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PREFACE

This book is based on my lecture notes for the Winter 2012, Univer-
sity of Toronto Continuum Mechanics course (PHY454H1S), taught
by Prof. Kausik S. Das.

My thanks to Professor Das for teaching this course. It cov-
ered the fundamentals of fluid dynamics in a sensible and logical
fashion, providing a great base for further learning.

Official course description:

The theory of continuous matter, including solid and fluid me-
chanics. Topics include the continuum approximation, dimensional
analysis, stress, strain, the Euler and Navier-Stokes equations, vor-
ticity, waves, instabilities, convection and turbulence.

What you will find in this book:

e My lecture notes.

e Problem sets and midterm solutions. These have been incor-
porated into the lecture material as chapter end problems
with solutions.

e Some worked problems attempted for fun or for exam prepa-
ration.

e Links to Mathematica workbooks associated with course
content.

Peeter Joot peeterjoot@pm.me
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1

INTRODUCTION.

1.1 CONTINUUM MECHANICS.

Mechanics could be defined as the study of effects of forces and
displacements on a physical body. In continuum mechanics we
have a physical body and we are interested in the internal motions
in the object. For the first time considering mechanics we have to
introduce the concepts of fields to make progress tackling these
problems.

We will have use of the following types of fields

e Scalar fields. 3° components. Examples: density, Temperature,

e Vector fields. 3! components. Examples: Force, velocity.

e Tensor fields. 32 components. Examples: stress, strain.

We have to consider objects (a control volume) that is small
enough that we can consider that we have a point in space limit for
the quantities of density and velocity. At the same time we cannot
take this limiting process to the extreme, since if we use a control
volume that is sufficiently small, quantum and inter-atomic effects
would have to be considered.

Figure 1.1: Mass and volume ratios at different scales.



INTRODUCTION.

1.2 NOMENCLATURE AND BASIC DEFINITIONS.

Most of this course is focused on just two concepts, that of strain
and stress, and how they relate. We define

— Definition 1.1: Strain

Measure of the deformation of the body, relating stretch and
position.

— Definition 1.2: Stress

Measure of the Internal force on the surfaces. This is a quantity
constructed such that its divergence expresses the force per
unit volume.

—| Definition 1.3: Constitutive relation

How strain and stress in a material are related.

— Definition 1.4: Newtonian fluid

A fluid for which the constitutive relation is linear.

Defining these mathematically and using these concepts to model
solid, liquid and gaseous materials will allow us to accurately
predict the behavior of many types of continuous substances.

Building on these definitions we will end up discussing a number
of other key concepts, such as

Rheological. Study of the flow of matter, primarily in the
liquid state. [19].

Elastic waves

Elastic/plastic

Navier stokes relation: equivalent of Newton’s law for fluids.



1.3 TEXTS.

Nondimensionalisation: parameter substitutions that put the
differential equations of interest into dimensionless form.

Boundary layer theory: investigation of the region of fluid
flow around a solid where viscous forces dominate.

Stability analysis

Nonlinearity

1.3 TEXTS.

The lectures for this course loosely follow portions of the following
texts

e Elementary fluid dynamics [2].
e Theory of Elasticity [13]

While these were not required reading, the Acheson text was
particularly helpful in providing additional details about subjects
covered in class, and for supplying useful problems for study.


http://www.amazon.com/Elementary-Dynamics-Applied-Mathematics-Computing/dp/0198596790/ref=sr_1_1?ie=UTF8&qid=1326302753&sr=8-1
http://www.amazon.com/Theory-Elasticity-Third-Theoretical-Physics/dp/075062633X/ref=sr_1_6?s=books&ie=UTF8&qid=1326302957&sr=1-6




2

STRAIN TENSOR.

2.1 DEFORMATIONS.

We have defined strain 1.1 as the measure of deformation of a body.
This is a purely geometric definition, and by itself has no require-
ment to understand the forces that put the object into the deformed
configuration. A mathematical statement of this definition needs
to be made.

A solid deformation of an object with vertexes located at a, b,
and c is illustrated in fig. 2.1, where the deformed vertexes are
located at a’, b/, and ¢’. Identifying a specific point in the object

Figure 2.1: Deformation of a planar object.

with an undeformed position x, we can consider the deformation
of the object in the vicinity of this point. If this point has deformed
position x’, we define the displacement vector, the vectoral difference
between the displaced and original point in the object, as

u=x —x, (2.1)
or in coordinates

u; = x; — xj. (2.2)



STRAIN TENSOR.

In general each of the displaced coordinate locations, and there-
fore also the displacement vector coordinates, is some function of
position

x = f(x), (2.3)
or in coordinates

x| = fi(x). (2.4)

Now we will consider how a vector difference between two in-
finitesimally close points in the object change under deformation.
Imagine that we are looking at points along some parameterized
trajectory within the object as illustrated in fig. 2.2. In the original

Figure 2.2: Transformation under deformation of an infinitesimal line
element along a trajectory.

object, we can locate a point y = x + dx a little bit further along the
parameterized path. In the deformed object we find this point at
location y’ = x" + dx’. We wish to consider how this line element
differs in the original and deformed configurations, indirectly cal-
culating the magnitude of the difference

du = dx' — dx. (2.5)

There are two ways we can perform this calculation. The first,
following [13] 81, is to take a difference of the lengths of the
displacement vector in the deformed and the original object. The



2.1 DEFORMATIONS.

second, an approach we will use later in our treatment of fluids
is to consider a linear expansion of the change in displacement
between the deformed and original objects.

Rearranging for the displacement line element in the deformed
object, and working in coordinates we write

dx} = dx; + du; (2.6)

Employing summation convention with implied summation over
repeated indices the lengths of the pairs of line elements are

= |dX| = dxkdxk

(2.7)
I = |dxX| = \/dx',dx'y,
or
= (dxy + dug)(dxg + duyg) = dI? + 2dxduy + dugduy.  (2.8)
Taylor expanding
ou;
dui ax dxk, (29)
so that
ou; , oJu;
2 1 1
duj = axkd kaxl dx; (2.10)
2 _ o 50U ~duy duy
al'= =dl +ZandxkalxZ 9% 9x kd xX;idxy
du;  duy du; du (2.11)
=d?+ | dxdx; + — —dx;d
+<axk+ax,-) X s oy A
= dlz + Zeikdxidxk.
We write
dl”* — dI? = 2e;dxdxy, (2.12)

where we define the strain tensor as

er = L (2%, 9k, 9w om (2.13)
k= 2 axk axi axi axk ) 13
In this course we will make use of only the linear terms, essentially

defining the strain tensor as

al/i] aI/li
eij = <8x1 + 8x]> . (2.14)

7



STRAIN TENSOR.

2.2 STRAIN MATRIX REPRESENTATION AND VOLUME ELEMENT.

The strain tensor e; can be worked with in coordinates, but we
will often us a matrix representation when working in Cartesian
coordinates

€11 €12 €13
€= lex exn ex3|- (2.15)

€31 €32 €33

We see from eq. (2.13) that e; is symmetric, so we have

€21 = €12 (2.16)
e31 = e13 (2.17)
€32 = €23. (2.18)

Given this real symmetric matrix there must exist an orthonormal
basis at each point that allows the strain tensor to be written in
diagonal form

ep 0 0
ejx = 0 €27 01- (2-19)
0 0 es3

In that basis the difference between two close points in the de-
formed object, in terms of the difference between the original
positions of those points in the original object, can be expressed as

dx}? = (1 +2¢11)dx? (2.20)
dx)? = (1 + 2890)dx3 (2.21)
dxy® = (1 +2833)dx3, (2.22)

or

dx] = \/1+2ep1dx; (2.23)
dx'2 =41+ 2é22d9€2 (2.24)
dxy = \/1+ 2e33dxs. (2.25)



2.2 STRAIN MATRIX REPRESENTATION AND VOLUME ELEMENT.

If these points are close enough, we can employ a first order Taylor
expansion of the square root, yielding

dxi ~ (1 + éll)dxl (2.26)
dx’z ~ (l + ézz)d}(z (2.27)
dxy = (1 +es3)dxs. (2.28)

Our deformed volume element in the neighborhood of the point
of interest can then be seen to be

dV' = dxjdxhdxl ~ (1 +e11)(1 + exn)(1 + e33)dx1dxadxs  (2.29)

av’ ~ (1 +e11 +éxpn+ 833)6”/. (2.30)
Reverting again to summation convention, this is
dV' =~ (1+e;)dV. (2.31)

This allows us to give a physical interpretation to the trace of the
strain tensor, so that in a small enough neighborhood we have

av’ —dv
€k = T (2.32)

The trace of the strain tensor quantifies the relative difference
between the deformed volume element and the original volume
element.

9
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STRAIN TENSOR.

2.3 STRAIN IN CYLINDRICAL COORDINATES.

Useful in many practice problems are the cylindrical coordinate
representation of the strain tensor

Ju,

2er = =~ (2:33)
209 = 1?;? + %ur (2.34)
2e,, = aaL;Z (2.35)
2e,, = % + aa”rz (2.36)
219 = aa”r"’ — %qu + 1%;‘; (2.37)
2ep, = aau¢ + }1’8812: (2.38)

This result can be found in [13], and is derived in appendix A using

the second order methods found above for the Cartesian tensor.
An easier way to do this derivation (and understand what the

coordinates represent) follows from the relation found in §6 of [2]

2eje;iej-h=2(A- Viu+h x (V xXu), (2.39)

where 1i is the normal to the surface at which we are measuring a
force applied to the solid (our Cauchy tetrahedron).

The cylindrical tensor coordinates of eq. (2.33) follow from
eq. (2.39) nicely taking i = t,¢,2 in turn. This derivation can
be found in appendix B.

2.4 COMPATIBILITY CONDITION FOR 2D STRAIN.

eij = [en 612] : (2.40)

€21 €22



2.4 COMPATIBILITY CONDITION FOR 2D STRAIN.

From eq. (2.14) we see that we have

ael
€11 = ox,
de
e = E)Tcz (2.41)
o = ey = L (022, 981
=215 ox; 0xp )’

We have a relationship between these displacements (called the
compatibility relationship), which is

82611 82622 82612
ox2  9x12 T oxoxn’

(2.42)

We find this by straight computation

82611 82 881
9x?  ox? <8x1>
_ 8361
 0x10x3

82622 82 862
ox,2  ox? (axz>
_ 8362

B 0x20x3

(2.43)

and

(2.44)

Now, looking at the cross term we find

82612 _ 82812 % ael
0x10Xy  9x10X2

axl 879(,'2 ( )
2.
_< d%e; . d3e, ) 43

0x10x3  0xp0x%

We have found an interrelationship between the components of the
strain

82812 _ 82622 82611
0x10xy  0x12  O0xp?’

(2.46)

11



12

STRAIN TENSOR.

Before deformation

After deformation

Figure 2.3: Disjoint deformation illustrated.

This relationship is called the compatibility condition, and ensures
that we do not have a disjoint deformation of the form in fig. 2.3.
I went looking for something to substantiate the claim that the
compatibility condition eq. (2.46) is what is required to ensure a
deformation maintained a coherent solid geometry. I was not able
to find any references to this compatibility condition in any of the
texts I have, but found [17], [28], and [20]. It is not terribly surpris-
ing to see Christoffel symbol and differential forms references on
those pages, since one can imagine that we would wish to look
at the mappings of all the points in the object as it undergoes the
transformation from the original to the deformed state.

Even with just three points in a plane, say a, b, ¢, the general
deformation of an object does not seem like it is the easiest thing
to describe. We can imagine that these have trajectories in the
deformation process a = a(w, b = b(B), ¢ = ¢(y), with a’,b’, ¢
at the end points of the trajectories. We would want to look at
displacement vectors u,, u,, u. along each of these trajectories, and
then see how they must be related. Doing that carefully must result
in this compatibility condition.

2.5 COMPATIBILITY CONDITION FOR 3D STRAIN.

While we have 9 components in the tensor, not all of these are
independent. The sets above and below the diagonal can be re-



2.6 ON THE FACTOR OF TWO IN THE TENSOR DEFINITION.

lated. It can be shown that there are 6 relationships between the
components of the general three dimensional strain tensor e;;.

2.6 ON THE FACTOR OF TWO IN THE TENSOR DEFINITION.

Why do we have a factor two in the strain tensor definition? Ob-
serve that if the deformation is small we can write
dI'* — di? = @' — dn@r +di

2.
~ (' — ddl, (2.47)

so that we find

I’ —di2 _dl' —di

a7 odl

Suppose for example, that we have a diagonalized strain tensor,
then we find

(2.48)

N2
A —dP =2, (55 (2.49)
dl
so that
2 412
% = 2e;;dx?. (2.50)

Observe that here again we see this factor of two.
If we have a diagonalized strain tensor, the tensor is of the form

€11 0 0
0 ex 0], (2.51)
0 0 €33
so we have
dx}? — dx? = 2e;dx?, (2.52)
dI”® = (1+2e11)dx? + (1 + 2e20)dx3 + (1 + 2e33)dx%, (2.53)

dlI? = dx? +dx3 + dx3, (2.54)

13
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SO

i v1+ Zelldxl ~ 1 + en)dxl
é v1+ 2622dx2 1 + 622)dJC2 (255)
é Vv1+ 2633dX3 ~ 1 + 833)dX3.

Observe that the change in the volume element becomes the trace

dV' = dxjdxbdxl = dV(1 +e;;). (2.56)
2.7 SUMMARY.

2.7.1  Strain Tensor.

Identifying a point in a solid with coordinates x; and the coordi-
nates of that portion of the solid after displacement, we formed
the difference as a measure of the displacement

up = xi — x;. (2:57)

With du; = Ju;/ dxjdx;, we computed the difference in length
(squared) for an element of the displaced solid and found

ouj Ju; Ouydu
dxjdxl, — duxpdxg = (=2 + =+ 2 25 ) dxdx;, .
X dx; Xpdxy <axi + o, + ax; 9x; (2.58)
or defining the strain tensor eij, we have
(dx')? — (dx)* = 2¢;;dx;dx;, (2.59a)
ou; Ju; OJuyou
) ;L k 9%k
G = <ax, " ox; "o ij> ' (2.590)

In this course we use only the linear terms and write

ou; u;
g J
eij = (axl + ax]> . (2.60)



2.7 SUMMARY.

2.7.2  Diagonal strain representation.

In a basis for which the strain tensor is diagonal, it was pointed
out that we can write our difference in squared displacement as
(for k =1,2,3, no summation convention)

(dxp)* — (dx)® = 2eped xpdx, (2.61)
k

from which we can rearrange, take roots, and apply a first order
Taylor expansion to find (again no summation convention)

dx; ~ (1 + ey)dxg. (2.62)

An approximation of the displaced volume was then found in
terms of the strain tensor trace (summation convention back again)

AV' =~ (1 +ey)dV, (2.63)

allowing us to identify this trace as a relative difference in displaced
volume

av’ —dv

v (2.64)

Cri ~

2.7.3  Strain in cylindrical coordinates.

Useful in many practice problems are the cylindrical coordinate
representation of the strain tensor

ou
2err =5
1 8u¢ 1
2€¢¢ = ;ﬁ + ;Mr
o _ % . i (2.65)
=52 T or
ou 1 10u
=5 Mt o

15
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This can be found in [13]. It was not derived there or in class, but
is not too hard, even using the second order methods we used for
the Cartesian form of the tensor.

An easier way to do this derivation (and understand what the
coordinates represent) follows from the relation found in §6 of [2]

Zeieijn]- = 2(ﬁ . V)u +10 X (V X u), (266)

where 1 is the normal to the surface at which we are measuring a
force applied to the solid (our Cauchy tetrahedron).

The cylindrical tensor coordinates of eq. (2.65) follow from
eq. (2.66) nicely taking fi = t, ¢, 2 in turn.

2.7.4  Compatibility condition.

For a 2D strain tensor we found an interrelationship between the
components of the strain tensor

82612 _82622 82611
0x10x;  0x 2 oxp2’

(2.67)

and called this the compatibility condition. It was claimed, but not
demonstrated that this is what is required to ensure a deformation
maintained a coherent solid geometry.

I was not able to find any references to this compatibility condi-
tion in any of the texts I have, but found [17], [28], and [20]. It is not
terribly surprising to see Christoffel symbol and differential forms
references on those pages, since one can imagine that we would
wish to look at the mappings of all the points in the object as it
undergoes the transformation from the original to the deformed
state.

Even with just three points in a plane, say a, b, ¢, the general
deformation of an object does not seem like it is the easiest thing
to describe. We can imagine that these have trajectories in the
deformation process a = a(w, b = b(B), ¢ = c(y), with a’,b’, ¢
at the end points of the trajectories. We would want to look at
displacement vectors u,, up, u. along each of these trajectories, and
then see how they must be related. Doing that carefully must result
in this compatibility condition.



2.8 PROBLEMS.

2.8 PROBLEMS.

Exercise 2.1 Strain tensor, small displacement. (2012 ps1, p2 a)

Small displacement field in a material is given by

e = 2X1X2
ey = x% (2.68)
e3 = x% — X3.

Find
a. Infinitesimal strain tensor e;;.

b. Principal strains and axes at (x1, x2, x3) = (1,2,4).

Exercise 2.2 Computing stretch in any given direction.

In class, it was stated “How do we use the strain tensor? Strain
is the measure of stretching, so given a strain tensor, we should be
able to compute the stretch in any given direction.”.

Exercise 2.3 Derive the 3D compatibility conditions.

PLACEHOLDER. We would been promised some homework for
this, presumably with hints that walked us through the complexity
of the proof, but that never materialized.

Answer for Exercise 2.1

Solution Part a. For the infinitesimal strain tensor eij, we have

861
€11 = P
1

axl

J , (2.70)

17
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e = 28
A (2.71)
axS (xl x3)
=-1
der  dep
e <8x1 " sz)
1(fo0,4 0 (2.72)
=5 ‘ X3+ ax22x1x2)
_1 (9 oo
2 \ dx 8x3
10 (2.73)
=5 W+ )

ey = L (2, 9
3L axg 8x1

(Lo 2t a7

In matrix form we have

= NI

= N

[ay

ZXZ X1 X1
e=1xy 0 «x3|- (2.75)
x1 x3 —1

Solution Part b. For the principle strains and axes. At the point
(1,2,4) the strain tensor has the value

1
4 |. (2.76)
-1

(¢’]

Il
— =
= o =



2.8 PROBLEMS.

We wish to diagonalize this, solving the characteristic equation for
the eigenvalues A

4—A 1 1
0= 1 -2 4
1 4 —-1-A
(2.77)
_ 42 —A 4 | 1 1 1 1
4 —1—-A |4 -1—-A| |—-A 4
=4 —ANA2+A—=16)— (—1—A—4)+(@4+A).
We find the characteristic equation to be
0=—A%+3A2+22\ —55. (2.78)

This does not appear to lend itself easily to manual solution (there
are no obvious roots to factor out). As expected, since the ma-
trix is symmetric, a plot fig. 2.4 shows that all our roots are real.
Numerically, we determine these roots to be

\ 10

Figure 2.4: Q2. Characteristic equation.

{5.19684, —4.53206,2.33522}, (2.79)

with the corresponding basis (orthonormal eigenvectors), the prin-
ciple axes are

0.76291 —0.010606 —0.646418
{P1, P2, P3} =< [0.480082| , | —0.660372| , | 0.577433
0.433001 0.750863 0.498713

(2.80)

19



20

STRAIN TENSOR.

