27i ieiipoxo
) @n)? 2 2wp
_ d3p eip-xe_inxo
(27m)3 2wp

Case II. x° < 0 For x” < 0 we use an upper half plane contour with the same deformation around
the poles. This time

F = d3p pr %e_ipoxo 1
@m)? 21 (Po — wp)(po + wp)

d3]9 ) ‘ e—ipgxo i
— ip-x
/ (271)36 (+27i) < 2 po — wp>

_ [ B put2mi ie~ipox’
) @) 2 —2wp
= d3p elPx eiwpxo

(27)3 2wp

Po=—wp (1.12)




We’ve obtained a piecewise representation of the Green’s function, where the only difference is the
sign of the iwpx" exponential.
We can combine eq. (1.11) eq. (1.12) by using © functions

3 . . .
4P ipx e~ @(xp) + P ¥ @(—x0) ) . (1.13)
(27)%2wy

The first integral (without the © factor) is the Weightmann function

D(x) = / P i (1.14)
(27‘()326L)P pO=wp ) )
For the second integral, we make a change of variables p — —p leaving
/ d 4 ip-x-+iwpx? N / —ip-x+iwpx?
(2m)3 2wy (2m)3 2wy
_ / Py i (1.15)
(27)32wp
= D(—x),
SO
Gr(x) = ©(x*)D(x) + ©(—x°)D(—x) (1.16)
1.2 Matrix element representation of the Weightmann function.
Recall that the Weightmann function also had a matrix element representation
D(x) = (0] ¢(x)(0) |0) (1.17)

This can be shown by expansion.

3
g 1 (afl+aq> 0y (1.18)

Po=wp (27T)3 A/ Z(Uq

(0] p(x)¢p(0) |0) = (0] / (2n)3 m(gpg—ipx+apewx)

Since a4 |0) = 0 = (0| at, eq. (1.18) reduces to
q P q

d3p d3 1 s
0lp@9)[0) = (0] [ 5551 NoT M(”"” )]0

Pp dg 1 + —ipx

‘/(2”)3 (2”)3\/27\/27((apa #apag])e )| 0 (1.19)

O|/ d3p d3 1 (( 27‘[)3(53([)—(1)) e#p-x)
G a2y

d3p e~ ipx
(27-[)3 2wp Po=wp




1.3 Retarded Green’s function.

Claim: Retarded Green'’s function (bumps up contour) can be written
Dr(x) = 8(x0)(D(x) — D(—x))- (1.20)

Proof: The upper half plane contour (xg < 0) is zero since it encloses no poles. For the lower half
plane contour we have

[P ipx [P0, gy i
_ ipx [ ZFY ,—ipox
DR(x)’xO >0 =1 (2m)3 27 ¢ (po — Cdp)(PO + C‘)P)
LBy (27 (a0 e
_ ip-x —iwpx® b iwpx” __°
'] enp¢ 27 (e ' 2wp e _2“’19) (20

d?’p ; 1 0 B
— px_ - (,—iwpx?  iwpx
e’ 2w, (e T )
= D(x) — D(—x).

What does the field look like in terms of the propagator? Assuming that ¢ satisfies the homoge-
neous equation, we have

$) = ¢o(x) + 1 [ dyDax = i)

(1.22)
= Po(x) + i / dPydyo®(xo — yo) (D(x — y) — D(y — x)) j(y)

Imagine that we have a windowed source function j(1°, y), as sketched in fig. 1.5.
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Figure 1.5: Finite window impulse response.

a3 ' . d? ; .
¢mm%m=mmwfﬁ(/®mifwmww—/w&;fwwwﬂ (1.23)

define ) '
j(p) = / d*ye'"j(y), (1.24)



which gives

. d3 1 _ipx T iD=
W2ty =00 41 [ 55 () = )

(1.25)

Po=wp

We will interpret this in the next lecture, and start in on Feynman diagrams.



