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PHY2403H Quantum Field Theory. Lecture 21, Part I: Dirac equation
solutions, orthogonality conditions, direct products. Taught by Prof. Erich
Poppitz

DISCLAIMER: Rough notes from class, with some additional side notes. These are notes for the UofT course
PHY2403H, Quantum Field Theory, taught by Prof. Erich Poppitz, fall 2018.

1.1 Review.

We were studying the Dirac Lagrangian

(1.1)LDirac = Ψ
(
iγµ∂µ − m

)
Ψ,

from which we find
(1.2)

(
iγµ∂µ − m

)
Ψ = 0,

the Dirac equation, and saw that solutions to this equation satisfies the KG equation. We found solution

(1.3)Ψ(x) = u(p)e−ip·x,

which is automatically a solution to the KG equation. There are actually two linearly independent solu-
tions

(1.4)us(p) =
[√

p · σζs√
p · σζs

]
,

where ζ1 = (1, 0)T, ζ2 = (0, 1)T.

1.2 Normalization.

Theorem 1.1: u†u
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ur†us = 2p0δrs.

Proof:

(1.5)

us†ur =
[
ζs†√p · σ ζs†

√
p · σ

] [√p · σζ√
p · σζ

]
= ζs†

(√
p · σ√p · σ +

√
p · σ

√
p · σ

)
ζr

= ζs† (p · σ + p · σ
)

ζr

= ζs† (p0 − p · σ + p0 + p · σ
)

ζr

= 2p0ζs†ζr.

We can easily see that ζs†ζr = δrs by writing out those products

(1.6)

ζ1†ζ1 =
[
1 0

] [1
0

]
= 1

ζ1†ζ2 =
[
1 0

] [0
1

]
= 0

ζ2†ζ1 =
[
0 1

] [1
0

]
= 0

ζ2†ζ2 =
[
0 1

] [0
1

]
= 1,

which completes the proof.
We also want to compute uu, but need a couple intermediate results.

Lemma 1.1: Products of p · σ, p · σ.

(p · σ)(p · σ) = (p · σ)(p · σ) = m2.

Proof:

(1.7)

(p · σ)(p · σ) =
(

p0 − p · σ
) (

p0 + p · σ
)

= (p0)2 − (p · σ)2

= (p0)2 − p2

= m2

and

(1.8)

(p · σ)(p · σ) =
(

p0 + p · σ
) (

p0 − p · σ
)

= (p0)2 − (p · σ)2

= (p0)2 − p2

= m2.
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Theorem 1.2: uu.

ur(p)us(p) = 2mδrs.

Proof:

(1.9)

urus = ur†γ0us

=
[
ζr†√p · σ ζr†

√
p · σ

] [0 1
1 0

] [√
p · σζs√
p · σζs

]
= ζr†

(√
p · σ

√
p · σ +

√
p · σ√p · σ

)
ζs

= 2mζr†ζs

= 2mδrs,

which completes the proof.

1.3 Other solution.

Now we seek the other plane wave solution

(1.10)Ψ(x) = v(p)eip·x.

It can be demonstrated (exercise 1.1) that the solution has the form

vs(p) =
[ √

p · σηs

−
√

p · σηs

]
, (1.11)

where η1 = (1, 0)T, η2 = (0, 1)T.

Theorem 1.3: v normalization.

vr(p)vs(p) = −2mδrs

vr†(p)vs(p) = 2p0δrs.

Theorem 1.3 is proven in exercise 1.2.
It will also be useful to restate the 2δrs p0 normalization conditions as

(1.12)
ur†(p)us(p) = 2ωpδsr

vr†(p)vs(p) = 2ωpδsr.

Various orthogonality conditions exist between the u’s and v’s
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Theorem 1.4: Dirac adjoint orthogonality conditions.

ur(p)vs(p) = 0
vr(p)us(p) = 0.

Proof left to exercise 1.3.

Theorem 1.5: Dagger orthogonality conditions.

vr†(−p)us(p) = 0

ur†(p)vs(−p) = 0.

Proof left to exercise 1.4.
Finally, there are a couple tensor products of interest.

Definition 1.1: Tensor product.

Given a pair of vectors

x =

x1
...

xn

 , y =

y1
...

yn

 ,

the tensor product is the matrix of all elements xiyj

x⊗ yT =

x1
...

xn

⊗ [y1 · · · yn
]

=


x1y1 x1y2 · · · x1yn
x2y1 x2y2 · · · x2yn

x3y1
. . .

...
xny1 · · · xnyn

 .