Exercise 2.4 Constitutive relation. (2012 midterm, p1 b)

In continuum mechanics what is meant by the constitutive rela-
tion?
Answer for Exercise 2.4

The constitutive relation is the stress-strain relation, generally
Uij = Cabij€aby (2.81)
which for isotropic solids we model as
ij = Aexkdij + 2pe;j, (2.82)
and for Newtonian fluids

oij = _péij + 2‘1/181']'. (283)



STRESS TENSOR.

3.1 FORCE PER UNIT VOLUME.

Reading for this section is §2 from [13].

We would like to consider a macroscopic model that contains
the net effects of all the internal forces in the object as depicted in
tig. 3.1 We will consider a volume big enough that we will not have

Figure 3.1: Internal forces.

to consider the individual atomic interactions, only the average
effects of those interactions. Will look at the force per unit volume
on a differential volume element. The total force on the body is

/ / FdV, (3.1)

where F is the force per unit volume. We will evaluate this by
utilizing the divergence theorem. Recall that this was

///(V-A)dV://A-ds. (3.2)

We have a small problem, since we have a non-divergence expres-
sion of the force here, and it is not immediately obvious that we
can apply the divergence theorem. We can deal with this by assum-
ing that we can find a vector valued tensor, so that if we take the
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divergence of this tensor, we end up with the force. We introduce
the vector valued quantity

a0;
Foeige (3:3)

and then apply the divergence theorem

///de /// aalkd ’ //el‘flkdskf (3.4)

where ds; is a surface element. We identify this tensor

S Force - e; (3.5)
k= Unit Area’ 35
often writing it in matrix form
011 012 013
021 0Opz2 0231 - (3-6)

031 032 033

So, starting with a desire to quantify the force per unit area acting
on a body by expressing the components of that force as a set of
divergence relations

aaik
axk ’

fi= (3.7)

we find that the total force acting on the surface is given by the
matrix product of the stress with the triplet of surface area elements

fi = oidsy, (3.8)

as the force on the surface element ds;. We have yet to find how
the stress tensor can be related to deformations (via strain) and
physical parameters such as pressure and the modulus of elasticity.

Unlike the strain, we do not have any expectation that this tensor
is symmetric, and identify the diagonal components (no sum) c;
as quantifying the amount of compressive or contractive force per
unit area, whereas the cross terms of the stress tensor introduce
shearing deformations in the solid. Let us attempt to get a feel for
this graphically.



3.1 FORCE PER UNIT VOLUME.

—[Example 3.1: Stretch, 2 opposing directions.}

<

Figure 3.2: Opposing stresses in one direction.
Here, as illustrated in fig. 3.2, the associated (2D) stress
tensor takes the simple form

[U“ 0]- (3.9)
0 0

This is called uniaxial stress.
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—[Example 3.2: Stretch, mutually perpendicular directions.]—

For a pair of perpendicular forces applied in two dimensions,
as illustrated in fig. 3.3

7S

Figure 3.3: Mutually perpendicular forces.
our stress tensor now just takes the form
011 0
[ ] . (3.10)
0 o2

This is called biaxial stress.




3.2 STRESS TENSOR IN 2D.

It is easy to imagine now how to get some more general
stress tensors, should we make a change of basis that rotates
our frame.

—[Example 3.3: Radial stretch.}

Suppose we have a fire fighter’s safety net, used to catch
somebody jumping from a burning building (do they ever do
that outside of movies?), as in fig. 3.4. Each of the firefighters
contributes to the stretch.

I\

Figure 3.4: Radial forces.

3.2 STRESS TENSOR IN 2D.

In two dimensions this is illustrated in fig. 3.5 Observe that we use
£ %
dn
X2 - I e
de:
7 Tz T_,
|_"0n
*

X

Figure 3.5: 2D stress tensor.

the index i above as the direction of the force, and index k as the
direction normal to the surface.

We will show later that this tensor is in fact symmetric. The
stress tensor 0j; is a second rank tensor, with the first index i

25
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defining the direction of the force, and the second index j defining
the surface.

Observe that the dimensions of ¢j; is force per unit area, just
like pressure. We will in fact show that this tensor is akin to the
pressure, and the diagonalized components of this tensor represent
the pressure.

We have illustrated the stress tensor in a couple of 2D examples.
The first we call uniaxial stress, having just the 1,1 element of the
matrix as illustrated in fig. 3.2.

o= [0’11 O] . (3-11)
0 0

A biaxial stress is illustrated in fig. 3.3. where for 017 # 02 our
tensor takes the form

o= |1 0 . (3.12)
0 022
In the general case we have
V%
o= [ 11 12] ‘ (3.13)
021 022

We can attempt to illustrate this, but it becomes much harder to
visualize as shown in fig. 3.6 In equilibrium we must have

T
da
%
& X

Figure 3.6: General stress.

¢

012 = 021. (3-14)



3.3 STRESS TENSOR IN 3D.

Figure 3.7: Area element under stress with and without rotation.

We can use similar arguments to show that the stress tensor is
symmetric. We will look at the two dimensional case in some
detail, as in fig. 3.7 Under this coordinate transformation, a rotation,
the diagonal stress tensor is taken to a non-diagonal form

o1 O ol ol
[ ] > [ }1 }2 ) (3.15)
3.3 STRESS TENSOR IN 3D.

In 3D we have three components of the stress tensor acting on
each surface, as illustrated in fig. 3.8 We have three unique surface

04

Figure 3.8: Strain components on a 3D volume.

orientations and three components of the force for each of these,

27
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resulting in nine components, but these are not all independent.
For an object in equilibrium we must have ¢;; = 0j;. Explicitly, that
is

012 = 091, (3.16)
023 = 03, (3.17)
031 = 0713. (3.18)

3.4 CAUCHY TETRAHEDRON.

To examine the question of how the stress tensor and the force
relate, we project the force onto a planar surface. This is called the
Cauchy tetrahedron as in fig. 3.9

¥

X

y = m”  iéI @f?_
&( : _' jﬁﬁw

Figure 3.9: Cauchy tetrahedron.

external force
f=—""—""—"=fe, (3-19)

unit area
or
internal stress = external force.

We write fi in terms of the direction cosines

i = nyeq + nyes + nzes. (3.20)



3.4 CAUCHY TETRAHEDRON.

Here
np=h-e; (3.21)
ny =10-ep (3.22)
nsz = n- es3, (323)
or
nj=1f-ej=cos¢;. (3.24)

This is illustrated in fig. 3.10. Performing a force balance on x;

Figure 3.10: Cauchy tetrahedron direction cosines.

direction, where we match total external force in each direction to
the total internal force (Ui/]-s) as follows

f1 x area ABC = 017 x area BOC
+ 01p X area AOC (3.25)
+ 03 x area AOB.

Similarly

f2 x area ABC = 0y; X area BOC
+ 07 X area AOC (3.26)
+ 03 X area AOB,

and

f3 x area ABC = 031 x area BOC
+ 03 X area AOC (3.27)

+ 033 X area AOB.

29
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We can therefore write these force components like

BOC AOC AOB

fr=0mype T g T 50

(3-28)

but these ratios are really just the projections of the areas as illus-
trated in fig. 3.11 where an arbitrary surface with area AS can be

Figure 3.11: Area projection.

decomposed into projections
AS cos b,
utilizing the direction cosines. We can therefore write

f1 = ouny + g + 01313
f2 = o011y + opn2 + 02313

f3 = 03111 + 0312 + 03313,

or in matrix notation

fi o1 o2 o3| |m
fo| = |01 o 03| |n2
f3 031 03 03| |13

This is just

fi = U'i]'n]'.

(3-29)

(3-30)
(3-31)
(3-32)

(3-33)

(3-34)

This force with components f; is also called the traction vector

T = 0'1']'71]'.

(3-35)



3.5 CONSTITUTIVE RELATION.

In matrix form the traction vector is

011 012 013 ny
T=0-H= 071 022 023 ny| - (336)

031 032 033 n3

3.5 CONSTITUTIVE RELATION.

Reading: §2, §4 and §5 from the text [13].

We can find the relationship between stress and strain, both
analytically and experimentally, and call this the Constitutive re-
lation. We prefer to deal with ranges of distortion that are small
enough that we can make a linear approximation for this relation.
In general such a linear relationship takes the form

0ij = Cijki€xi- (3-37)

Materials for which the stress and strain tensors are linearly related
are called Newtonian . We will not consider any non-Newtonian
materials in this course.

Consider the number of components that we are talking about
for various rank tensors

0™ rank tensor 3% =1 components,

1%t rank tensor 3! = 3 components, (3.39)
27 rank tensor 3% = 9 components,

3" rank tensor 3% = 81 components.

We have a lot of components, even for a linear relation between
stress and strain. For isotropic materials we model the constitutive
relation instead as

0ij = Aewdij + 2ue;;. (3-39)

It can be shown [5] that a relationship between stress and strain of
this form is actually required by isotropy.

For such a modeling of the material the (measured) values A
and p (shear modulus or modulus of rigidity) are called the Lamé
parameters.

31
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It will be useful to compute the trace of the stress tensor in the
form of the constitutive relation for the isotropic model. We find

0 = Aedii + 2pe;; (3.40)
= 3)\ekk + 2]46]']', >

or

Tii = (BA + 2p)ex. (3.41)

We can now also invert this, to find the trace of the strain tensor in
terms of the stress tensor

L Okk
ell 3A, + 2}/[ . (3‘42)
Substituting back into our original relationship eq. (3.39), and find
0]
Oij = Aoy szy Oij +2pleij, (3-43)

which finally provides an inverted expression with the strain tensor
expressed in terms of the stress tensor

Okk
Oii.
]

2Hey = 0 = A o

(3-44)

36 CONSTITUTIVE RELATION, HYDROSTATIC COMPRESSION.

Hydrostatic compression is when we have no shear stress, only
normal components of the stress matrix ¢j; is nonzero. Strictly
speaking we define Hydrostatic compression as

ij = —pdij, (3-45)

which is not only diagonal, but has all components of the stress
tensor equal.
We can write the trace of the stress tensor as

0ii = —3p = BA + 2p)e. (3.46)

Now, from our discussion of the strain tensor e;; recall that we
found in the limit

dV' = (1+e;)dv, (3-47)



3.7 CONSTITUTIVE RELATION FOR UNIAXIAL STRESS.

allowing us to express the change in volume relative to the original
volume in terms of the strain trace

dv' —dv
i =~ (3-48)

Writing that relative volume difference as AV /V we find

AV
—3p=0CA+ 2,”)7/ (3-49)
or
PV (a2 =
AV - <A+ 3‘u> - KI (350)

where K is called the Bulk modulus.

3.7 CONSTITUTIVE RELATION FOR UNIAXIAL STRESS.

Referring to fig. 3.2 and expanding out eq. (3.44) we have for the
1,1 element of the strain tensor

(3-51)

S
Il
o o
o o o
o o o

and

Aot + g27)
3A+2u
3A+2u—A
T+ (3-52)

2ue11 = 091 —

or

LB (3:53)
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where E is Young’s modulus. Young’s modulus in the text (5.3) is
given in terms of the bulk modulus K. Using A = K —2/3 we find

UBA +2p)
E=——-
A+
_ HB(K = 2p/3) +2p)
= T K 2u/3+ (3.54)
_ 3Ky
C K+pu/3
That is
_ uBA+2u) 9Ky
k= Au  3K+pu (3-55)
We define Poisson’s ratio v as the quantity
€2 _ €33
R .56
en e (3:56)

Note that we are still talking about uniaxial stress here. Referring
back to eq. (3.44) we have

Okk
3A+2u
_ Okk
=02~ /\3A+2y (3:57)
_ )\0’11
C 3A+2u’

2uexn =0n — A 022

Recall eq. (3.53) that we had

uBA +2u)

011 = Well- (3-58)

Inserting this gives us

A uBA2p
32 A+p W (3.59)

2‘14822 =

SO

€2 A

€11 B 2(}\ ar ‘u)




3.8 SUMMARY.

We can also relate the Poisson’s ratio v to the shear modulus y (see
the appendix: C)

E
W= 2(1+v)’ (3.61)
Ev

A= T aay (3:62)
1

en = (011 — V(o2 + 033)) ,
1

€2 =% (022 — V(011 +033)) , (3.63)
1

€3 = ¢ (033 — V(011 + 022)) -

These ones are (5.14) in the text, and are easy enough to verify (not
done here).

3.8 SUMMARY.
3.8.1  Stress tensor.

We sought and found a representation of the force per unit area
acting on a body by expressing the components of that force as a
set of divergence relations

fi = o0k, (3.64)

and call the associated tensor ¢;; the stress.

Unlike the strain, we do not have any expectation that this tensor
is symmetric, and identify the diagonal components (no sum) c;;
as quantifying the amount of compressive or contractive force per
unit area, whereas the cross terms of the stress tensor introduce
shearing deformations in the solid.

With force balance arguments (the Cauchy tetrahedron) we
found that the force per unit area on the solid, for a surface with
unit normal pointing into the solid, was

T=¢€T = el'O'i]‘Tl]'. (365)
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3.8.2  Constitutive relation.

In the scope of this course we considered only Newtonian materials,
those for which the stress and strain tensors are linearly related
Tij = Cijki€xi, (3.66)
and further restricted our attention to isotropic materials, which
can be shown to have the form
ij = Aexkdij + 2ue;j, (3.67)

where A and p are the Lame parameters and y is called the shear
modulus (and viscosity in the context of fluids).
By computing the trace of the stress ¢;; we can invert this to find

2]461']' = 0jj (368)

 3h 4 2p M0

3.8.3  Uniform hydrostatic compression.

With only normal components of the stress (no shear), and the
stress having the same value in all directions, we find

0ij = 3 +2p)eij, (3.69)
and identify this combination —3A — 2y as the pressure, linearly
relating the stress and strain tensors

0'1']' = —pei]-. (3‘70)

With ej; = (dV' —dV)/dV = AV /V, we formed the Bulk modulus
K with the value

_ 2u\ __ PV
K_<A+3>_ N (3.71)

3.8.4 Uniaxial stress. Young's modulus. Poisson’s ratio.

For the special case with only one non-zero stress component (we
used ¢1) we were able to compute Young’s modulus E, the ratio
between stress and strain in that direction
o1 u@BA+2u)  3Kpu

E = = .
e At K+u/3

(3-72)



3.9 PROBLEMS.

Just because only one component of the stress is non-zero, does

not mean that we have no deformation in any other directions.

Introducing Poisson’s ratio v in terms of the ratio of the strains
relative to the strain in the direction of the force we write and then
subsequently found

: (3.73)

We were also able to find
We can also relate the Poisson’s ratio v to the shear modulus u

_E
M= 2 +0) (3-74)
Ev
1
en = ¢ (11 — V(o2 +033)) , (3.76)
en = % (022 — V(011 +033)) , (3.77)
e3s = % (033 — V(o1 + 022)) - (3.78)

3.9 PROBLEMS.

Exercise 3.1 Strain tensor from stress tensor. (2012 ps1, p1)

For the stress tensor

(3-79)

Q
I
N © O
—_ = O
W = N
~J
)

Find the corresponding strain tensor, assuming an isotropic solid
with Young’s modulus E = 200 x 10°N/m? and Poisson’s ration
v =0.35.
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Answer for Exercise 3.1

We need to express the relation between stress and strain in
terms of Young’s modulus and Poisson’s ratio. In terms of Lamé
parameters our model for the relations between stress and strain
for an isotropic solid was given as

oijj = Aekkéi]- + 2]461']'. (380)
Computing the trace
Ok = (A + 2p)ex, (3.81)

allows us to invert the relationship

0]
2“1461']' = O'Z']' — )\73/\ jikz‘u 51] (382)

In terms of Poisson’s ratio v and Young’s modulus E, our Lamé
parameters were found to be

e D E
E (3-83)
F= 2@y
and
302 3Ev E

A—20)1+v) 1+v

E 3v
= +1
1+v \1—2v

3 E 1+v (3.84)
T1+vl1—2v

_E

S 1-2v

Our stress strain model for the relationship for an isotropic solid
becomes
E - Ev 1- 21/0 5
T8 = 0ij — o kkOij
1+v 1-2v)(1+v) E (3.85)

v
=0jj — m%k@p
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or

1
ejj = E ((1 + V)Uij — VUkk(Sij) . (386)

As a sanity check note that this matches (5.12) of [13], although
they use a notation of ¢ instead of v for Poisson’s ratio. We are
now ready to tackle the problem. First we need the trace of the
stress tensor

Ok = (6+1+3)M Pa = 10M Pa, (3.87)
1 6 0 2 1 00
ei]-:E 1+v)|{o 1 1| —-10v|io 1 0 M Pa
2 1 3 0 01
1 6 0 2 -4 0 2
= 01 1/+035| 0 -9 1 M Pa (3.88)
21 3 2 1 -7
6 0 2 -4 0 2
= o x 105 01 1140350 -9 1
21 3 2 1 -7

Expanding out the last bits of arithmetic the strain tensor is found
to have the form

23 0 135
ei=| 0 —10.75 6.75| 107 (3-89)
135 675 275

Note that this is dimensionless, unlike the stress.
Associated Mathematica notebook for this problem ( continu-
umProblemSet1Q1.cdf )

Exercise 3.2 Small stress and strain. (2012 ps1, p2 b)

For the problem 2.1, is the body under compression or expan-
sion?
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Answer for Exercise 3.2

To consider this question, suppose that as in the previous part,
we determine a basis for which our strain tensor e¢;; = p;J;; is
diagonal with respect to that basis at a given point xg. We can then
simplify the form of the stress tensor at that point in the object

E
oij = e + v emm(Si‘
1+ Y 1—20v ]

T 1t <pi+ 1 —21/6’”"1) 0ij

We see that the stress tensor at this point is also necessarily diagonal
if the strain is diagonal in that basis (with the implicit assumption
here that we are talking about an isotropic material). Noting that
the Poisson ratio is bounded according to

1

—1<v<, (3.91)

so if our trace is positive (as it is in this problem for all points
xp > 1/2), then any positive principle strain value will result in
a positive stress along that direction). For example at the point
(1,2,4) of the previous part of this problem (for which x, > 1/2),
we have

5.19684 + 2% 0 0
= 3
i = 1oy 0 —4.53206 + 124 0
0 0 2.33522 + {2

(3-92)

We see that at this point the (1,1) and (3, 3) components of stress is
positive (expansion in those directions) regardless of the material,
and provided that

3v
1—2v

> 4.53206, (3.93)

(i.e. v > 0.375664) the material is under expansion in all directions.
For v < 0.375664 the material at that point is expanding in the p;
and Pz directions, but under compression in the p, directions. For
a visualization of this part of this problem see ( continuumProblem-
Set1Qzanimated.cdf ). This animates the stress tensor associated
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with the problem, for different points (x,y, z) and values of Pois-
son’s ratio v, with Mathematica manipulate sliders available to
alter these (as well as a zoom control to scale the graphic, keeping
the orientation and scale fixed with any variation of the other pa-
rameters). This generalizes the solution of the problem (assuming
I got it right for the specific (1,2, 4) point of the problem). The vec-
tors are the orthonormal eigenvectors of the tensor, scaled by the
magnitude of the eigenvectors of the stress tensor (also diagonal in
the basis of the diagonalized strain tensor at the point in question).
For those directions that are under expansive stress, I have colored
the vectors blue, and for compressive directions, I have colored the
vectors red.

A confirmation of the characteristic equation calculated manually
is also available ( continuumProblemSet1Q2.cdf ).

Exercise 3.3 Traction vector. (2012 ps1, p3)

The stress tensor at a point has components given by

1 -2 2
c=|-2 3 1/|. (3-94)
2 1 -1

Find the traction vector across an area normal to the unit vector
i = (V2e; — ey +e3)/2. (3.95)

Can you construct a tangent vector T on this plane by inspection?
What are the components of the force per unit area along the
normal fi and tangent T on that surface? (hint: projection of the
traction vector.)

