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PHY2403H Quantum Field Theory. Lecture 21, Part I: Dirac equation
solutions, orthogonality conditions, direct products. Taught by Prof. Erich
Poppitz

DISCLAIMER: Rough notes from class, with some additional side notes.  These are notes for the UofT course
PHY2403H, Quantum Field Theory, taught by Prof. Erich Poppitz, fall 2018.

1.1 Review.
We were studying the Dirac Lagrangian
Lirac = ¥ (iv"0y —m) ¥, (1.1)

from which we find '
(iv#0, —m) ¥ =0, (1.2)

the Dirac equation, and saw that solutions to this equation satisfies the KG equation. We found solution

Y(x) = u(p)e "%, (1.3)
which is automatically a solution to the KG equation. There are actually two linearly independent solu-
tions Cs

s _|VP T

u (p) = [Wgs] ’ (14)

where ' = (1,0)T, 2% = (0, 1)T.

1.2 Normalization.

|* Theorem 1.1: utu




urJrus — 2p05rs.

Proof:
eetere e
=0t (VPovp oV avro) e
=" (po+po)
=" (p—p o+p+p o)l
=2po”'g"
We can easily see that {*T{" = 6% by writing out those products

wﬁzﬁo]f =1

gl'l‘gZ — [1 O]

é’Z‘fé’l — [0 1]

oo~ m oo

€2+€2 — [0 1]

which completes the proof.
We also want to compute iiu, but need a couple intermediate results.

(1.5)

(1.6)

Lemma 1.1: Productsof p -0, p - 0.

(p-o)p-)=(p-0)p-0)=m.

Proof:
(p-o)p-a)=(p"—p-o)(p’+p-0)
=" —(p- o)
=(p°)? - p?

=m2

and
(p-o)p-o)=(p'+p-o) (P’ —p-0)
=" = (p- o)
= (p°)* - p*

= T’I’lz.

(1.7)

(1.8)



Theorem 1.2: uu.

u'(p)u’(p) = 2ms™.

Proof:

'us = ur'f,)/Ous

=[P "p-T [(1) (1)} {\/\/gg]

_ _ (1.9)
=0 (VP oV T Vpavpe) ¢
— 2m€r‘|’gs
=2md"®,
which completes the proof.
1.3 Other solution.
Now we seek the other plane wave solution
¥ (x) = v(p)e'*. (1.10)

It can be demonstrated (exercise 1.1) that the solution has the form

v°(p) = [_V %;S] , (1.11)

where 7' = (1,0), %% = (0, 1)T.

Theorem 1.3: v normalization.

" (p)v°(p) = —2md"
vr‘l'(p)Z)S(p) — ZPO(Srs.

Theorem 1.3 is proven in exercise 1.2.

It will also be useful to restate the 26" py normalization conditions as
u' (p)u*(p) = 2wpd” 112)
"N (p)oi(p) = 2wpd™. '

Various orthogonality conditions exist between the u’s and v’s



Theorem 1.4: Dirac adjoint orthogonality conditions.

u'(p)o’(p) =0
o' (p)u’(p) = 0.

Proof left to exercise 1.3.

Theorem 1.5: Dagger orthogonality conditions.

" (—p)ui(p) =0
" (p)o*(—p) = 0.

Proof left to exercise 1.4.
Finally, there are a couple tensor products of interest.

—| Definition 1.1: Tensor product.

Given a pair of vectors

_lel X1Y2
X1 X2Y1  X2Y2
x®yT: : ®[y1~~yn]= x3Y1
xn .
| XnY1

X1Yn
XoYn

XnYn |

—| Theorem 1.6: Direct product relations.




2
Y uw(p) @ (p) = - p+m

2

P(p)R(p) =7 -p—m
s=1

For the v’s
o1 s s 01
g ol
s=1,2 p-on
= \/Wﬂs] s\T s\T
) o] @1 7 ' 113
PN e R e e 0
= [ VP ®(175)TT\/p7(T \/17'7‘7775@)(775)T\/p-7(7]
Ll roremire —Vior ooyl
but _
1
ey’ = 0] 1 0]
i (1.14)
1o
- 1o 0],
and _
0
@t = 1] [0 1]
[ (1.15)
100
0 1)’
SO Y so107° ® 7l =1, leaving
2 B p—
_|=VPop-o \/piff\/pia}
® °(p) = - ¢ A\ _
:-_ p-op-o P-Up-a]
VP op T —\/pOp T
[—m p-o (1.16)
[
_ 0]0 1 0 —o
:_m+py,)/]lr

as stated. Proof for the u’s is left to exercise 1.5.



1.4 Problems:

Exercise 1.1

Verify v(p) solution.

Show that eq. (1.11) is a solution of the Dirac equation.

Answer for Exercise 1.1

Let D = (i9"9d,, — m) represent the Dirac operator. Applying to ¢/’ we have

De'?* = (in#9,, — m) e

_ ([t 0], 0 1], 0 of ipx
= 0 1| TP o] TPR sk o

poo? + pio

_ [ m
poc® — pro* m

:_|: mi }70’:| eip-x.
p-oc  m

We are now set to apply the Dirac operator to eq. (1.11)

| m o opea| | VPO i
Dv(p)_[;? 7 mH WUS]’eP

Exercise 1.2

Prove theorem 1.3.
Answer for Exercise 1.2

[(m\/ﬁ p-o
(poypo

k7.
:| eipx

PZ)]

7—my\/p-7)1n

VP

SRS

=0.

v(p) normalization.

VP op: U) 77:| eip-x

(m —
(Vp-op-oc—m)y
!W((m W)U

(1.17)

(1.18)



Expanding the matrices gives

7S = Ur'f,),Ovs

I T | L
= [y"pe —T\/p 7 {_\/ﬁ’?s} (1.19)

NN
=—n""p-op-ar =T\ p-ayp-on
= 0"2v/m?
=2md"®,
and
r 7 7 = vV F on’
oo = [pType /o] [_j,ﬁi’,ys]
=" p o+ p Oy’ (1.20)
=" (po—p-o+po+tp-0)
= 2p05rs'
Exercise 1.3 1o, vu relations.
Prove theorem 1.4.
Answer for Exercise 1.3
We need only expand the matrix products
uo =" /p-a TV p-o { VP'U'USS]
[ /p ty/pol /P 1.21)
— mngﬂs o mngﬂs
=0,
and
s — P ol®
o= e e ) [ﬁﬁg] (1.22)
— _mangs + mangs
= 0,
Exercise 1.4 Dagger orthonormality conditions.

Prove theorem 1.5.



Answer for Exercise 1.4

u(p)o'(—p) = [P0 T\/p- 7] [_V\%%;s}

p=(01P)r‘7=(Or_P)

[T e T e [ VP o’ S] (1.23)
[Z"V=p P o] —V/—p o1
=g"/—p-oyp-ay —{"p-o/-p-ay
=0.
Exercise 1.5 Direct product relation for the u’s.
Prove the u direct product relations of theorem 1.6.
Answer for Exercise 1.5
S o 775 og° =
Leen- | VEL]o0Tre oty
_y VI et pe gt ot
/p-5’§5®§ST /p- & /P'5€s®€STW (1.24)
| m PO
S lpd m
=m+p-7.