Theorem 1.6: Direct product relations.
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2

∑
s=1

us(p)⊗ us(p) = γ · p + m

2

∑
s=1

vs(p)⊗ vs(p) = γ · p−m

For the v’s

(1.13)

∑
s =1,2

[ √
p · σηs

−
√

p · σηs

]
⊗
[
(ηs)T√p · σ −(ηs)T√p · σ

] [0 1
1 0

]
= ∑

s=1,2

[√
p · σηs√
p · σηs

]
⊗
[
−(ηs)T√p · σ (ηs)T√p · σ

]
= ∑

s=1,2

[
−√p · σηs ⊗ (ηs)T√p · σ √

p · σηs ⊗ (ηs)T√p · σ√
p · σηs ⊗ (ηs)T√p · σ −

√
p · σηs ⊗ (ηs)T√p · σ

]
,

but

(1.14)
η1 ⊗ η1T =

[
1
0

] [
1 0

]
=
[

1 0
0 0

]
,

and

(1.15)
η2 ⊗ η2T =

[
0
1

] [
0 1

]
=
[

0 0
0 1

]
,

so ∑s=1,2 ηs ⊗ ηsT = 1, leaving

(1.16)

2

∑
s =1

vs(p)⊗ vs(p) =
[
−√p · σ

√
p · σ √

p · σ√p · σ√
p · σ

√
p · σ −

√
p · σ

√
p · σ

]
=
[
−
√

p · σp · σ √
p · σp · σ√

p · σp · σ −
√

p · σp · σ

]
=
[
−m p · σ
p · σ −m

]
= −m1 + p0

[
0 1
1 0

]
+ p ·

[
0 −σ
σ 0

]
= −m + pµγµ,

as stated. Proof for the u’s is left to exercise 1.5.
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1.4 Problems:

Exercise 1.1 Verify v(p) solution.

Show that eq. (1.11) is a solution of the Dirac equation.

Answer for Exercise 1.1
Let D =

(
iγµ∂µ −m

)
represent the Dirac operator. Applying to eip·x we have

(1.17)

Deip·x =
(
iγµ∂µ − m

)
eipµxµ

= −
(
γµ pµ + m

)
eip·x

= −
(

m
[

1 0
0 1

]
+ p0

[
0 1
1 0

]
+ pk

[
0 σk

−σk 0

])
eip·x

= −
[

m p0σ0 + pkσk

p0σ0 − pkσk m

]
eip·x

= −
[

m p · σ
p · σ m

]
eip·x.

We are now set to apply the Dirac operator to eq. (1.11)

(1.18)

Dv(p) =
[

m p · σ
p · σ m

] [ √
p · σηs

−
√

p · σηs

]
, eip·x

= −
[(

m
√

p · σ − p · σ
√

p · σ
)

η(
p · σ√p · σ − m

√
p · σ

)
η

]
eip·x

=
[√

p · σ
(
m −

√
p · σp · σ

)
η√

p · σ
(√

p · σp · σ − m
)

η

]
eip·x

=

√p · σ
(

m −
√

m2
)

η√
p · σ

(√
m2 − m

)
η

 eip·x

= 0.

Exercise 1.2 v(p) normalization.

Prove theorem 1.3.
Answer for Exercise 1.2
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Expanding the matrices gives

(1.19)

vrvs = vr†γ0vs

=
[
ηrT√p · σ −ηrT

√
p · σ

] [0 1
1 0

] [ √
p · σηs

−
√

p · σηs

]
=
[
ηrT√p · σ −ηrT

√
p · σ

] [−√p · σηs
√

p · σηs

]
= −ηrT√p · σ

√
p · σηs − ηrT

√
p · σ√p · σηs

= δrs2
√

m2

= 2mδrs,

and

(1.20)

vr†vs =
[
ηrT√p · σ −ηrT

√
p · σ

] [ √p · σηs

−
√

p · σηs

]
= ηrT(p · σ)ηs + ηrT(p · σ)ηs

= δrs (p0 − p · σ + p0 + p · σ
)

= 2p0δrs.

Exercise 1.3 uv, vu relations.

Prove theorem 1.4.
Answer for Exercise 1.3

We need only expand the matrix products

(1.21)
urvs =

[
ζrT
√

p · σ ζrT√p · σ
] [ √p · σηs

−
√

p · σηs

]
= mζrTηs − mζrTηs

= 0,

and

(1.22)
vrus =

[
−ηrT

√
p · σ ηrT√p · σ

] [√p · σζs√
p · σζs

]
= −mηrTζs + mηrTζs

= 0,

Exercise 1.4 Dagger orthonormality conditions.

Prove theorem 1.5.
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Answer for Exercise 1.4

(1.23)

ur†(p)vs(−p) =
[
ζrT√p · σ ζrT

√
p · σ

] [ √q · σηs

−
√

q · σηs

]∣∣∣∣
p=(0,p),q=(0,−p)

=
[
ζrT√−p · σ ζrT√p · σ

] [ √p · σηs

−√−p · σηs

]
= ζrT√−p · σ√p · σηs − ζrT√p · σ

√
−p · σηs

= 0.

Exercise 1.5 Direct product relation for the u’s.

Prove the u direct product relations of theorem 1.6.

Answer for Exercise 1.5

(1.24)

∑ us ⊗ us =
[√

p · σζs√
p · σζs

]
⊗
[
ζsT
√

p · σ ζsT√p · σ
]

= ∑
[√

p · σζs ⊗ ζsT
√

p · σ √
p · σζs ⊗ ζsT√p · σ√

p · σζs ⊗ ζsT
√

p · σ
√

p · σζs ⊗ ζsT√p · σ

]
=
[

m p · σ
p · σ m

]
= m + p · γ.
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