Answer for Exercise 3.3

The traction vector, the force per unit volume that holds a body
in equilibrium, in coordinate form was

P; = oyny, (3.96)

where 71, was the coordinates of the normal to the surface with
area dfy. In matrix form, this is just

P = oA, (3.97)
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so our traction vector for this stress tensor and surface normal is
just

1 -2 2| |V2
P=21-2 3 1] |-1
2 1 —1] |1

V24242
=>|-2v/2-3+1 (3-98)
2v2-1-1
V2/2+2
= —\/5—1
V2 -1

We also want a vector in the plane, and can pick

0
T=—1|1], .
V2 : (3-99)

or

(3.100)

OIS
ol NI~ N —

It is clear that either of these is normal to f (the first can also be
computed by normalizing fi X ej, and the second with one round
of Gram-Schmidt). However, neither of these vectors in the plane
are particularly interesting since they are completely arbitrary. Let
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us instead compute the projection and rejection of the traction
vector with respect to the normal. We find for the projection

v2/2+2) (V2] [V2
P-d)pa=—-y2-1]-]-1 ~1
V2-1 1 1

}L<1+2\f2+\f2+1+\@—1> -1

1 .
=5 (1+4v2) 2.
Our rejection, the component of the traction vector in the plane, is
(PAA)A =P — (P A)A
V2/2+2 ) V2
=5 |-v2-1| - @+rV2) |1
V2 -1 1 (3.102)

V2
= |-3
-5

This gives us a another vector perpendicular to the normal fi

. V2
%:6 -3 . (3.103)

Wrapping up, we find the decomposition of the traction vector in
the direction of the normal and its projection onto the plane to be

1 3
P=_(1+ 4v2)A + it (3.104)
The components we can read off by inspection.

Associated Mathematica notebook for this problem (continu-
umProblemSet1Q3.cdf).
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Exercise 3.4 Stress and equilibrium. (2012 ps1, p4)

The stress tensor of a body is given by

Acosx y*> Cx
c=| 4> Bsiny z |- (3-105)

Cx z z3
Determine the constant A, B, and C if the body is in equilibrium.

Exercise 3.5 Compute stress tensors for some typical 3D forces.

PLACEHOLDER. Pick some 3D forces acting on unit volumes,
and compute the stress tensors associated with them.

Exercise 3.6 Compute stress tensors for some typical 3D forces.

Referring to fig. 3.4, what form would the stress tensor take?
PLACEHOLDER. I had assume that we have to use a radial form
of the tensor?

Answer for Exercise 3.4

In the absence of external forces our equilibrium condition was
akU'l'k =0. (3.106)

In matrix form we wish to operate (to the left) with the gradient
coordinate vector

F
0=0cV
- —
Acosx 2 Cx| |9«
(—
=| y* Bsiny z| |9y
&
| Cx z 22| |9
0x(A cos x) + 9y (y?) + 0-AEXT (3.107)
= | 9:47%) +9,(Bsiny) +3(2)
0x(Cx) + dykz) + 0:(2°)
_—A sin x + 2y
= 1| Bcosy+1
| C+ 322
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So, our conditions for equilibrium will be satisfied when we have

_ 2y
SN x
B=— 1 (3.108)
cosy
C = —32%,

provided y # 0, and y # 77/2 + nrt for integer n. If equilibrium is to
hold along the y = 0 plane, then we must either also have A =0 or
also impose the restriction x = m (for integer m).
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ELASTODYNAMICS.

4.1 ELASTIC WAVES.

Reading: Chapter I §7, chapter III (§22 - §26) of the text [13].
Example: sound or water waves (i.e. waves in a solid or liquid
material that comes back to its original position.)

—| Definition 4.1: Elastic Wave

An elastic wave is a type of mechanical wave that propagates
through or on the surface of a medium. The elasticity of the
material provides the restoring force (that returns the material
to its original state). The displacement and the restoring force
are assumed to be linearly related.

In symbols we say

ei(xj, t) related to force, (4.1)
and specifically
8261' ao'ij
P o2 Fi = Tx] (4.2)

This is just Newton’s second law, F = ma, but expressed in terms
of a unit volume.

Should we have an external body force (per unit volume) f;
acting on the body then we must modify this, writing

5z = E)Tc] + fi. (4-3)

Note that we are separating out the “original” forces that produced
the stress and strain on the object from any constant external forces
that act on the body (i.e. a gravitational field).
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With
1 [ de; ae]
€ij = E (ax] + ax1> ’ (44)

we can expand the stress divergence, for the case of homogeneous
deformation, in terms of the Lamé parameters

0ij = Aexidij + 2uejj. (4-5)

We compute

doij dexk o 1 [de dej
=Vt 5y (50 a0

_ ey azei 823]‘

=A axi TH <8X]'2 " ax]-axi

a i% N d%e; 9%ex

B axi axk aij axkaxi
0 95 %

# ax,‘ axk Vasz'

=(A+

We find, for homogeneous deformations, that the force per unit
volume on our element of mass, in the absence of external forces
(the body forces), takes the form

azei azek azei
T A 47
This can be seen to be equivalent to the vector relationship
P )
Pz = A+u)V(V -e)+uV-e. (4.8)

4.2 P-WAVES.

Reading: §22 from [13].
Operating on this with the divergence operator, and writing
0 =V - e, we have

2V -e

g =AWV V(Y e uV3(V -e), (4.9)



4.2 P-WAVES.

or

%0 A+2p

i p

Vv20. (4.10)

We see that our divergence is governed by a wave equation where
the speed of the wave C; is specified by

2 - “pz*‘, (4.11)

so the displacement wave equation is given by

9%

o>
Let us look at the divergence of the displacement vector in some
more detail. By definition this is just

C2v20. (4.12)

dey  dex Odes

V'e:aixl"r‘aixz'i'aixs. (413)

Recall that the strain tensor ¢;; was defined as

Jp— 1 % + % ( 1 )

61] B 2 E)x] axi ’ 414
so we have

9 _ .

8x1 B

aez

Fro €22 (4.15)

des _

913 33-

So the divergence in question can be written in terms of the strain
tensor

V-e= €11 + €2 + €33 = €j;. (4.16)

We also found that the trace of the strain tensor was the relative
change in volume. We call this the dilatation. A measure of change
in volume as illustrated (badly) in fig. 4.1 This idea can be found
nicely animated in the wikipedia page [30].
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ﬁjﬁ

Figure 4.1: [llustrating changes in a control volume.

4.3 S-WAVES.

Now let us operate on our eq. (4.8) with the curl operator

9’V x e
P =AWV X (V(V ) +uVAV xe).  (417)
Writing
w=V Xe, (4.18)
and observing that V x V f =0 (with f = V - e), we find
0w
Pom = nVw. (4-19)

We call this the S-wave equation, and write Cr for the speed of this
wave

Cf = ;l, (4.20)
so that we have

2w

W = C%Vzw (4.21)

Again, we can find nice animations of this on wikipedia [21].

4.4 RELATIVE SPEEDS OF THE P-WAVES AND S-WAVES.

Taking ratios of the wave speeds we find

CL A+2u A
- = = — +2' 22
Cr \/ i \/y (4-22)




4.5 ASSUMING A GRADIENT PLUS CURL REPRESENTATION.

Since both A > 0 and u > 0, we have
Cp > Cr. (4.23)

Divergence (p-waves) are faster than rotational (s-waves) waves.
In terms of the Poisson ratio v = A/(2(A + u)), we find
u 1
—==—-1 .
1= % (4-24)
we see that Poisson’s ratio characterizes the speeds of the waves
for the medium

&_ 2(1 —v)
CT_ 1-2v°

(4.25)

4.5 ASSUMING A GRADIENT PLUS CURL REPRESENTATION.

Let us assume that our displacement can be written in terms of a
gradient and curl as we do for the electric field

e=V¢+V xH. (4.26)
Inserting this into eq. (4.8) we find

paz(V<p +V x H)

ot? (4.27)
=A+W)V(V - (Vp+V x H)) + uVA(V¢+V x H).

The first term on the RHS can be simplified. First note that the
divergence of the gradient is just a Laplacian

V-V =V?p, (4.28)
and then note that the divergence of a curl is zero
V - (V x H) = 9r(d, Hpeapr) = 0. (4-29)

The zero follows from the fact that the antisymmetric sum of sym-
metric partials is zero (assuming sufficient continuity). Grouping
terms we have

92 0’H
v (patf — (A +2y)V2<,b> +V x <pat2 - szH) =0. (4.30)
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When the material is infinite in scope, so that boundary value
coupling is not a factor, we can write this as a set of independent
P-wave and S-wave equations

¢ 2
p5h —(A+21) V=0, 431)
The P-wave is irrotational (curl free).
0’H
oz~ pV?H = 0. (4-32)

The S-wave is solenoidal (divergence free).

46 A COUPLE SUMMARIZING STATEMENTS.

e P-waves: irrotational. Volume not preserved.

e S-waves: divergence free. Shearing forces are present and
volume is preserved.

o P-waves are faster than S-waves.

4.7 PHASOR DESCRIPTION OF ELASTIC WAVES.

Let us introduce a phasor representation (again following §22 of
the text [13])

¢$ = Aexp (i(k - x — wt))

H=Bexp (i(k-x — wt)). (433)
Operating with the gradient we find
P=Vg¢
= exdr A exp (i(k - x — wt))
= exdr A exp (i(kpxm — wt))
(434)

= exiki A exp (i(kpxm — wt))
ikAexp (i(k - x — wt))
= ik¢.

We can also write

P =k¢/, (4-35)



48 SOME WAVE TYPES DESCRIBED.

where ¢’ is the derivative of ¢ “with respect to its argument”. Here
argument must mean the entire phase k - x — wt.

Cdp(k-x—wb)

¢ = W x—wh i¢. (4.36)

Actually, argument is a good label here, since we can use the word
in the complex number sense.
For the curl term we find

S=V xH
= euabHceabc
= e,0p€,p.Bc exp (i(k - x — wt))
. (4-37)
= €,0p€pcBe exp (i(kpxm — wt))
= eqikp€peBe exp (i(k - x — wt))
=7k x H.
Again writing
dH(k -x — wt) .
/ = —-—e—e—— =
H=cx—wn (438)
we can write the S wave as
S=kxH. (4.39)

48 SOME WAVE TYPES DESCRIBED.

The following wave types were noted, but not defined:

e Rayleigh wave. This is discussed in §24 of the text (a wave that
propagates near the surface of a body without penetrating
into it). Wikipedia has an illustration of one possible mode
of propagation [31].

e Love wave. These are not discussed in the text, but wikipedia
[29] describes them as polarized shear waves (where the fig-
ure indicates that the shear displacements are perpendicular
to the direction of propagation).

Some illustrations from the class notes were also shown.
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4.9 SUMMARY.
4.9.1  Elastic displacement equation.

It was argued that the equation relating the time evolution of a one
of the vector displacement coordinates was given by

%u; 90j;
P52 = aTc] + fi, (4.40)

where the divergence term do;;/dx; is the internal force per unit
volume on the object and f; is the external force. Employing the
constitutive relation we showed that this can be expanded as

Bzui a2uk 821/[1'
me‘(A+Wamm%+”aﬁ’ (4-41)
or in vector form
azu 2
P23 = A+ V(Y w+pviu. (442)

4.9.2  Equilibrium.

When a body is in static equilibrium eq. (4.40) reduces to just a
simple force balance
_ 9%
ﬁ——a%~ (4-43)

In particular, if there are no external forces then all of these diver-
gences must be zero.

4.9.3 P-waves.

Operating on eq. (4.42) with the divergence operator, and writing
©® = V - u, a quantity that was our relative change in volume in the
diagonal strain basis, we were able to find this divergence obeys a
wave equation

0 A+2u_,

— = o. .

3 P v (4-44)

We called these P-waves.




4.9 SUMMARY.

4.9.4 S-waves.

Similarly, operating on eq. (4.42) with the curl operator, and writing
= V x u, we were able to find this curl also obeys a wave
equation

*w
pon =HVw. (4-45)

These we called S-waves. We also noted that the (transverse)
compression waves (P-waves) with speed Cr = /j/p, traveled
faster than the (longitudinal) vorticity (S) waves with speed C, =

V(A +2u)/p since A > 0 and u > 0, and

CL A+2u A
= = = —+2. .46
Cr \/ " \/;4 (4-46)

4.9.5  Scalar and vector potential representation.

Assuming a vector displacement representation with gradient and
curl components

u=V¢+V xH, (4.47)

We found that the displacement time evolution equation split nicely
into curl free and divergence free terms

02 9’H
v < a‘f (/\+2;¢)V24>> +V x <pat2 — yV2H> =0. (4.48)

When neglecting boundary value effects this could be written as a
pair of independent equations

2
02l a2V =0 (4.492)
2
H
oz ~ pV?H = 0. (4.49b)

This are the irrotational (curl free) P-wave and solenoidal (diver-
gence free) S-wave equations respectively.
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4.9.6  Phasor description.

It was mentioned that we could assume a phasor representation
for our potentials, writing

¢ =Aexp (ik-x—wt)), (4.50a)

H=Bexp (i(k-x —wt)), (4.50Db)
finding

u = ik¢ + ik x H. (4.51)

We did nothing with neither the potential nor the phasor theory
for solid displacement time evolution, and presumably will not on
the exam either.

4.9.7 Some wave types.

Some time was spent on qualitative descriptions and review of
descriptions for solutions of the time evolution elasticity equations.

e P-waves [30]. Irrotational, non volume preserving body wave.

e S-waves [21]. Divergence free body wave. Shearing forces are
present and volume is preserved (slower than S-waves)

e Rayleigh wave [31]. A surface wave that propagates near the
surface of a body without penetrating into it. It is pointed out
in the class notes in the seismogram figure that these, while
moving slower than the P (primary) or S (secondary) waves,
have larger amplitude and are therefore the most destructive.

e Love wave [29]. A polarized shear surface wave with the
shear displacements moving perpendicular to the direction
of propagation.
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4.10 PROBLEMS.

Exercise 4.1 P-waves, S-waves, Love-waves. (2012 midterm, p1 a)

Show that in P-waves the divergence of the displacement vector
represents a measure of the relative change in the volume of the
body:.
Answer for Exercise 4.1

The P-wave equation was a result of operating on the displace-
ment equation with the divergence operator

d%e
v (Patz C(A V(Y e+ er) , (4:52)
we obtain
92 A+2
=5 (V-e)= p”v%v @), (453)

We have a wave equation where the “waving” quantity is® = V -e.
Explicitly

®=V.e
_der dep ey (4.54)
ox Jdy 0z

Recall that, in a coordinate basis for which the strain e;; is diagonal
we have

dx' = \/1+2e1dx
dy’ = \/1+ 2exndy (4.55)
dZ/ =41+ 2633(12.

Expanding in Taylor series to O(1) we have for i = 1,2,3 (no sum)
dx! =~ (1 +e;;)dx;, (4.56)
so the displaced volume is

dV’ = dxldJde?,(l + 611)(1 + 622)(1 + 833)

= dxldXde;J,(l + €11 +éxp +€e33 + O(e%k)) (457)
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Since

e11 = 1 <8e1 +a€1> 861

2\ 9x  ox 9x
_ 1 862 882 _ %
ey = 5 <8y + 8y> = dy (4.58)
“=5\%9z "oz ) T oz’
we have
AV =(1+V -e)dV, (4-59)
or
dv' —dv
T = V - e. (460)

The relative change in volume can therefore be expressed as the
divergence of e, the displacement vector, and it is this relative vol-
ume change that is “waving” in the P-wave equation as illustrated
in the following fig. 4.2 sample 1D compression wave

Figure 4.2: A 1D compression wave.

Exercise 4.2 P-waves and S-waves. (2012 midterm, p1 b)

Between a P-wave and an S-wave which one is longitudinal and
which one is transverse?
Answer for Exercise 4.2

P-waves are longitudinal. S-waves are transverse.

Exercise 4.3 Speed of P-waves and S-waves. (2012 midterm, p1 c)

Whose speed is higher?
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Answer for Exercise 4.3

From the (midterm) formula sheet we have

<CL>2_ A+2up
cr PH
_A (4.61)

K
>1,

so P-waves travel faster than S-waves.

Exercise 4.4 Love waves. (2012 midterm, p1 d)

Is Love wave a body wave or a surface wave?
Answer for Exercise 4.4

Love waves are surface waves, traveling in a medium that can
slide on top of another surface. They are characterized by shear
displacements perpendicular to the direction of propagation.

Reviewing for the final I see that I had answered this wrong,
and have corrected it. I had described a Rayleigh wave (also a sur-
face wave). A Rayleigh wave is characterized by vorticity rotating
backwards compared to the direction of propagation as shown in

fig. 4.3

/_\/\_/(T\/_\
VX ., prop.

7777/

Figure 4.3: Rayleigh wave illustrated.

Exercise 4.5 Equilibrium.
Suppose that the state of a body is given by
o1 = Ax4y3(722

= 3Bx2y5012 (4.62)
= —Cx3y4.
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Determine the constants A, B and C so that the body is in equilib-
rium (2011 Final Exam question II).
Answer for Exercise 4.5

We have

_ 99
= Tx]
80'11 80'12 (463)
= — 4+ —
ox dy
= 4Ax%y° — 4Cx5P°,

0

and

0
ax]'
doyy | dox (4.64)
= — 4+ —
ox ay
= —3Cx%y* + 15Bx%y*.

We must then have

0=A-C0
.6
_ 5B (4.65)
or
A=CB= % (4.66)
Exercise 4.6 Tsunami. (2011 final)

Explain how the strain energy of tectonic plates causes Tsunami.
Answer for Exercise 4.6

The root cause of the Tsunami is the earthquake under the body
of water. Once that earthquake occurs we will have a body wave
in the mantle, which will trigger a much more destructive (higher
amplitude) surface wave (probably of the Rayleigh type). Looking
back to the connection with strain energy, we see that once we have
a change in the strain divergence, we will have to have a restoring
force to put things back in equilibrium. That restoring force can
come either from the surrounding mantle or the fluid above it, and
it is that fluid restoring force that induces the wave as a side effect.
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Exercise 4.7 Wave equation solutions.

PLACEHOLDER.






NAVIER-STOKES EQUATION.

5.1 TIME DEPENDENT DISPLACEMENTS.

Reading: §1.4 from [2].
In fluid dynamics we look at displacements with respect to time
as illustrated in fig. 5.1

Fr bt fdk?’ﬁ' @J‘J‘Z
/{ @
vl

Figure 5.1: Differential displacement.

dx' = dx + duébt. (5.1)

In index notation

dx} = dx; + du;ot

E)ui
= dxz- + a—x]dxjét

(5-2)

We define the strain tensor, still symmetric, using only first order
partials

8"_1 %4_% ( )
”_2 ax] axi ' >3

We also define an antisymmetric vorticity tensor

Wi = 1 % — % ( )
v 2 ax] axi ' >4
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Effect of e;; when diagonalized

€11 0 0
ez‘]' = 0 (%) 01, (55)
0 0 €33

so that in this frame of reference we have
dx] = (1 +e110t)dx;
dxy = (1 +exndt)dx; (5.6)
dxly = (1 + e330t)dxs.

Let us find the matrix form of the antisymmetric tensor. We find
w1 = wy = w3z =0. (5.7)

Introducing a vorticity vector

w=V xu, (5.8)
we find
1 /duy odup\ 1
w12 = 5 (axz axl> = E(V X u)3
_ 1 8u2 8u3 _ 1
w3 = 5 <ax3 - ax2> = _E(V X u)p (5.9)
1 /duz oJu;\ 1
@3 =5 <8x1 8x3> B Z(V X a2
Writing
Q¥ %wi/ (5.10)

we find the matrix form of this antisymmetric tensor

0 —Q3
wij = Q3 0 —Ql ’ (5'11)
-0 O 0

and
dxi = dxl + del + C(J]QdXQ + wlng3) ot
=dxi + (wlzde + w13dX3) ot (5.12)
= dx; + (Qadxs — Qadxy) 6.
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Doing this for all components we find
dx' = dx + (Q x dx)dt. (5.13)

The tensor w;; implies rotation of a control volume with an angular
velocity Q) = w/2 (half the vorticity vector). In general we have

dx} = dx; + ejjdx;6t + wjjdx;ot. (5.14)
5.2 COMPARING TO ELASTOSTATICS.

Recall that for elastic materials we derived the strain tensor by con-
sidering differences in squared displacements? It was not obvious
to me why we had no such term when analyzing solids.

For solids we could have also done this first order decomposition
of the displacement (per unit time) of a point. Note that this is
really just a gradient evaluation, split into coordinates by grouping
into symmetric and antisymmetric terms. Here, as in the solids
case, we write

u=x"—x, (5.15)

xi = x; + (V) - dxét

=X+ %dxjét

8xj 6)
—x-+1 %+% dx-(Sif+1 Jui _ i dx;ot o
o 2 ax] ax] J 2 ax] ax] I

=X;+ eijdxjét + wi]'dxjét.

5.3 ANTISYMMETRIC TERM, THE VORTICITY.
With

w=V xu, (5.17)
we introduce the dual vector

1
O =0e = Ew, (5.18)
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defined according to

M = %w32 = %wl
)y = %ww = %wz (5.19)
O3 = %C{]Zl = %wg.
With
Wy = €jx0jU}, (5.20)

we can write

1
Qk = §€ijkai1/l]'. (5.21)
In matrix form this becomes
0 -3
wij=| Q3 0 —-04- (5-22)
-0 O 0

For the special case ¢;; = 0, our displacement equation in vector
form becomes

dx' = dx + Q x dxdt. (5.23)
Let us do a quick verification that this is all kosher.

(Q x dx); = Qpdxse,s;

1
= <eabrauub) Axs€,si

2
1 [ab]
= EBQ”bdX55SZ
1
= E(asui — 0juis)dxs (5.24)

1 dus  ou;

= E < aixl + axs> dxs
1 [/ du; aM]

=3 (55 3 )

= wijde.

All’s good in the world of signs and indices.
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5.4 SYMMETRIC TERM, THE STRAIN TENSOR.

Now let us look at the symmetric term. With the initial volume
dV =dxidxsdxs, (5.25)

and the final volume written assuming that we are working in our
principle strain basis, we have (very much like the solids case)

dV' = dxdxbdx}
= (1 + 6115t)dx1 + (1 + €225t)dX2 + (1 + €335t)d3€3
= (1 + (e11 + 22 + e33)0t)dx1dx2dx3 + O((51)?)

3 duy; OJup duz
= <1+ <8x1+8x2+8x3> (5t> av

= (1+(V -w)dt)dV.

(5.26)

So much like we expressed the relative change of volume in solids,
we now can express the relative change of volume per unit time as

av’' —dv

Taver YW G27)
or

5@dvy

m =V -u. (528)

We identify the divergence of the displacement as the relative
change in volume per unit time.

5.5 NEWTONIAN FLUIDS.

Definition 5.1: Newtonian Fluids

A fluid for which the rate of strain tensor is linearly related to
stress tensor.

For such a fluid, the constitutive relation takes the form

0ij = —pdij + 2ueij, (5.29)
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where p is called the isotropic pressure, and y is the viscosity of
the fluid. For comparison, in solids we had

0'1']' = )Lekk5i]‘ + 2]1€ij. (5.30)

While we are allowing for rotation in the fluids (w;;) that we did
not consider for solids, we now impose a requirement that the
strain tensor trace is not a function of the fluid displacements, with

Aey = AV -u= —p- (5-31)

What is the physical justification for this? In words this was ex-
plained after class as the effect of rotation invariance with an
attempt to measure the pressure at a given point in the fluid. It
does not matter what direction we place our pressure measurement
device at a given fixed location in the fluid. Note that this does not
mean the pressure itself is constant. For example with a gravita-
tional body force applied, our pressure will increase with depth in
the fluid. Noting this provides a nice physical interpretation of the
trace of the strain tensor.

Can we mathematically justify this explanation? We see above
that we have

OIn(dV
V-u= %, (5-32)

so we are in effect making the identification

IndV = —pt/A +1IndV, (5.33)
or

dv = dVoe P!/, (534)
The relative change in a differential volume element changes expo-

nentially.

56 DIMENSIONS OF VISCOSITY.

M
[1]= T (5-35)

Some examples
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o Jair = 1.8 % 10—511%,

k
o fhwater = 11 x 107358,

k
i ,uglycerin =23 mgs-
5.7 CONSERVATION OF MASS IN FLUID.

Referring to fig. 5.2 we have a flow rate

Figure 5.2: Area projections for mass conservation argument.

pudtds, (5.36)
or

puds, (5.37)
per unit time. Here the velocity of fluid particle is u.

§pu-ds, (538)
we must have

d

5 /PdV = - fpu - ds. (5.39)

With

dm = pdV, (5.40)
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the mass flow rate is

dm d .y
i a(pdV), whichis (5.41)
e positive if fluid is coming in, and

e negative if fluid is going out.

By Green’s theorem

fA-ds - /V(V AV, (5.42)
so we have

— ?{pu ds = — / V - (pu)dV, (5-43)
and must have

/ (‘;‘t’ +V. (pu)) dv = 0. (5-44)

The total mass has to be conserved. The mass that is leaving the
volume per unit time must move through the surface of the volume
in that time. In differential form this is *

9
5 TV ew) = (5.45)
Operating by chain rule we can write this as
?9? +u-Vp=—pV - u (5.46)
To make sense of this, observe that we have for f = f(x,y,z,t)
Of = lim —fdt
5t—0 ot

_9fox afdy dfdz f

dx 8t  Jy ot 0z 5t ot (5:47)
9f
=(Vf)-u+—= 5
so we have
ap dp
or
dp
=PV (5-49)

1 Note that this is what I had thought we called the continuity equation in physics,
but I think we were using that for V - u = 0 instead.
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58 INCOMPRESSIBLE FLUID.

When the density does not change note that we have

dp
3 =0 (5.50)
which then implies
V.u=0, (5.51)

at all points in the fluid.

5.0 CONSERVATION OF MOMENTUM (NAVIER-STOKES EQUATION).

Reading: §6.* from [2].
In classical mechanics we have

f =ma, (5.52)

our analogue here is found in terms of the stress tensor

/PdV—/ 9% 4y (5.53)
RV = |, V. 5.53

Here F; is the force per unit volume. With body forces we have

d”i 80’1
Fi=pr=="+pf; (5.54)

where f; is an external force per unit volume. Observe that Tij,
through the constitutive relation, includes both contributions of
linear displacement and the vorticity component. From the consti-
tutive relation eq. (5.29), we have

9ij _ ap 5 P‘%
_ ap 9 (1 (du; Ou
C O +2V8x] (2 (axj "o (5.55)

ap 0%u; azu]
0x; 0x;0x; 8x i0X;
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Observe that the term
azui

axjaxj ’

is the ith component of V2u, whereas

azuj a au]

dx;0x; - ox; <ax]>
0

"o

(V : 11),

is the it component of V(V - u). Therefore
dui

T

or in vector notation

- (—prvzqu(v : u)+pf)i,

pi; = —Vp+uViu+uV(V -u) +pf.

(5-57)

(5-58)

(5-59)

We can expand this a bit more writing our velocity u = u(x, y, z, t)

differential
ou;
dui = a—x;(Sx] +
Considering rates
duj _ ou; A% | ou;
dt — oxj dt  ot’
In vector notation we have
du Ju
T (u-V)u+ TR
Newton’s second law eq. (5.59) now becomes

ou;

o5 ot.

p(u-Viu +paa—lt1 = —Vp+uViu+uV(V -u)+pf.

(5.60)

(5.63)

This is the Navier-Stokes equation. Observe that we have an explic-

itly non-linear term

(u-V)u,

(5-64)

something we do not encounter in most classical mechanics. The
impacts of this non-linear term are very significant and produce

some interesting effects.
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5.10 INCOMPRESSIBLE FLUIDS.
We have seen that incompressibility was equivalent to
V-u=0. (5.65)

With such a restriction the Navier-Stokes equation takes the much
simpler form

p(u-V)u +p?;: = —Vp+uViu+pfV -u=0. (5.66)

We will not treat compressible fluids in this course.

5.11 BOUNDARY VALUE CONDITIONS.

In order to solve any sort of PDE we need to consider the boundary
value conditions. Consider the interface between two layers of
liquids as in fig. 5.3 Also found an illustration of this in fig 1.13 of

Figure 5.3: Rocker tank with two viscosity fluids.

White’s text online
We see the fluids sticking together at the boundary. This is due
to matching of the tangential velocity components at the interface.

5.12 NORMALS AND TANGENTS AT FLUID INTERFACES.

We watched a video of the rocking tank as in fig. 5.4. The boundary
condition that accounted for the matching of the die marker is that
we have no slipping at the interface. Writing % for the unit tangent
to the interface then this condition at the interface is described
mathematically by the conditions
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Figure 5.4: Rocking tank velocity matching.

Uy - T=u B T

A A (5.67)
usg-n=ug-n.

Referring to fig. 5.5 where the tangents and normals are depicted

an example representation of the normal and tangent vectors for

the fluids are

Figure 5.5: Normals and tangents at interface for 2D system.

1 0
t=| |, a=||. 68
ol 1A &

For the traction vector with components

T; = ojjn;, (5.69)
we also have at the interface we must have matching of

T-T. (5.70)
More explicitly, in coordinates this is

T(oyn))| , = Tloin)| (5.71)
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—(Example 5.1: Steady incompressible ﬂow.]

For steady incompressible rectilinear (unidirectional) flow, we
can fix our axis so that

u = xu(x,vy,z,t), (5.72)

where the velocity components in the other directions

(5.73)

are both zero. Symbolically, the steady state condition is

Ju
- =0. :
oy (5.74)
We start with the incompressibility condition, which written

explicitly, is

V.u=0, (5.75)
or

ou Jdv oJw

£+@+$_0. (5.76)
This implies

ou

P 0, (5-77)

so our velocity can only be function of the y and z coordinates
only

u=u(y,z). (5.78)
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The non-linear term of the Navier-Stokes equation takes the
form

(u-Viu= (uaax +7zf:y +waaz> (xu(y,z) + ¢ + zw)
_ ﬁu%g (5.79)
x

With incompressibility and # = v = 0 conditions killing this
term, and the steady state condition eq. (5.74) killing the
pou/ot term, the Navier-Stokes equation for this incompress-
ible unidirectional steady state flow (in the absence of body
forces) is reduced to

[
£

0=—-Vp+uViu (5.80)

In coordinates this is

ap ?u  d%u

a = ]/[ <ay2 + azz> (5813)
35 =0 (5.81b)
0

BZ 0. (5.81¢)

Operating on the first with an x partial we find

axz ( % aﬁ%) =0. (5.82)

Since we have

I*p
552 =0 (5.83)
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we also have

d2p
a2 =Y

so our pressure must be linear with position

p=Ax+B,

as illustrated in fig. 5.6

—

Figure 5.6: Pressure gradient in 1D system.

The pressure is
0 x=0
[
PL %=,
SO

and

dp _ pL—po
dx L

o(— s
k_,_\,/—’

= constant = —G.

(5.84)

(5-85)

(5.86)

(5-87)

(5-88)
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—[Example 5.2: Shearing ﬂow.]

The flows of this sort do not have to be trivial. For example,
even with constant pressure (po = pr) as in fig. 5.7 we can have
a “shearing flow” where the fluids at the top surface are not
necessarily moving at the same rates as the fluid below that
surface. We have fluid flow in the x direction only, and our
velocity is a function only of the y coordinate.
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TIT727777 ™

Figure 5.7: Velocity variation with height in shearing flow.

u = fu(y)
G=0
4(0) = 0 (5.89)
uthy=U
For such a flow eq. (5.81a) simplifies to
2
27? =0, (5.90)

with solution

u u
w=—y+ u(0) = V- (5-91)
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—[Example 5.3: Channel ﬂow.}

u = Ku(y)

_dp (5.92)
= - #0.

This time our simplified Navier-Stokes equation eq. (5.81a) is
reduced to something slightly more complicated

”d_yz = —G, (5.93)
with solution

— G 2
H=—oY +Ay +B. (5.94)
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The boundary value conditions with the coordinate system in
use illustrated in fig. 5.8 require the velocity to be zero at the
interface (the pipe walls preventing flow in the interior of the

pipe)

Figure 5.8: 1D Channel flow coordinate system setup.

G

u(h) = 5

hW?+ Ah+B=0. (5.95)
One solution, immediately evident is,

A=0

B= Ehz,
2y

(5.96)

so our solution becomes

_G o o
U= 2Pl(h y ) (5.97)
a parabolic velocity flow. This is illustrated graphically in
fig. 5.9.

Figure 5.9: Parabolic velocity distribution.
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It is clear that this is maximized by y = 0, but we can also see
this by computing

du G
2,0 (5.98)
dy ~ n’
This maximum is
G
Umax = ﬂhz. (5.99)

The flux, or flow rate is

Q://Su-ﬁds

1 h
= / dz/ dyu(y) (5.100)
0 —h
_2GK?
=
Let us now compute the strain (¢;;) and the stress (0;; = —pd;; +
2peif)
2=en=3 )~ 2u
e11 = aj =0 (5.101)
ox
dv
e = T 0,
stress
012 = 2uern = —Gy. (5.102)

This can be used to compute the forces on the inner surfaces of
the tube. As illustrated in fig. 5.10, our normals at =/ are F§
respectively. The traction vector in the y direction is at y = h is




5.13 SOLUTIONS BY INTUITION.

) (& Y=

Figure 5.10: Normals in 1D channel flow system.

T = Oip M,y = Gh, (5.103)
so that
T = XGh. (5.104)

Here the x directionality comes from the i = 1 index of the
stress tensor, so the force per unit distance is

Fy, =%-t=Gh. (5.105)
The total force is then

L
/ Fydx = +GhL. (5.106)
0

5.13 SOLUTIONS BY INTUITION.

Two examples that we have solved analytically are illustrated in
fig. 5.11 and fig. 5.12 Sometimes we can utilize solutions already

Figure 5.11: Simple shear flow.

found to understand the behavior of more complex systems. Com-
bining the two we can look at flow over a plate as in fig. 5.13

83



84

NAVIER-STOKES EQUATION.

o A
kv
—

e £
Tonds R

Figure 5.12: Channel flow.

Example 2. Fluid in a container. If the surface tension is altered on

ulh) =&

s
LSS A A

Figure 5.13: Flow on a plate.

one side, we induce a flow on the surface, leading to a circulation
flow. This can be done for example, by introducing a heat source
or addition of surfactant.

This is illustrated in fig. 5.14 This sort of flow is hard to analyze,
only first done by Steve Davis in the 1980’s. The point here is that
we can use some level of intuition to guide our attempts at solution.

{Example 5.4: Flow down a pipe.}

Reading: §2 from [2].
Recall that the Navier-Stokes equation is

u
0ot

+o(u-Vyu=—-Vp+uVu+of. (5.107)

We need to express this in cylindrical coordinates (r, 0, z) as in
fig. 5.15
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b
e

Vol

Figure 5.14: Circulation flow induced by altering surface tension.

N\
Figure 5.15: Flow through a pipe.

Our gradient is

Jd 0
% +Z$. (5108)

N |

.0
V—I‘&‘l‘
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For our Laplacian we find

VZ— f3+§2+22 5 ’1\-24_934_22
“\or rod "oz or radf oz
=y + g - (9p1)0; + 139 <1ae> + 0, (5.109)

= Oy + 18 + af%)"'azz/
which we can write as
10 d 1 92 92
2_77 PR — — PR
Vo= ror (r8r> T Tz (5-110)
Navier-Stokes takes the form
a—u+ u 2+Ei+u 2 =
Por TP \"ar ™ a0 T ez )N T
= i‘2+§i+2E (5.111)
or rod oz P >
1o (9N, 19 &\ o
F\rar "or) " 12062 T o22) 7P

It is pointed out in [2], that our non-linear term (u - V)u, with
u = #u, + Ouy + 211, has contributions both from the coordinates
(ur, g, u;) and the unit vectors {#,8,2} since both t and 8
have 6 dependence. So if we wish to express Navier-Stokes in
coordinate form we must write

(u-Vu=#u-V)u, +0(u- Vug+2(u- Vu, + —Bur — —ef'ug

. u
=f ((u -Vu, — r)

+é( ”””9) +2((u- V).

(5.112)
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For steady state and incompressible fluids in the absence of
body forces we have

f'3+§i "a 1a a +li2+i2
or ro0 oz )PTH\ror\"or) "0z T2 /¢
(5.113)

or, in coordinates

9P _ (13 (ra>+132+32>u
or ror \ or 2002 0922 ) "
19p 19 /9 18 &
720 H (rar <r8r> 72 362 azz> e (5114)

o _ (10 (), 12 FY
oz F\rar Uor) "o " o2 ) =
With an assumption that we have no radial or circulatory flows

(ur = ug = 0), and with u, = w assumed to only have a radial
dependence, our velocity is

u = zw(r), (5.115)

and an assumption of linear pressure dependence

dp
o -G, (5.116)

then Navier-Stokes takes the final simple form

14d rd—w = —E (5.117)
rdr\ dr ) u e
Solving this we have
dw Gr?
dr —Z + A, (5.118)

Gr 2
w = —E+Aln(r)+B. (5.119)
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Requiring finite solutions for r = 0 means that we must have
A =0. Also w(a) = 0, we have B = Ga? /4y so we must have

w(r) = 4%(112 —12). (5.120)

A[Example 5.5: Gravity driven flow of a liquid ﬁlm.]—

Reading: §2.3 from [2].
Coordinates as in fig. 5.16 are

Figure 5.16: Gravity driven flow down an inclined plane.

u = xu(y). (5.121)

Our boundary conditions are
1. u(y=0)=0

2. Tangential stress at the air-liquid interface y = h is equal.

T-(0;-A)=1-(0,-1), (5.122)

We write

(5.123)

A
Il
o O
=33
Il
S =k O
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and seek simultaneous solutions to the pair of stress tensor
equations

du; ou;
I _ 5. 1 ! ]
0ij = ~P%ij + I (axfaxi)

(5.124)
ou; , 4

#:_Mﬁw<%fﬁm)

In general this requires an iterated approach, solving for one
with an initial approximation of the other, then switching and
tuning the numerical method carefully for convergence.

We expect that the flow of liquid will induce a flow of
air at the interface, but may be able to make a one-sided
approximation. Let us see how far we get before we have to
introduce any approximations and compute the traction vector
for the liquid

[ —p  poufay 0f |0
o f= wou/oy  —p 0] |1
0 0 0| |0
- (5.125)
wou/dy
- -P
| 0
So
9u/o
T (¢ -f) = [1 0 0} ' —/ ’ =yla—u. (5.126)
p dy
0
Our boundary value condition is therefore
ou! ou”
l a
= = - (5.127)
- ay y=h s ay y=h
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When can we decouple this, treating only the liquid? Observe
that we have

ou' * ou”
e = y—la— , (5.128)
Yig=n W Y ly=n
so if
;:1 <1, (5.129)

we can treat only the liquid portion of the problem, with a
boundary value condition

ou'
-— =0. (5.130)
ay y=h

Let us look at the component of the traction vector in the
direction of the normal (liquid pressure acting on the air)

A )

A-(0 f)=h- ("), (5.131)
or
sy |
L] =— = — pt
o 1 0 [—p| === =Pl (5.132)
0

i.e. We have pressure matching at the interface. Our body force
is
gsina
f=|—gcosal - (5.133)
0

Referring to the Navier-Stokes equation eq. (5.107), we see that
our only surviving parts are

0=——+ az—u+ i ( )
=5 yayz pgsina, 5.134a




op

0= _By — pgcosa,
__9
0="%

The last gives us p # p(z). Integrating the second we have

p =P8y COS & + p1.

Since p = pamm at y = h, we have

Patm = pghcosa + p1.

Our first Navier-Stokes equation eq. (5.134a) becomes

0= yaz—u +pgsina
y? ’

or

Pu_ pg .
a—yz——?sm(x.

This we integrate twice

U= —pgsg;ayz + Ay + B.

With
u(0) =0,
we see that B = 0, and with

g
a]/ y=h '

5.13 SOLUTIONS BY INTUITION.

(5.134b)

(5.134¢)

(5.135)

(5.136)

(5.137)

(5.138)

(5-139)

(5.140)

(5.141)
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we find that

sin &

0=—pg h+A, (5.142)
for

sin o
u=pgy =y (2h—y). (5.143)

This velocity distribution is illustrated fig. 5.17.

¢

Figure 5.17: Velocity streamlines for flow down a plane.

It is important to note that in these problems we have to derive
our boundary value conditions! They are not given.

In this discussion, the height & was assumed to be constant,
with the tangential direction constant and parallel to the sur-
face that the liquid is flowing on. It is claimed in class that this
is actually a consequence of surface tension only!

5.14 SUMMARY.
5.14.1  Vector displacements.

Those portions of the theory of elasticity that we did cover have the
appearance of providing some logical context for the derivation of
the Navier-Stokes equation. Our starting point is almost identical,
but we now look at displacements that vary with time, forming

dx' = dx + duét. (5.144)
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We compute a first order Taylor expansion of this differential,
defining a symmetric strain and antisymmetric vorticity tensor

 Qu;

ejj = L(%u v 24 , (5-145a)
2 ax]- axi
1 [/ du; au]

wij = 5 <8x] - axl> / (5.145b)

allowing us to write
dx} = dx; + ejjdx;6t + wjjdx;ot. (5.146)

We introduced vector and dual vector forms of the vorticity tensor
with

1
Qk = Eaiujeijk, (5.147a)
wij = —Ox€ijk, (5.147b)
or
w=V xu, (5.148a)
1
Q= E(w)ﬂe”‘ (5.148b)

We were then able to put our displacement differential into a partial
vector form

dx' = dx + (ei(e;je;) - dx + Q x dx) ét. (5.149)
5.14.2 Relative change in volume.

We are able to identity the divergence of the displacement as the
relative change in volume per unit time in terms of the strain tensor
trace (in the basis for which the strain is diagonal at a given point)

av’' —dv
W =V - u (5150)
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5.14.3 Conservation of mass.

Utilizing Green’s theorem we argued that

/ (?Z+V-(pu)) dv =0. (5.151)
We were able to relate this to rate of change of density, computing

dp _ 9p _

E—gwhu-Vp— oV -u. (5.152)

An important consequence of this is that for incompressible fluids
(the only types of fluids considered in this course) the divergence
of the displacement V - u = 0.

5.14.4 Constitutive relation.

We consider only Newtonian fluids, for which the stress is linearly
related to the strain. We will model fluids as disjoint sets of hydro-
static materials for which the constitutive relation was previously
found to be

Oij = —poij + 2pueij. (5.153)
5.14.5 Conservation of momentum (Navier-Stokes).

As in elasticity, our momentum conservation equation had the
form

d“i _ aO'l']‘
P = ax; + fi, (5-154)

where f; are the components of the external (body) forces per unit
volume acting on the fluid.

5.14.6  Observe the first order time derivative here.

Note that unlike our momentum conservation equation in elasticity
eq. (4.40), we have a first order time derivative on the LHS. This
is because u; is taken to be a velocity here, but was a position
displacement in the elasticity review.
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Utilizing the constitutive relation and explicitly evaluating the
stress tensor divergence do;;/dx; we find
da _ du
Par = ot
Since we treat only incompressible fluids in this course we can
decompose this into a pair of equations

+p(u-V)u= —Vp+yV2u+yV(V-u)+pf. (5.155)

p?; +p(u-Vyju=-Vp+ szu +pf, (5.156a)

V. -u=0. (5.156b)

5.14.7 No slip condition.

We will find in general that we have to solve for our boundary
value conditions. One of the important constraints that we have to
do so will be a requirement (experimentally motivated) that our
velocities match at an interface. This was illustrated with a rocker
tank video in class.

This is the no-slip condition, and includes a requirement that
the fluid velocity at the boundary of a non-moving surface is zero,
and that the fluid velocity on the boundary of a moving surface
matches the rate of the surface itself.

For fluids A and B separated at an interface with unit normal fi
and unit tangent T we wrote the no-slip condition as

ug-T=up- 1, (5.157a)

uy - =ug-n. (5.157b)

For the problems we attempt, it will often be enough to consider
only the tangential component of the velocity.

5.14.8 Traction vector matching at an interface.

As well as matching velocities, we have a force balance requirement
at any interface. This will be expressed in terms of the traction
vector

T =eojjnj=0 - f, (5.158)
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where fi = n;e; is the normal pointing from the interface into the
fluid (so the traction vector represents the force of the interface
on the fluid). When that interface is another fluid, we are able to
calculate the force of one fluid on the other.

In addition the the constraints provided by the no-slip condition,
we will often have to constrain our solutions according to the
equality of the tangential components of the traction vector

T(oyn))| , = Tloin)| 5 (5.159)
We will sometimes also have to consider, especially when solving
for the pressure, the force balance for the normal component of

the traction vector at the interface too
ni(@ijng)| 4 = nieijmn;)| - (5.160)

As well as having a messy non-linear PDE to start with, our bound-
ary value constraints can be very complicated, making the subject
rich and tricky.

5.14.9 Flux.

A number of problems we did asked for the flux rate. A slightly
more sensible physical quantity is the mass flux, which adds the
density into the mix

dm dv ~
i p/ﬁ = p/(u -f)dA. (5.161)

5.15 PROBLEMS.

Exercise 5.1 Steady rectilinear blood flow. (2012 ps2)

Imagine a steady rectilinear blood flow of the form u = u(y)y
through a two dimensional artery. It is driven by a constant pres-
sure gradient G = —dp/dx maintained by an external ‘heart’. The
top and bottom walls of the artery are 2h distance apart and the
fluid satisfies no-slip boundary conditions at the walls. Assuming
that the fluid is Newtonian,
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a. Show that the Navier-Stokes equation reduces to

d*u G
diyz = _ﬁ’ (5.162)
where y is the viscosity of the blood.

b. Show that the velocity profile of the fluid inside the artery
is a parabolic profile.

c. What is the maximum speed of the fluid? Draw the velocity
profile to show where the maximum speed occurs inside
the artery.

d. If due to smoking etc., the viscosity of the blood gets dou-
bled, then what should be the new pressure gradient to be
maintained by the ‘heart’ to keep the liquid flux through
the artery at the same level as the non-smoking one?.

Answer for Exercise 5.1

Solution Part a. Navier-Stokes. The Navier-Stokes equation, for
an incompressible unidirectional fluid u = (1, 0, 0), assuming that
there is no z dependence, takes the form

ou du  dIp 92 02
Pof T = 3y TH <ax2+8y2> u, (5.163a)
0= —g;’, (5.163b)
0= ‘35' (5.163¢)
0= % (5.163d)

With a steady state assumption we kill the du /0t term, and eq. (5.163d)
kills of the x-component of the Laplacian and our non-linear iner-
tial term on the LHS, leaving just

_ 9p du

I +V87y2' (5.164a)
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ap
0= 3y’ (5.164b)
ap
0= —5 (5.164¢)
With g—’; = 3—5 = 0, we have g—i = dp/dx = —G, so eq. (5.164a) is
reduced to
o%u
0=G+ya—y2. (5.165)

Finally, since we have an assumption of no z-dependence (du/dz =
0) and from the incompressibility assumption eq. (5.163d) (du/dx =
0), we have

Au  d*u G
WA W 15160

as desired.
Solution Part b. Velocity profile. For the velocity profile, integrating
eq. (5.166) twice, we have

G2
u= —ﬂy + Ay + B. (5.167)
Application of the no-slip boundary value condition u(£h) = 0, we
have

0=—£h2+Ah+B,

2
C’; (5.168)
0=——h"— Ah+B.
2
Adding and subtracting these, we find
A=0, (5.169a)

_Gpe
B= Eh , (5.169b)
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so the velocity is given by the parabolic function
u) = 3 (P = 7). 5-170)

Solution Part c¢. Maximum speed. It is clear that the maximum
speed of the fluid is found at y = 0

Gh?
u(0) = g (5.171)

The velocity profile for this flow is drawn in fig. 5.18.

y=h

u(y) = 5, (1 — Y%

y=—h

Figure 5.18: Velocity profile for 1D constant pressure gradient steady
state flow.

Solution Part d. Effects of viscosity doubling. With our velocity
being dependent on the G/u ratio, it is clear that to consider the
effects of viscosity doubling, even without calculating the flux,
that we will need twice the pressure gradient if the viscosity is
doubled to maintain the same flux through the artery and veins. To

demonstrate this more thoroughly we can calculate this mass flux.

For an element of mass leaving a portion of the conduit, bounded
by the plane normal to X we have

T p—- = pdzdyu - X. (5.172)
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Integrating this over a width Az, our flux through the plane is

Fl M S ey
UX—/O Z/,h y@( -v)

(5.173)

Doubling the blood viscosity for our smoker, our respective fluxes
are

3
FluXgmoker = AZZG;I?ZOI(e)rh
: : (5.174)
Flux = Az@
non-smoker = 31/[ .
Demanding equality before and after smoking we find
Gsmoker = 2G. (5.175)

where G is the magnitude of the pressure gradient before the bad
habits kicked in. The smoker’s poor little heart (soon to be a big
overworked and weak heart) has to generate pressure gradients
that are twice as big to get the same quantity of blood distributed
through the body.

Exercise 5.2 Simple shearing flow. (2012 ps2)

Consider steady simple shearing flow with no imposed pressure
gradient (G = 0) of a two layer fluid with viscosity

W —h<y<o,
y:{ym J (5.176)
H O<y<h
The boundary conditions are no-slip at the lower plate (y = —h)

and at y = 0. The top plate is moving with a velocity —U aty =h
and fluid is sticking to it. using the continuity of tangential (shear)
stress at the interface (y = 0)
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Derive the velocity profile of the two fluids.
Calculate the maximum speed.
Calculate the mean speed.

Calculate the flux (the volume flow rate.).

o 0 Top

Calculate the tangential force (per unit width) F, on the
strip 0 < x < L of the wall y = —h.

f. Calculate the tangential force (per unit width) F0 on the
strip 0 < x < L at the interface y = 0 by the top fluid on the
lower fluid.

Answer for Exercise 5.2

Solution Part a. Velocity profiles. Starting with the velocity profile
derivation for the two fluids, we set up coordinates as in fig. 5.19.
Our steady flow for layers 1 and 2 has the form

/ //yzh
y(z) y

V(l)

77777777 Y=l
Figure 5.19: Two layer flow induced by moving wall.

-
0P, 0%u”

ax T H 7 (5.177a)
dp
0= oy’ (5.177b)
__op
0= ~5y (5.177¢)

as we found in Q1. Only the boundary value conditions and the
driving pressure are different here. In this problem and the next,

we have constant pressure gradients dp/dx = —G to deal with, so
we really have just the pair of equations
2y
0=G+ y(’)#, (5.178)

dy

101



102

NAVIER-STOKES EQUATION.

to solve. For this Q2 problem we have G = 0, so the algebra to
match our boundary value constraints becomes a bit easier. Our
boundary value constraints are

uD(=h) =0, (5.179a)
u@m) = -, (5.179b)
uM(0) = u®(0), (5.179¢)

plus one more to match the tangential components of the traction
vector with respect to the normal A = (0,1, 0). The components of
that traction vector are
tl‘ = (—p&ij + 2]161‘]') le
= (—pdij + 2ueij) by (5.180)
= —pdip +2pei,

but we are only interested in the horizontal component ¢; which is

tl = —p(512 + 2]/1612

.10y gz (5.181)
—2y§ <au+ v>'

So the matching the tangential components of the traction vector
at the interface gives us our last boundary value constraint

1 9Y =y®§{

U 5 5 (5.182)

y=0 y=0
and we are ready to do our remaining bits of algebra. We wish to

solve the pair of equations
u® = AWy 4 O
u® = A@y 4 BO, (5.183)

for the four integration constants A and B" using our boundary
value constraints. The linear system to solve is

0=—-AWp+BO
—U=A®h+B?
B = B®@

UM AW = @ 4@),

(5.184)
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With B = B®, we have

0=—AYn+B
@ .18
—u=E-a®nB. (5.185)
1@
Subtracting these to solve for A!) we find
)
—u=hA® (E
U=hA (}4(2) + 1> . (5.186)
This gives us everything we need
o _ Uu®
h(p) + p@)
uu®
@) H
2
g0 _ g Up? ,
u® 4+ u@
Referring back to eq. (5.183) our velocities are
Uu®@
() N
M TEETE) (1+3)
@ (1) (5.188)
e 1+ 1Y
D+ @) " @ p
Checking, we see at a glance we see that we have u®m) = —U,

uM(=h) =0, uM(0) = u»(0), and y(l)du(l)/dy|yzo =u@ du(z)/dy‘yzo
as desired.

As an example, let us add some numbers. With mercury and
water in layers (1) and (2) respectively, we have

uM =0.001526 Pa-s

(5.189)
#® =0.00089 Pa-s, S
so that our velocity is
—1.37U (1+ 1 €[-h,0
u(y) = (@+y) —~ velhd (5.190)
—137U (1+1.74)  y<[0,h].
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Figure 5.20: Two layer shearing flow with water over mercury.

This is plotted with h = U =1 in fig. 5.20

Solution Part b. Maximum speed. We are now ready to calculate
the maximum speed.

With u®M(—h) = 0, and uV linearly decreasing, then u® linearly
decreasing further from the value at y = 0, it is clear that the
maximum speed, no matter the viscosities of the fluids, is on the
upper moving interface. This maximum takes the value |u®(h)| =
u.

Solution Part c. Mean speed. As linear functions the average
speeds of the respective fluids fall on the midpoints y = +h/2.
These are

<u(1)> _ uy(2)
2 + u)
@ )
(1) = - (1 ).
(‘u(l) + "1,1(2)) 2‘14(2)

Averaging these two gives us the overall average, so we find

(5.191)

u
(u()) = T30 + 1) (314(2) + P‘(l)) : (5.192)

Solution Part d. Volume flux. We can calculate the volume flux,
much like the mass flux (although the mass flux seems a more
sensible quantity to calculate). Looking at the rate of change of an
element of fluid passing through the y — z plane we have

av

T dydzu - X. (5.193)
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Integrating over the total height, for a width Az we have

h
Volume Flux = Az / u(y)dy
~h (5.194)
= Az2h (u) .

So our volume flux through a width Az is

2hUAz
- _ @ 4 4, M
Volume Flux = 30 + 1) (3y +u ) . (5.195)

Solution Part e. Tangential force on lower wall. We see from eq. (5.188)
the tangential components of our traction vectors are

RO duV

dy
U@ 1
(0 + @) 0’

(5.196)

and

@ _ @du?
y

_ o Up® 1

(0 +p@) b

(5.197)

We see that the tangential component of the traction vector is a
constant throughout both fluids. Allowing this force to act on a
length L of the lower wall, our force per unit width over that strip
is just

3 Uy(l)‘u(z) L
= _7(;1(1) " H(z)) 7 (5.198)

The negative value here makes sense since it is acting to push the
fluid backwards in the direction of the upper wall motion.

Solution Part f. Tangential force on upper wall. We note that due to
constant nature of the tangential component of the traction vector
shown above, the force per unit width of the upper fluid acting on
the lower fluid, is also given by eq. (5.198).
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Exercise 5.3 Shearing flow, w/ pressure gradient. (2012 ps2)

Add a constant pressure gradient G = —dp/dx, applied between
the boundaries y = £, to the problem above. Describe qualitatively
what type of flow profile you would expect in the steady state.
Draw the velocity profiles for two cases (i) V) > u® (i) u» < u@.
Explain your result.

Answer for Exercise 5.3

We showed earlier that the Navier-Stokes equations for this Q3
case, where G is non-zero were given by eq. (5.178), which restated
is

o Pu(y)
S

0=G+u dy

(5-199)

Our solutions will now necessarily be parabolic, of the form

. G . )

with the tangential traction vector components given by
0 = —Gy+ AV, (5.201)

The boundary value constants become a bit messier to solve for,
and should we wish to do so we would have to solve the system

0= _2§<l>h2 — AWp 4+ BV
U= —ih2 + A®h+ B?
- 2y<2> (5.202)
B = p®@

ADLD — 4@,0)

Without actually solving this system we should expect that our
solution will have the form of our pure shear flow, with parabolas
superimposed on these linear flows. For a higher viscosity bottom
layer V) > 1@, this should look something like fig. 5.21 whereas
for the higher viscosity on the top, these would be roughly flipped
as in fig. 5.22. This superposition can be justified since we have no
(u - V)u term in the Navier-Stokes equations for these systems.
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y=h
(2)
A +B@ =C

(1)

y=-h

Figure 5.21: Superposition of constant pressure gradient and shear flow
solutions (¢ > u®).

(2)

y=0
(1) A +B§ =C

y=-h

Figure 5.22: Superposition of constant pressure gradient and shear flow
solutions (¢ < u®).
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The figures above are kind of rough. It is not actually hard to
solve the system above. After some simplification, I find using
Mathematica in ( problemSetlIQ3exactSolution.cdf ) the following
solution

u(y) =

u® + 5@ N 2hp® (4D + 4 @) - 21D

() = — WU — G2y (GI2(u® — V) + 2§00 @U) G2
y(l) + y(z) 2hy(2) (V(l) + V(Z)) 2]/[(2).
(5.203)

Should we wish a more exact plot for any specific values of the
viscosities, we could plot exactly with software the vector field
described by these velocities.

I suppose it is cheating to use Mathematica and then say that the
solution is easy? To make amends for being lazy with my algebra,
let us show that it is easy to do manually too. I will do the same
problem manually, but generalize it slightly. We can do this easily if
we just be a bit smarter with our integration constants. Let us solve
the problem for the upper and lower walls moving with velocity
V> and Vj respectively, and let the heights from the interface be h;
and h; respectively.

We have the same set of differential equations to solve, but
now let us write our solution with the undetermined coefficients
expressed as

G
u® = 2@ (3 —v?) + (2) 2(y—ha) + By

6o (5.204)
u =—W(h1—y) (1)(y+h1)+Bl
Now it is super easy to match the boundary conditions at y = —h;

and y = hy(the lower and upper walls respectively). Clearly the
integration constants By, B, are just the velocities. Matching the
tangential component of the traction vectors at y = 0 we have

Ay = A, (5.205)

and matching velocities at y = 0 gives us

G o Ao G

Ay
— ]’12 + V2 h2
2;,[(2) ‘14(2)

—hy+ V1. (5.206)
2‘14(1) V(l)
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This gives us

Gh2 (2 h
o_%" (¥ m (Y
" ‘w@(@ Q*ﬂw(m Q+w

Gh? (> h
O_" (Y Va2 (Y i)y
u 2uM (h% ) * u® (hl T n (5.207)
GH2  Gh3
_VmVitam o
A= B
TORTE)

Plotting this with sliders or animation in Mathematica ( problem-
SetlIQ3PlotWithManipulate.cdf ) is a fun way to explore visualizing
this. The results vary widely depending on the various parameters.
Here are animations with variation of the pressure gradient for
vy =0, hy = hy, showing the superposition of the shear and channel
flow solutions

o With u® > 4@ See http://youtu.be/2xVoFAL9XGA.
e With u® > u. See http://youtu.be/FlekyGf6XJw.

I lost a couple of marks on this assignment, all on the hand
plotting. The remarks were

1. Gradients are the wrong way around.
2. G is constant across the fluid.

I am assuming that the comment about G being constant across the
fluid means that the two humped velocity distribution I drew is
not realistic. Here is two actual plots using the above calculations.

It was not clear to me initially what the grader meant by the
gradients were the wrong way around, but I see that too looking
at the actual plots. If you check out the Mathematica worksheet
itself you will see that I do not have a pressure gradient slider,
but a velocity Vpressure slider. This was based on the fact that for
a channel flow our average speed is proportional to the pressure
gradient

_ Gh

(u) = T (5.208)
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Figure 5.23: () > @,

Figure 5.24: ]/1(2) > ]/t(l).
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so in order to parameterize the pressure gradient in an intuitive
sense I defined it as a weighted average
1/u® 4@

G= 3Vpressure§ (‘L;ll + P;lz> . (5.209)
Sure enough when I set Vpressure > 0 in the Mathematica slider
(so that the pressure gradient is also positive) I get the channel
flows pointing in the opposite direction as indicated in the grading
comment. I should have sketched this channel flow more carefully
in the very simplest case first before doing the two layer flow.

Exercise 5.4 Non-Newtonian fluid. (2012 midterm, p1 c)

What is the definition of a Non-Newtonian fluid?
Answer for Exercise 5.4

A non-Newtonian fluid would be one with a more general con-
stitutive relationship.

A Newtonian fluid [18] is one with a linear stress strain relation-
ship, and a non-Newtonian fluid would be one with a non-linear
relationship. An example of a non-Newtonian material that we are
all familiar with is Silly Putty.

Exercise 5.5 No-slip boundary condition. (2012 midterm, p1 d)

What do you mean by no-slip boundary condition at a fluid-fluid
interface?
Answer for Exercise 5.5

The no slip boundary condition is just one of velocity matching.
At a non-moving boundary, the no-slip condition means that we
will require the fluid to also have no velocity (ie. at that interface
the fluid is not slipping over the surface). Between two fluids, this is
a requirement that the velocities of both fluids match at that point
(and all the rest of the points along the region of the interaction.)

Exercise 5.6 Continuity equation. (2012 midterm, p1 e)

Write down the continuity equation for an incompressible fluid.
Answer for Exercise 5.6

An incompressible fluid has

a0 _,

7 (5.210)
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but since we also have

_dp
0=
= —o(V -
5( w) (5.211)
= §+(u'V)p
=0.

A consequence is that V - u = 0 for an incompressible fluid. Let
us recall where this statement comes from. Looking at mass con-
servation, the rate that mass leaves a volume can be expressed as

/d"dv

~ pu-dA (5.212)

=— /V V - (pu)dV.

The minus sign here signifying that the mass is leaving the volume
through the surface, and that we are using an outwards facing
normal on the volume. If the surface bounding the volume does
not change with time (ie. 0V /9t = 0) we can write

2 [pav=—[v-uav, (5213)

or
9p

0= / o5 +V - (pu) | dV, (5.214)

so that in differential form we have
o

0= 8? +V - (ou). (5.215)
Expanding the divergence by chain rule we have

?)f +u-Vp=—-pV .u, (5.216)

but this is just

dp _
i eV -u. (5.217)
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So, for an incompressible fluid (one for which dp/dt = 0), we must
also have V -u = 0.

Exercise 5.7 Steady simple shearing flow. (2012 midterm, p2)

Consider steady simple shearing flow u = Xu(y) as shown in
fig. 5.25 with imposed constant pressure gradient (G = —dp/dx),
G being a positive number, of a single layer fluid with viscosity
. The boundary conditions are no-slip at the lower plate (y = h).

| L
G
X

Figure 5.25: Shearing flow with pressure gradient and one moving bound-
ary.

i~
i
g

The top plate is moving with a velocity —U at y = h and fluid is
sticking to it, so u(h) = —U, U being a positive number. Using the
Navier-Stokes equation.

a. Derive the velocity profile of the fluid.

b. Draw the velocity profile with the direction of the flow of
the fluid when U =0, G #0.

c. Draw the velocity profile with the direction of the flow of
the fluid when G =0, U # 0.

d. Using linear superposition draw the velocity profile of the
fluid with the direction of flow qualitatively when U # 0,
G #0. (i) low U, (ii) large U.

e. Calculate the maximum speed when U #0, G # 0.

f. Calculate the flux (the volume flow rate) when U # 0, G # 0.

g. Calculate the mean speed when U # 0, G # 0.

h. Calculate the tangential force (per unit width) F, on the
strip 0 < x < L of the wall y = —h when U #0, G #0.
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Answer for Exercise 5.7
Solution Part a. Velocity profile. Our equations of motion are

0=V -u, (5.218a)

%4_ (u-Vyu=—-Vp+uV(¥a)+ szu +pg.  (5.218b)

Here, we have used the steady state condition and are neglecting
gravity, and kill off our mass compression term with the incom-
pressibility assumption. In component form, what we have left is

0=0yu

Ul = —yp + uV>2u
0=—dyp
0=—0d:p,

(5.219)

with d,p = d,p = 0, we must have

dp _dp _

o dx G, (5.220)
which leaves us with just

0=G+uV3u(y)
*u
=G+ yaiyZ (5.221)
d*u
= G + HW.

Having dropped the partials we really just want to integrate our
very simple ODE a couple times

u' =——. (5.222)
H
Integrate once
A
u = —Ey+ (5.223)

p’ o h’



and once more to find the velocity
U= C;y oyt B.

Let us incorporate an additional constant into B’

Eh'2+B
2p

so that we have

G
u_Zy( y)+ y+B

5.15 PROBLEMS.

(5.224)

(5.225)

(5.226)

(I did not do use B’ this way on the exam, nor did I include the fac-
tor of 1/h in the first integration constant, but both of these should
simplify the algebra since we will be evaluating the boundary value

conditions at y = +h.)

_Gg2 2, A
u_Zy(h y)+hy+B.

(5.227)

Applying the velocity matching conditions we have for the lower

and upper plates respectively

= %(—h) +B
-U= %(h) +B.
Adding these we find
u
B= 5

Our velocity is

_G o p— 4 _E

(5.228)

(5-229)

(5-230)

(5.231)
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or rearranged a bit

G u
uy) = 5 0 =y =5 (1+5). (5:232)

Solution Part b. Zero shear. With U = 0 our velocity has a simple
parabolic profile with a max of %(h2 —yHaty=0

u@=§W—ﬁ. (5.233)

This is plotted in fig. 5.26

Figure 5.26: Parabolic velocity profile.

Solution Part c. Zero pressure gradient. With G = 0, we have a
plain old shear flow

u(y) = —% (1 + %) . (5.234)

This is linear with minimum velocity u = 0 at y = —h, and a
maximum of —U at y = h. This is plotted in fig. 5.27

Solution Part d. Qualitative sketches.

For low U we will let the parabolic dominate, and can graphically
add these two as in fig. 5.28 For high U, we will let the shear flow
dominate, and have plotted this in fig. 5.29

Solution Part e. Maximum speed. Since our acceleration is

dl’ — _E _ E (5.235)
dy = P’y o’ 5.235
our extreme values occur at
Up

Ym = —5p 5 (5.236)
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Figure 5.27: Shear flow.

\Z /7 7 /7 7/ /7 |

Figure 5.28: Superposition of shear and parabolic flow (low U).

\Z 7 7 /7 / /7 |

Figure 5.29: Superposition of shear and parabolic flow (high U).
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At this point, our velocity is

_G (o (Um\?\ _U/ U
uym) = 3, (h <2hG> 2<1 212G

(5.237)
G U W (1
C2u 2 4R2G 2)’
or just
Gh* u Uu?
- £ (5.238)

tmax = 5" T 2 T 8I2G

Solution Part f. Volume flow rate. An element of our volume flux
is

— =dydzu - X. (5.239)

Looking at the volume flux through the width Az is then

Az h
Flux =/ dz/hdyu(y)
0 —

(5.240)
yz
(++5)

Solution Part g. Mean speed. We have done most of the work
above, and just have to divide the flux by 2hAz. That is

Gh> Uu
(u) = 3 2 (5.241)

Solution Part h. Tangential force on the strip. Our traction vector is
T1 = Uljnj

= (—p51] + Zyelj) (52]
= 2]4612 (5-242)

(38
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So the % directed component of the traction vector is just

T = P‘@~ (5.243)

We have calculated that derivative above in eq. (5.235), so we have

o U (5-244)
BT
so at y = —h we have
u
Ty(=h) = Gh — 2—;: (5.245)

To see the contribution of this force on the lower wall over an inter-
val of length L we integrate, but this amounts to just multiplying
by the length of the segment of the wall

L
/ Ty(—hydx = (Gh— Y#) L. (5.246)
0 2h
Exercise 5.8 Rectilinear flow with shear and pressure gradients.

Solve for the velocity and discuss.
Answer for Exercise 5.8

Lets specify that we have fluid flowing between surfaces at z =
+h, the lower surface moving at velocity v and pressure gradient
dp/dx = —G we find that Navier-Stokes for an assumed flow of
u = u(z)X takes the form

0 = dyu +9y(0) +9-(0) (5.247)
UGl = —0xP + YOz U (5.248)
0=—adyp (5.249)
0= —0.p. (5.250)

We find that this reduces to

Pu_ G .
de_ ‘u, 55
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with solution
u(z) = 2i(h2 —2z%)+ A(z+h) + B. (5.252)

Application of the no-slip velocity matching constraint gives us in
short order

u(z) = 2(;(112 — 240 (1 — %(z +h)) . (5.253)

With v = 0 this is the channel flow solution, and with G = 0 this is
the shearing flow solution.

Having solved for the velocity at any height, we can also solve
for the mass or volume flux through a slice of the channel. For the
mass flux pQ per unit time (given volume flux Q)

/ = = p(AA) / u-t, (5.254)
we find
3
pQ = p(Ay) <2§: + hv) . (5-255)

We can also calculate the force of the boundaries on the fluid. For
example, the force per unit volume of the boundary at z = +h on
the fluid is found by calculating the tangential component of the
traction vector taken with normal fi = 2. That tangent vector is
found to be

ou
o - (£h) = —p2 £ 2pe;e;id3 = —pZ2 + X X (5.256)

The tangential component is the X component evaluated at z = 4,
so for the lower and upper interfaces we have

op

(o -fh)-%X[,__, =—G(=h) - 2h (5.257)

(o-—n)-X|,_., = —G(+h) + 2h (5.258)

so the force per unit length that the lower interface boundary
applies to the fluid is

L (Gh - %) ) (5.259)



5.15 PROBLEMS.

and the force per unit length that the upper interface boundary
applies to the fluid is

L <—Gh+%) . (5.260)

Does the sign of the velocity term make sense? Let us consider the
case where we have a zero pressure gradient and look at the lower
interface. This is the force of the interface on the fluid, so the force
of the fluid on the interface would have the opposite sign

o

hdlany 261

o (5.261)
This does seem reasonable. Our fluid flowing along with a positive
velocity is imparting a force on what it is flowing over in the same
direction.

Exercise 5.9 Layered inclined viscous flow. (From §2 [2])

This is a slight variation on what we did in class.
Our problem is illustrated in fig. 5.30 with a plane set at angle
w, fluid depths of K and h® respectively, and viscosities u") and

ey
w o
YA p
Hf\@av%w.

N

VA

2\,

Figure 5.30: Two fluids layers in inclined flow.

Answer for Exercise 5.9

We have to setup of the equations of motion for this system. We
will write H = kM + h®. We have a pair of Navier-Stokes equations
to solve

du ou' i i
P Tt o(u? . V)u? (5.262)

= V) 4 4OV 4y OV(V - u) 4 pg.
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Our steady state and incompressibility constraints break this into
a few independent equations

ou®
Y
V-u?=0 (5.263)

p(u(i) - V)u? = _Vp(i) + y(i)Vzu(i) +0g.

Let us require no components of the flows in the y, or z directions
initially. As the equivalent of Newton’s law for fluid flows, con-
servation of linear momentum requires that for our steady state
problem we have u, = u, = 0 for the flows in both fluid layers.

Our problem is now reduced to a problem in four quantities
(two velocities and two pressures). With u® = u®,0,0) we can
restate Navier-Stokes in coordinate form as

oxu(x,y,2) =0, (5.2642)

puD9,u® = —9,p® + uD(@,, + dyy + 0.2)u) + pgsina, (5.264b)

0= —ayp(i) — pgcosua, (5.264¢)

0=—a,p?. (5.264d)

In order to solve this, we have eight simultaneous non-linear PDEs,
four unknown functions, plus boundary conditions!

What are the boundary conditions? One is the “no-slip” con-
dition, the experimental observation that velocities match at the
interfaces. So we should have zero velocity for the fluid lying
against the plane, and velocity matching between the fluids. The
air above the fluid will also be flowing along at the rate of the
uppermost portion of the top layer, but we will neglect that effect
(i.e. considering two layers of equal density and not three, with one
having a separate density). We also have matching of the traction
vectors at the interfaces.
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Writing this, it occurred to me that I did not fully understand
what motivated the traction vector matching boundary value con-
dition. Talking to our Prof about this, the matching of the traction
vectors at any point can be thought of as an observational issue,
but this is also a force balance issue. There is an induced velocity
in the direction of the traction vector at any given point. For exam-
ple, when we have unidirectional flow, we must have no normal
component of the traction vector, and only a tangential component,
because we have only the tangential flow. It is probably reasonable
to think about this roughly as the equivalent of matching both
acceleration and velocity at the boundary, but because densities
and viscosities vary, we have to match the traction vectors and not
the acceleration itself.

Before continuing to solve our Navier-Stokes equations let us
express the condition that the tangential component of the traction
vectors match algebraically.

Dropping indices temporarily, for the normal to the surface

N

A = (n1,n2,n3) = (0,1,0) we want to compute

T = 01,1k
= T2k
=012

(5.265)
= —pdr + 2ue'?
I %%
Moy TAx )
So the tangential component of the traction vector is

. ~ou®

T® = y(l)aauyﬁ. (5.266)

As noted above, this is in fact, the only component of the traction
vector, since we do not have any non-horizontal flow.

Our boundary value conditions, what we need in addition to the
Navier-Stokes equations of eq. (5.264), to solve our problem, are
the matching at any interface of the following conditions

u® = 0, (5.267a)

p = p0, (5.267b)
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(i)aL(i) - (i)aLm

dy dy
There are actually three interfaces to consider, that of the lower
layer liquid with the inclined plane, the interface between the two
fluid layers, and the interface between the upper layer fluid and
the air above it.

Starting with the simplest, the z-coordinate equation, of Navier-
Stokes eq. (5.264d), we can conclude that each of the pressures is
not a function of z, so that we have

p(i) = p(i)(x, Y). (5.268)

Using this, we can integrate our y-coordinate Navier-Stokes equa-
tion eq. (5.264c¢), to find

Hu (5.267¢)

p = —pgycosa + fO(x). (5.269)

At this point we can introduce the first boundary value constraint,
that the pressures must match at the interfaces. In particular, on
the upper surface, where we have atmospheric pressure p4 our
pressure is

p@(H) = —pgH cosa + fP(x) = pa, (5.270)
so f? is constant with value

fP(x) = pa+pgH cosa, (5.271)
which fully determines the density of the upper surface

PP(y) = pgcosa(H — y) + pa. (5:272)

Matching the pressure between the two layers of fluids we have

pM(hy) = —pghy cosa + 1 (x)
= p@ () (5.273)
=pgcosa(H —hi) +pa,

so that our undetermined function fM(x)

f(x) = pgH cosa + pa. (5.274)
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This is an intuitively satisfying result. With the densities equal, it
seems sensible that the pressure would have a single functional
form throughout both layers, dependent only on the total height
y, independent of the velocities and viscosities. That is precisely
what we find

p(y) = pgcosa(H —y) + pa. (5-275)

Having solved for the pressure, we are now set to return to the
remaining Navier-Stokes equations eq. (5.264a), and eq. (5.264b)
for this system. From eq. (5.264a) we see that the non-linear term
on the LHS of eq. (5.264b) is killed and also see that our velocities
can only be functions of y and z

u® = ui(y, z). (5.276)

While more general solutions can likely be found, we will limit
ourselves to looking only for solutions that are functions of y. From
our solution to the pressure part of the problem p') = pi(y), we
also see that the pressure term 9,p® of eq. (5.264b) is killed. We
are left with just

0= y(i)(axx +dyy + azz)u(i) +pgsina

=4 @ i
= uoyu'’ +pgsina (5.277)

@) a @)
R ( i .
= dyzu +pgsina.

This is directly integrable, and we find for the velocities and traction
vectors respectively

() _PESME 5\ 4), 4 BO)

u = 200 y -+ A%Yy+BY, (5.278a)
~ou® -
¥ = ,u(l)agy = —ogysina +uAD, (5.278b)
The boundary conditions left to exploit are

uP(0) =0

u®(n) = u®(in)
(5.279)

(i) = TP ()
@(H) = 0.
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The first is the no-slip condition with the plane. The last is an
approximation that assumes the liquid is not producing a measur-
able force on the air above it. The other two are for the interfaces
between the two fluids.

From u(D(0) = 0 we see immediately that we have B") = 0. From
the traction vector equality in the atmosphere, we have

0=—pgHsina + pu?A®, (5.280)
or
Hsina
A® = ng(z). (5.281)

These reduce the problem to solving for two last integration con-
stants, where our velocities are

L) _pPgsin Y24 AW

Z.V(l) ’ (5.282)
u® = sz;l(g“ (2Hy — ?) + B,
and our traction vectors are
= —ogysina +uMAD
® , (5.283)
T, =pgsina (H—y).
Matching both at the interface (y = h1) gives us
_pg2 ;i(?)"‘h% + ADp; = sz ;i(g“hl (2hy +hy) + B® s
—oghysina + uWAY = pehy sin a.
We find
A — Pé’lzgn"‘, (5.285)
and

sin & Hsina sin &
B® = _pgzy(l) 1w+ P8 omnite Pg‘u(z) Iy (2hy + hy)

_ pghysina _£+E B 2hy + hy
B 2 ‘u(l) y(l) ],[(2)

_ pghysina 1 1

(5.286)
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So, finally, we have

sin
uy) = 55 T @Hy — )

sin u .
uP(y) = Pi 1(2) <2Hy y +h1(2h2+h1)( ) 1>> (5-287)

p(y) = pgcosa(H —y) + pa.

The final result looks reasonable. If the viscosities are equal then
we have the same velocity profile in both layers. That makes sense
given the equal densities, since there would really be nothing that
would then distinguish the two layers.

Exercise 5.10 Two layer inclined viscous flow.

Here is a generalization of one of the problems from §2 of [2],
itself a slight variation on what we did in class.

In the previous calculation we did the calculation for two incom-
pressible fluids of the same densities flowing down an inclined
plane. Now, let us generalize this slightly, allowing for different
densities.

I am curious how much the air in the neighborhood of some
flowing water gets dragged by that flow. It never occurred to me
that this would occur, and I had like to plug in some numbers and
see what the results are. This should be something that can be mod-
eled with two layers like this, one of fluid, one of air of a specific
thickness (allowing pressure to vary due to the velocity gradient),
and one final layer of air at a fixed pressure (atmospheric). I would
not expect that problem to be much harder than this one, although
it may end up being worthwhile to let a computer algebra system
do some of the grunt work to solve all the resulting equations.

In the end, when we get to putting in some numbers for this
problem, we can probably also get an idea how deep the region
where the air gets dragged by the fluid can get.

Answer for Exercise 5.10

Our problem is illustrated in fig. 5.30 with a plane set at angle
a, fluid depths of IV and 1@ respectively, and viscosities ! and
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1®. We will write H = i) + h®). We have a pair of Navier-Stokes
equations to solve
~du® cou® ,
p® ;t NG (};t + oD@ . W)yu®
= V) 4 OV 1 OV (W w4 pOg,

(5.288)

Our steady state and incompressibility constraints break this into
a few independent equations

9u
() -
TR
V.u? =0 (5.289)

oD . ) = —wp 1 920 4 o0g.

Let us require no components of the flows in the y, or z directions
initially. As the equivalent of Newton’s law for fluid flows, con-
servation of linear momentum requires that for our steady state
problem we have u, = u, = 0 for the flows in both fluid layers.
Our problem is now reduced to a problem in four quantities (two
velocities and two pressures). With u® = (u(i), 0, 0) we can restate
Navier-Stokes in coordinate form as

9u(x,y,2) = 0, (5.290a)

PO 9,u® = =9, p@ + U@y +dyy +32:)u” + pVg sina, (5.290b)

0= —E)yp(i) — pY¢ cosa, (5.290¢)

0= —azp(i). (5.290d)

In order to solve this, we have eight simultaneous non-linear PDEs,
four unknown functions, plus boundary conditions!

What are the boundary conditions? One is the “no-slip” con-
dition, the experimental observation that velocities match at the
interfaces. So we should have zero velocity for the fluid lying
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against the plane, and velocity matching between the fluids. The
air above the fluid will also be flowing along at the rate of the
uppermost portion of the top layer, but we will neglect that effect
(i.e. considering two layers of equal density and not three, with one
having a separate density). We also have matching of the traction
vectors at the interfaces.

Writing this, it occurred to me that I did not fully understand
what motivated the traction vector matching boundary value con-
dition. Talking to our Prof about this, the matching of the traction
vectors at any point can be thought of as an observational issue,
but this is also a force balance issue. There is an induced velocity
in the direction of the traction vector at any given point. For exam-
ple, when we have unidirectional flow, we must have no normal
component of the traction vector, and only a tangential component,
because we have only the tangential flow. It is probably reasonable
to think about this roughly as the equivalent of matching both
acceleration and velocity at the boundary, but because densities
and viscosities vary, we have to match the traction vectors and not
the acceleration itself.

Before continuing to solve our Navier-Stokes equations let us
express the condition that the tangential component of the traction
vectors match algebraically. Dropping indices temporarily, for the
normal to the surface fi = (11,12, n3) = (0,1, 0) we want to compute

T = 01N
= O1xd2k
=012
(5.291)
= —pSis +2pie’?
(% %%
- K dy x )
So the tangential component of the traction vector is
. ~ou®
0 = 4O %
TV = ——=x. (5.292)
9y

As noted above, this is in fact, the only component of the traction
vector, since we do not have any non-horizontal flow. Our boundary
value conditions, what we need in addition to the Navier-Stokes
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equations of eq. (5.290), to solve our problem, are the matching at
any interface of the following conditions

u® = 4, (5.293a)

Pt =p", (5.293b)

0 ou® _ 0 oul)

3y 3y (5-293¢)

I3
There are actually three interfaces to consider, that of the lower
layer liquid with the inclined plane, the interface between the two
fluid layers, and the interface between the upper layer fluid and the
air above it. Starting with the simplest, the z-coordinate equation,
of Navier-Stokes eq. (5.290d), we can conclude that each of the
pressures is not a function of z, so that we have

p = pO(x,y). (5.294)

Using this, we can integrate our y-coordinate Navier-Stokes equa-
tion eq. (5.290c), to find

p® = —pWeycosa + fO(x). (5.295)

At this point we can introduce the first boundary value constraint,
that the pressures must match at the interfaces. In particular, on
the upper surface, where we have atmospheric pressure p4 our
pressure is

p@(H) = —p@gHcosa + fP(x) = pa, (5.296)
so f? is constant with value

f(z)(x) =pa+ p(z)gH cosa, (5.297)
which fully determines the density of the upper surface

@

p(z)(y) =p“gcosa(H —y)+pa. (5.298)
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Matching the pressure between the two layers of fluids we have

pV(hy) = —pWghy cosa + fU(x)
= p®(n)

2
= pPgcosa(H — )+ pa (5:299)
= p@ghycosa +pa,
so that our undetermined function f((x) is
fOx) = (p(l)hl + p(2)h2> gcosa+pa. (5.300)

With the densities not equal, we no longer find that the pressure is
dependent only on the total height y, independent of the velocities
and viscosities

PO = geosa (0 — )+ 0®ha ) + pa. (5:301)

However, this is still a fairly satisfying result. The pressure on the
bottom layer is the total pressure due to the layer above it (the
contribution due to the total height /i, of that layer of the fluid). To
that we add the pressure at our specific height, a linear function of
the difference from the interface above it. Specified piecewise our
pressure is now fully determined

geosa (0W(h —y) +pPhy) +pa  y <M
ply) = p(z)g cosa(H —y)+pa y € [h1, h1 + ho]
pa y> H.

(5.302)

Observe that we have the usual pgh form in all the terms of the
pressure above, just scaled by the cosine of the angle since only a

portion of the gravitational force is pushing normally on the fluids.

Having solved for the pressure, we are now set to return to the
remaining Navier-Stokes equations eq. (5.290a), and eq. (5.290b)
for this system. From eq. (5.290a) we see that the non-linear term
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on the LHS of eq. (5.290b) is killed and also see that our velocities
can only be functions of y and z

u® = u(i)(y, z). (5.303)

While more general solutions can likely be found, we will limit
ourselves to looking only for solutions that are functions of y. From
our solution to the pressure part of the problem p® = p@(y), we
also see that the pressure term 9,p® of eq. (5.290b) is killed. We
are left with just

0 = uD @y +dyy + 022 + pWgsina

=19, u® + oD gsin
H %y p8 (5-304)

N I ,
= y(l)d—yzu(l) +0Wgsina.

This is directly integrable, and we find for the velocities and traction
vectors respectively

. D¢ sin ; ;
M”=—p§%nf+A@y+mW (5.305a)
o _ oou? D gy i M A0)
T = 3y = —pYgysina +u’ AV, (5.305b)

The boundary conditions left to exploit are
uP(0) =0
uW(hy) = u® ()
() = 7 ()
TJ(CZ)(H) =0.

(5-306)

The first is the no-slip condition with the plane. The last is an
approximation that assumes the liquid is not producing a measur-
able force on the air above it. The other two are for the interfaces
between the two fluids.

From u(D(0) = 0 we see immediately that we have B1) = 0. From
the traction vector equality in the atmosphere, we have

0= —p(z)gH sina + y(z)A(z), (5.307)
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or
(5.308)

These reduce the problem to solving for two last integration con-
stants, where our velocities are

4 = _P(l)gﬂyz L AD

21 Y
O sina (5.309)
@ _ _ 2 @
ul? = 210 (2Hy — y*) + B¥®.
and our traction vectors are
M = —pWeysina +uMAD
o .. (5.310)
T, =pgsina (H—y).
Matching both at the interface (y = h1) gives us
Mo gj Do gi
_PESNEo  Ay, - PESINA @)
2‘1/1(1) hl +A hl = 2;{(2) hl (2h2 + h]) +B (5‘311)
—oWehy sina + u®AWD = @ oh, sina.
We find
1
AD = W(p(l)hl +0@hy)g sin a. (5.312)
Let us substitute this back for our first fluid velocity
Mogi
p'gsina y .
u® = BTN v+ W(p(l)hl +p@hy)g sina
e
— o P2 Yo a 2)
=gsina <_2y(1)y + W(p( hy +p h2)> (5.313)

sin«
- % (pV@in —y)+20P1s) .

As a check we see this is consistent with the previous calculation
when p) = p@. For our final integration constant we now find

hy sin & @osina
B(Z) = gzl‘u(l) (p(l)h1 + Zp(z)hz) — p;‘;(z)]’ll (2h2 + hl)

. @
_ 8hlsmo<< ! (0D +20%h,) — £ <2hz+h1>> (5314)

2 u® u®
hisina [/ u®
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So, finally, we have for the velocities

sin
wO) =25 (0@ =9 +20%h ) (5:3159)

sin i
MQ)(V) = g2y(2) (P(Z) (ZHy - yz)

n® 6) @ 2)
+I’l1 (I‘l/l(l) (p ]’l1+2p hz) —p (2h2+h1)> .
(5-315b)

The final result looks reasonable. If the viscosities and densities are
equal then we have the same velocity profile in both layers. That
makes sense given the equal densities, since there would really be
nothing that would then distinguish the two layers.

To try this out numerically see ( twolLayerInclinedFlowDifferent-
Densities.cdf ).

The results are fairly surprising. Specifically, insertion of an air
layer above the water ends up with the air speed humongous!
Steady state not realistic? What are the length scales required for
steady state? Are these so large that we would have to vary the
gravitational field?

I think that this shows either an error in this calculation, an error
programming the worksheet, or the folly of even considering a
steady state flow of this form for anything that is not extremely
viscous.

Some further validation is required to see what is up. One part of
that validation is now done. To rule out algebraic errors above see
the verification in ( twoLayerInclinedFlowDifferentDensitiesThe-
Calculation.cdf ). Using Solve to find A®, and B® I get exactly the
same answers as with my hand calculations above. I also verified
that substituting back in the boundary value conditions yields the
expected equalities.

Exercise 5.11 Channel flow, step pressure. ([2] problem 2.5)
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Viscous fluid is at rest in a two-dimensional channel between
stationary rigid walls with y = +h. For t > 0 a constant pressure
gradient P = —dp/dx is imposed. Show that u(y, t) satisfies

ou d*u P

il 316

o V8y2+p' (5.316)
and give suitable initial and boundary conditions. Find u(y, t) in
form of a Fourier series, and show that the flow approximates to
steady channel flow when t > h?/v.

Answer for Exercise 5.11

With only horizontal components to the flow, the Navier-Stokes
equations for incompressible flow are

a—u+ua—u——la—p+v a—2+a—2 u (5.317a)
ot dx  pox axz oy2) 317

ou

oo 317b
5% =0 (5.317b)

Substitution of eq. (5.317b) into eq. (5.317a) gives us

ou 19p 0%u
g = —Eg +Vaiy2. (5318)

Our equation to solve is therefore

ou P d%u
g = @(t); ar VW. (5319)

This equation, for t < 0, allows for solutions
u=Ay+B, (5.320)

but the problem states that the fluid is at rest initially, so we do not
really have to solve anything (i.e. A = B =0).

The no-slip conditions introduce boundary value conditions
u(£h,t) = 0. For t > 0 we have

ou P 0%

g = E+Vaiy2. (5321)
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If we attempt separation of variables with u(y, t) = Y(y)T(t), our
equation takes the form

T'Y = 5 +vTY". (5.322)

We see that the non-homogeneous term prevents successful appli-
cation of separation of variables. Let us modify our problem by
attempting to recast our equation into a homogeneous form by
adding a particular solution for the steady state flow problem. That
problem was the solution of

0> p
TﬁuS(y' 0) = o (5.323)
which has solution
p
us(y,0) = — (hz — yz) + Ay +B. (5.324)

20v

The freedom to incorporate an h? constant into the equation as an
integration constant has been employed, knowing that it will kill
the y? contributions at y = +h to make the boundary condition
matching easier. Our no-slip conditions give us

0=Ah+B

0=—Ah+B. (5:325)

Adding this we have 2B = 0, and subtracting gives us 2Ah = 0,
so a specific solution that matches our required boundary value
(and initial value) conditions is just the steady state channel flow
solution we are familiar with

1y, 0) = 21;/ (2 - ). (5.326)

Let us now assume that our general solution has the form
u(y, t) = un(y, t) + us(y, 0). (5-327)
Applying the Navier-Stokes equation to this gives us

oug P *uy  0%us

W—pﬂx 32 +vay2.

(5-328)
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But from eq. (5.323), we see that all we have left is a homogeneous
problem in uy

BuiH _UazuH (5.329)
at - ayz 7 53 9

where our boundary value conditions are now given by

0=ug(xh,t)+us(+h)

= (kD (5.330)
and
0=1u(y,0)
P (5-331)
= MH(y, O) + Z’ﬁ (hz — ]/2) ,
or
uyg(+h,t)=0, (5.332a)
up(y,0) = (=) . (5.332b)

_2p7

Now we can apply separation of variables with ug = T()Y(y),
yielding

T'Y =vTY”, (5-333)
or

T/ Y//

T = 1/7 = constant = —va?2. (5-334)

Here a positive constant va? has been used assuming that we want
a solution that is damped with time. Our solutions are

T e—wxzt

(5-335)
Y = Asinay + B cosay, 293

or

up(y, ) = Y e " (Aysinay + By cosay) . (5.336)
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We have constraints on a due to our boundary value conditions

For our sin terms to be solutions we require

sin(a(+h)) = sinn, (5-337)
and for our cosine terms to be solutions we require
cos(a(%h)) = cos (E + nn) , (5-338)
2
. 2nrw
2h (5:339)

_2n+1m
©2h
respectively. Our homogeneous solution therefore takes the form

{ sin (“5%) m even (5.340)

(mz72y) m odd.

7

ug(y,t) = Co+ E Cme—(i’l’lﬂ/zh)2yt

m>0

COs

Our undetermined constants should be provided by the boundary
value constraint at ¢ = 0 eq. (5.332b), leaving us to solve the Fourier

problem
P sin ("52) m even
— C .341
2u (+ m;o " { cos (mZZy) m odd. 5341

Multiplying by a sine and integrating will clearly give zero (even
times odd function over a symmetric interval). Let us see if there

is any scaling required to select out the C,, term

[ (557 ) eox ()
_ 2 cos (%) Ccos <n2hy) ntdy /2h

7T _
(5-342)

2h 7r/2
= — COS MX Cos nxdx
T J—m/2

_h /N/Z (cos((m — n)7t/2) + cos((m + n)rt/2)) dx
/2
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Note that since m and n must be odd, m &+ n = 2c for some integer c,
so this integral is zero unless m = n (consider m =2a+1,n =2b+1).
For the m = n term we have

h mrty nryy\ ,  ho 72
/7 cos ( 7 > cos (ﬁ) dy = p /7‘(/2 (14 cos(mrr)) dx (5.343)

=h.

Therefore, our constants C,, (for odd m) are given by

Co= =t [ (1 (1)) os (")

_ _LhZ /1 (1 — x2) cos <m7rx> X o
B 2u J-1 2
With m = 2n + 1, we have
16Ph2(—1)”
Cops1 = —m- (5-345)

For that calculation see ( channelFlowWithStepPressureGradient.cdf
). Our complete solution is

Pr? v\2
wy, 1) = 2u <1_(h) )
16Ph2 = (—1)" (@n+1)m/2h)vt (2n+ 1)y
urs 2 €08 ( 2h )
(5.346)

nO

The largest of the damped exponentials above is the n = 0 term
which is

e I, (5:347)
so if vt >> h? these terms all die off, leaving us with just the
steady state.

Rather remarkably, this Fourier series is actually a very good fit
even after only a single term. Using the viscosity and density of
water, i = 1lcm, and P = 3 X pyater X (2cm/s)/h* (parameterizing
the pressure gradient by the average velocity it will induce), a plot
of the parabola that we are fitting to and the difference of that
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I}

A —

-0.010 -0.005 0.000 0.005 0.010

Figure 5.31: Parabolic channel flow steady state, and difference from first
Fourier term.

from the first Fourier term is shown in fig. 5.31. The higher order
corrections are even smaller. Even the first order deviations from
the parabola that we are fitting to is a correction on the scale of
1/100 of the height of the parabola. This is illustrated in fig. 5.32
where the magnitude of the first 5 deviations from the steady state
are plotted. An animation of the time evolution above can be found

f \ 0.0003 - / \

\\_/ / —o.000z . //

Figure 5.32: Difference from the steady state for the first five Fourier
terms.

at http:/ /youtu.be/ovZuvgHBtmo.


http://youtu.be/0vZuv9HBtmo

5.15 PROBLEMS.

It is also interesting to look at the very earliest part of the time
evolution (http:/ /youtu.be/dDkx8iLwOew), where some oscilla-
tory phenomena can be seen. Could some of that be due to not
running with enough Fourier terms in this early part of the evolu-
tion when more terms are probably significant?

Exercise 5.12 Couette flow. (2011 phy1530 psz)

Consider incompressible viscous steady flow between two long
cylinders of radii Ry and Ry, R; > Rj, rotating about their axes
with angular velocities ()1, (). Look for a solution of the form,
where ¢ is a unit vector along the azimuthal direction:

u=0(r@, (5.348a)

p = p(r). (5.348b)

a. Write out the Navier-Stokes equations and find differen-
tial equations for v(r) and p(r). You should find that these
equations have relatively simple solutions, i.e.,

b
o(r) = ar + = (5-349)

b. Fix the constants 4 and b from the boundary conditions.
Determine the pressure p(r).

c. Compute the friction forces that the fluid exerts on the
cylinders, and compute the torque on each cylinder. Show
that the total torque on the fluid is zero (as must be the
case).

Answer for Exercise 5.12

This is also a problem that I recall was outlined in §2 from [2].

Some of the instabilities that are mentioned in the text are nicely
illustrated in [32].
We illustrate our system in fig. 5.33.
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Figure 5.33: Couette flow configuration.

Solution Part a. Navier-Stokes. Navier-Stokes for steady state
incompressible flow has the form

(u-V)us= —;Vp +vV?u, (5.350a)

V-u=0. (5.350b)
where the gradient has the form
V =10, + %84,. (5.351)

Let us first verify that the incompressible condition eq. (5.350b) is
satisfied for the presumed form of the solution we seek. We have

V u= (i‘ar + (fa¢> : (U(V)‘i’(‘lb))

A2 !
=(@-¢)0' + %&pv(r) + v(:)('b "0y (5-352)
_ U(’;)‘P - (—1)
=0.

Good. Now let us write out the terms of the momentum conserva-
tion equation eq. (5.350a). We have got

(u- V)u = ~3,(0$)
24 (5:353)
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and

, (5-354)

and

A

=y (i, 2ay) - (10,4 23, ) 6019
b )
Orr + r—za¢¢ + 7845 . (rar)> (v(r)p(¢))

=v (aﬂ + %aw + 18,) (0(r) () (5-355)

1, .
=v<r(rv) —:)2) ¢.

So the momentum equation of Navier-Stokes takes the form

25 P

v oy [N AW
= p”(r(”’) rz)tlk (5.356)

Equating # and ¢ components we have two equations to solve

r(ro') —v =0, (5.357a)

p=—" (5.357b)

Expanding out our velocity equation we have

" +rv' —v =0, (5.358)
for which we have been told to expect that eq. (5.349) is a solution
(and it has the two integration constants we require for a solution
to a homogeneous equation of this form). Let us verify that we
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have computed the correct differential equation for the problem by
trying this solution

2b b b
— 227 B
S tar r o r (5-359)
_2b 2
Cr
=0.
Given the velocity, we can now determine the pressure up to a
constant
2
1P (it
p= (ar+ r)
2
= g <a2r2 + 5—2 + 2ab> (5.360)
v _ab
_ 2
=p < r+ 3 + 2r> ,
SO
—po = lazrz _E +2ablnr (5.361)
Pr—=Po=p 5 272 . 53

Solution Part b. Constants and the pressure. To determine our
integration constants we recall that velocity associated with a radial
position x = r# in cylindrical coordinates takes the form

X

T, =it +rpg, (5.362)

where ¢ is the angular velocity. The cylinder walls therefore have
the velocity

v=r, (5.363)

so our boundary conditions (given a no-slip assumption for the
fluids) are

0(R1) = Ry

36
o(Ry) = Rohy. (5.364)
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This gives us a pair of equations to solve for a and b

Rlﬂl = ﬂRl + E
R4 (536
b 5.365)
Ry =aRy + —.
28ly = alkp + R,
Multiplying each by Ry and R; respectively gives us
b= R3(Qy —a) = R5(Q — a). (5.366)
Rearranging for a we find
RiQ1 — R3Q = (R} — R3)a, (5:367)
or
R3O, — R3 ()
=2 177 .368
RI_R? (5.368)
For b we have
b= R3Oy — a)
R? (5-369)
= 7 ((Rs — RY) — R3O, + R36W),
2 1
or
R3R3
b= R-R (01 ). (5.370)

This gives us

1 2 > RIR3
o(r) = R2 (R30 — RTOy) r+ . () — ) ), (5371a)

R4R4
2 (Q e )2

1 2
P(T) — Po= (R%—pR%)Z X <2 (R%Qz — R%Ql) 1’2 —

+2 (R3O, — RIO) RIR5(Q — () In r> :
(5.371b)
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Solution Part c. Friction torque on the cylinders. We can expand
out the identity for the traction vector

ty = ei(Ti]'I’l]'

.372
=—pA+pu2H- V)u+i x (V xu)), (5:372)
in cylindrical coordinates and find
R d
tp =0y =—p +2”Zg’ (5.373a)
u 1dug u
t¢.¢:a¢¢:—p+2‘u P 5 +7rZ , (5.373b)
. 0
tz L =0z = _p + z‘u%/ (5373C)
8u4, 1 oy, U
t-p=0p=p ( 5 . r) , (5.373d)
o (12,28 om0
$ 270 =P\ M . 5.373
t-t=0n = <% %) (5:3730)
so we have
Orr = 0Opp = O0zz = —P, (5~374a)
Opz =02 =0, (5-374b)

Jou u
Trp = P‘( aj :’) (5.374¢)
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We want to expand the last of these
8u¢ Up
7o =H < o r )
b /
=u <ar + r) (5-375)

(o=

So the traction vector t; = o - t = e;0;;t - e;, our force per unit area
on the fluid at the inner surface (where the normal is t), is

= —pt+ a—E ¢
=—prp(a-5)d
2

RR
= —pi+ R2 £ R2 (R%QZ RIO +
27

(5.376)

2((p — Ql)) ®,

so the torque per unit area from the inner cylinder on the fluid is

. r R2R2
T =1t Xt = R% _‘UR% <R%Qz R201 +

2(( — Ql))

(5:377)

Observing that our stress tensors flip sign for an inwards normal,

our torque per unit area from the outer cylinder on the fluid is

2

N r R1 R
Ty = 1E X (—t) = = _”R% (R%Qz R2(y +

2((p — Q1)>
(5-378)

For the complete torque on the fluid due to a strip of width Az the
magnitudes of the total torque from each cylinder are respectively

272 Az R3R3
T = R27Rg (RzQZ — R3O + 2(02 - Ql)> z, (5379)
72— I
27112 Az RZRZ
Ty = _]2271{5 <R202 — Rzﬂl + (QZ Ql)) Z. (5380)
2

As expected these torques on the fluid sum to zero

T+ 711 =0. (5.381)

147



148

NAVIER-STOKES EQUATION.

Evaluating these at R; and R; respectively gives us the torques
on the fluid by the cylinders. However, we want the torques on
the cylinders by the fluid, so have to flip the signs. For the inner
cylinder the total torque on a strip of width Az by the fluid is

Torque on inner cylinder (1) by the fluid

2R3 Azp [, 2 R2R3

=10 (R3O, — R2Oy + —2(0 — O

RZ - R? ( A 1)> (5-382)
2TR?Az

= T (2R3, + (RS + RHOY)
RZ_Rl

For the outer cylinder the total torque on a strip of width Az by
the fluid is

Torque on outer cylinder (2) by the fluid

2R3Nz < ) ) R3R3 >
= 00 (R3O, — R3O, + 0, -0
2 \ R Rilhs (2 = () (5:383)
27mR2Az
= S (<2R30n + (R} + RDIO,)
2 1

Here are some plots of the velocities at different values for the
outer cylinder angular velocity These were all generated from

(© (d)
Figure 5.34: Couette flow plots.
the Mathematica workbook ( couetteFlow.cdf ), which has some

slider controls that can be used to play with the radii and angular
velocities in an interactive fashion.
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Exercise 5.13 Infinite cylinders, one moving. (2009 phy1530 final)

An infinite cylinder of radius R; is moving with velocity v
parallel to its axis. It is placed inside another cylinder of radius R».
The axes of the two cylinders coincide. The fluid is incompressible,
with viscosity p and density p, the flow is assumed to be stationary,
and no external pressure gradient is applied.

a. Find and sketch the velocity field of the fluid between the
cylinders.

b. Find the friction force per unit length acting on each cylinder.

c. Find and sketch the pressure field of the liquid.

d. If an external pressure gradient is present, how do you think
your answer will change? Sketch your expectation for the
velocity and pressure in this case.

Answer for Exercise 5.13

Solution Part a. Velocity. We would like to find the velocity
and pressure. Let us start with the illustration of fig. 5.35 to fix
coordinates. We will assume that we can find a solution of the

Figure 5.35: Coordinates for flow between two cylinders.

following form

u = w(r)z, (5.384a)
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p = p(r). (5.384b)

We will also work in cylindrical coordinates where our gradient is
_i9.+ 25, 45

V =10, + . dp + 20;. (5.385)

Let us look at the various terms of the Navier-Stokes equation. Our
non-linear term is

u-Vu=wd,(w(r)z) =0, (5.386)

Our Laplacian term is

1 1
yVZu =u (ra,(ra,) + r—28¢¢ + azz) w(r)z

" (5.387)
_ " N A
= (rw') 2.
Putting the pieces together we have
0=—tp'+ %(rw’)/i. (5.388)

Decomposing these into one equation for each component we have

p'=0, (5.389)
and

(rw')' = 0. (5.390)
Integrating once

rw' = A, (5.391)
Short of satisfying our boundary value constraints our velocity is

w=Alnr+B. (5.392)
Our boundary value conditions are given by

ZU(RQ) =0

W(R) = 0, (5-393)
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so our integration constants are given by

0=AInR,+B ( )
v=AInR, +B. 2394
Taking differences we have got
v = AIn(R1/Ry). (5-395)
So our constants are
v
A= — .396a
In(Ry /R2) (5-396a)
vin R2
B=——"—~, .396b
In(R1/R2) 53900
and
vin(r/Ry)
w(r) = ——-——=. .

A plot of this function can be found in fig. 5.36, and the Mathemat-
ica notebook ( twoCylinders.cdf ). That notebook has some slider
controls that can be used interactively.

Figure 5.36: Velocity plot due to inner cylinder dragging fluid along with
it.

Solution Part b. Frictional forces. For the frictional force per unit
area on the fluid by the inner cylinder we have

A 1 /du; 9
(o -%)-2=—pt z+2y2<ar +Z;ZZ>

. Inr
"Ry /Ry)"

(5-398)

151



152 NAVIER-STOKES EQUATION.

So the forces on the inner and outer cylinders for a strip of width
Az is

In R1
In(Ry/Ry)’
(5-399a)

frictional force on inner cylinder = —27tR;Azpvz

In R2
In(R1/R2)’
(5-399b)

frictional force on inner cylinder = 2tRyAzpuvz

Solution Part c. Pressure. From eq. (5.389) the pressure can be
trivially solved

p(r) = constant, (5.400)

Solution Part d. With external pressure gradient. With an external
pressure gradient imposed we expect a superposition of a parabolic
flow profile with what we have calculated above. With

dp
G= _EI (5401)

our Navier-Stokes equation will now take the form

0=—ip' — (~G2)+ %(rw/)’i. (5.402)
We want to solve the LDE

—ir =(@w') =rw” +u' (5.403)
The homogeneous portion of this equation

(rw)' =0, (5.404)

we have already solved finding w = Clnr + D. It looks reasonable
to try a polynomial solution for the specific solution. Let us try a
second order polynomial

w = Ar? + Br, (5.405a)
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w' =2Ar+B, (5.405b)

w” =2A. (5.405¢)
We need
G

_yr =2Ar+2Ar+B. (5.406)

So B =0 and 4A = —G/u, and our general solution has the form
w——£r2+Clnr+D (5.407)
T . 5-407

requiring just the boundary condition fitting. Let us tweak the
constants slightly, writing
G p2_ 2
wzg(Rz—r )+Clnr/Ry+ D, (5.408)
so that D = 0 falls out of the w(R;) = 0 constraint. Our last integra-
tion constant is then determined by the solution of

G
= @(Rg —R3})+CInRy/Ry. (5.409)

Or

II’IT’/RZ

m. (5410)

_ G 2 G 2
w—4V(R2 r)+<v 4P‘(R2 RY)

A plot of this, with a pressure gradient small enough that we still
see the logarithmic profile is shown in fig. 5.37. An animation
of this with different values for Ry, v, and G/4yu is available on
http:/ /youtu.be/BNgpnYeRpLo, but the Mathematica notebook
above can also be used. Even cooler is to look at some plots of
the velocity profiles in 3D An animation of this from ( twoCylin-
ders3D.cdf ) is available [10]. That notebook is now also available
online on the Wolfram demonstrations project [11].
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v

*/y-n-ﬂ-nn

Figure 5.37: Pressure gradient added.

(a) (b)
(c) (d)

Figure 5.38: 3D plots.



HYDROSTATICS.

6.1 STEADY STATE AND STATIC FLUIDS.

Consider a sample volume of water, not moving with respect to
the rest of the surrounding water. If it is not moving the forces
must be in balance. What are the forces acting on this bit of fluid,
considering a cylinder of the fluid above it as in fig. 6.1 In the

o Yo
L l

Figure 6.1: A control volume of fluid in a fluid.

column of fluid above the control volume fig. 6.2 we have

2

Aw

Figure 6.2: Column of fluid above a control volume.

hAwpg +Palhvw = PwAw, (6.1)

SO

Pw = hpg +pa. (6.2)
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If we were to replace this blob of water with something of equal
density, it should not change the dynamics (or statics) of the situa-
tions and that would not move.

We call this the

Definition 6.1: Buoyancy force

Buoyancy force = weight of the equivalent volume of water -
weight of the foreign body.

If the densities are not equal, then we would have motion of
the new bit of mass as depicted in fig. 6.3 Consider a volume of

b /% 7P
T o<y

Figure 6.3: A mass of different density in a fluid.

ice floating on the surface of water, one with solid ice and one
with partially frozen ice (with water or air or dirt or an anchor or
anything else in it) as in fig. 6.4 No matter the situation, the water

e

[/

Figure 6.4: Various floating ice configurations on water.

level will not change if the ice melts, because the total weight of
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the displaced water must have been matched by the weight of the
unmelted ice plus additives.

Now what happens when we have fluid flows? Consider fig. 6.5
Conservation of mass is going to mean that the masses of fluid

- —
—_——

/S
Figure 6.5: Flow through channel with different apertures.
flowing through any pair of cross sections will have to be equal

p1A101 = p2A20y, (6.3)

With incompressible fluids (p = p1 = p2) we have

Aﬂ)l = Azl)z, (6'4)
so that if
A1 > Ay, (6.5)

we must have
v < Uy, (6.6)

to balance this.

In class this was illustrated with a pair of computer anima-
tions, one showing the deformation of patches of the fluid, and
another showing how the velocities vary through the channel. This
is crudely depicted in fig. 6.6 We see the same behavior for channels

Figure 6.6: Area and velocity flows in unequal aperture channel configu-
ration.

that return to the original diameter after widening as in fig. 6.7 If
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, —
—
—_—

Figure 6.7: Velocity variation in channel with bulge.

Figure 6.8: Vorticity induction due to pressure gradients in unequal aper-
ture channel.

we consider half of such a channel as in fig. 6.8 considering the flow
around a small triangular section we must have a pressure gradient,
which induces a vorticity flow. We would see something similar
in a rectangular channel where there is a block in the channel, as
depicted in fig. 6.9

—_— = —®
-_— s
gD

W

Figure 6.9: Vorticity due to rectangular blockage.

6.2 HEIGHT MATCHING IN ODD GEOMETRIES.

Let us consider an arbitrarily weird channel as in fig. 6.10 This was
also illustrated with a glass blown container in class as in fig. 6.11
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Figure 6.10: Height matching in odd geometries.

In this real apparatus, we did not have exactly the same height

A\

Figure 6.11: A physical demonstration with glass blown apparatus.

(because of bubbles and capillary effects (surface tension induced
meniscus curves), but we see first hand what we are talking about.

To account for this, we need to consider the situation in pieces as
in fig. 6.12 Breaking down the total pressure effects into individual
bits, any column of fluid contributes to the pressure below it, even
if that column of fluid is not directly on top of a continuous column
of fluid all the way to the “bottom”.
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Figure 6.12: Column volume element decomposition for odd geometries.

6.3 SUMMARY.
6.3.1  Hydrostatics.
We covered hydrostatics as a separate topic, where it was argued

that the pressure p in a fluid, given atmospheric pressure p, and
height from the surface was

P = pa+pgh. (6.7)
As noted below in the surface tension problem, this is also a
consequence of Navier-Stokes for u = 0 (following from 0 = —Vp +
08)-

We noted that replacing the a mass of water with something of
equal density would not change the non-dynamics of the situation.
We then went on to define Buoyancy force, the difference in weight
of the equivalent volume of fluid and the weight of the object.

6.3.2  Mass conservation through apertures.

It was noted that mass conservation provides a relationship be-
tween the flow rates through apertures in a closed pipe, since we
must have

p1A101 = p2A202, (6.8)
and therefore for incompressible fluids
A101 = AzUZ. (69)

So if A1 > A, we must have v < vs.



BERNOULLI'S THEOREM.

7.1 DERIVATION.

We start with Navier-Stokes in vector form
d
M w-Vu=-V (p) +1Viu+g. (7.1)
ot o

Writing the body force as a potential

g=—-Vx, (7.2)

so that we have
ou +(u-Vju=-V (P +X> +vVu (7.3)
ot 0

Using the vector identity
(u-Vu=V x(Vxu+V <;u2> , (7.4)

we can write

MV« (Vxu)+V (;u2> =-V (Z +X> +vV2u. (7.5)

ot
If we consider the non-viscous region of the flow (far from the
boundary layer), we can kill the Laplacian term. Again, considering
only the steady state, and assuming that we have irrotational flow
(V x u =0) in the non-viscous region, we have

v <Z +x+ ;uz) =0. (7.6)

or
P +x+ 1u2 = constant (7.7)
; 5 . -7

This is Bernoulli’s equation.
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On streamlines  The derivation of Bernoulli’s equation in §5 of [12]
does not mention irrotational flow. The statement of Bernoulli’s the-
orem in [3] is similar, related only to streamlines, with irrotational
flow considered later as a special case. The Landau derivation
considers steady state flows along streamlines, and argues that
since the velocites are tangential to any streamline, and because
u x (V x u) is perpendicular to u, the projection of that curl term
on the streamline direction is zero. That leaves a zero for the pro-
jection of the gradient along the streamline direction

v <Z +x+ ;u2> , (7.8)
From this eq. (7.7) is a statement that the quantity in the gradient
operation is constant along any streamline, even for rotational
flows.

Observe that the general form of Bernoulli’s theorem follows
from the fact that

u-(ux (Vxu))=0, (7.9)
where the mathematical statement of the theorem is
(u-V) <Z+X+;u2) = 0. (7.10)

The operation u - V is the projection of the gradient onto the
streamline (i.e. the lines formed from the tangents to the velocities
along the steady state flow paths). Along those lines eq. (7.7) hold,
where the constant can be streamline dependent.

7.2 SUMMARY.
7.2.1  Bernoulli equation.

With the body force specified in gradient for
g=—-Vx, (7.11)

and utilizing the vector identity

(u-Viu=V x(Vxu+V <;u2> , (7.12)
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we are able to show that the steady state, irrotational, non-viscous
Navier-Stokes equation takes the form

V <Z+X+;u2> :0, (713)
or
Z +x+ %uz = constant. (7.14)

This is the Bernoulli equation, and the constants introduce the
concept of streamline.

7.3 PROBLEMS.

Exercise 7.1 Surface for spinning bucket of water. (2009 phy1530 final)

Here’s a problem that serves as a nice example of how to determine
a surface as a function of pressure. This is something I want to do
for the non-bottomless coffee problem, so lets try a simpler version
first.

An undergraduate student is assigned a problem about an ideal
fluid rotating at a constant angular velocity () under gravity g.
The velocity field is u = (—Qy, Qx, 0). Here, x and y are horizontal
and z points up. The student is supposed to find the surfaces of
constant pressure, and hence the shape of the free surface of water
in a rotating bucket. The free surface corresponds to the surface
for which p = po, where py is the atmospheric pressure. Surface
tension is neglected.

On their homework assignment, the student writes:

“By Bernoulli’s equation:

B =z+;u2+gz, (7.15)
where B is a constant. So the constant pressure surface at p = py is
QZ
z= (B — Po) — — (P +y?). (7.16)
§ P8

7

But this seems to show that the surface of the water in a rotating
bucket is highest in the middle!
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a. What is wrong with the student’s argument?.

b. Write down the Euler equations in component form and
integrate them directly to find the pressure p, and hence
obtain the correct parabolic shape for the free surface.

Answer for Exercise 7.1

Solution Part a. Problem with the arqument. Let us recall how we
derived Bernoulli’s theorem. We started with Navier-Stokes and
used the identity

(u-Viu= V%u2 +(V xu) x u. (7.17)

Navier-Stokes for a steady state incompressible flow, with external
body force per unit volume pg = —pV x take the form

V%u2 +(Vxu xu= —;Vp+1/V2u - Vix. (7.18)

For the non-viscous (“dry-water”) case where we take = vp =0,
and treat the density p as a constant we find

ux(qu)=V<;u2+Z+x>. (7.19)

Observe that we only arrive at Bernoulli’s theorem if the flow is
also irrotational (as well as incompressible and non-viscous), as
we require an irrotational flow where V x u = 0 to claim that the
gradient on the RHS is zero.

In this problem we do not have an irrotational flow, which can
be demonstrated by direct calculation. We have

X v z
Vxu=0Q]|9, 9y 0
(7.20)
-y x 0
=220)
#0.
In fact we have
X Vv 2z
u X (V X u) = 202 -y x 0 (7'21)
01
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The closest we can get to Bernoulli’s theorem for this problem is

20°%(% + V)=V <;u2 + Z +gz> . (7.22)

We can say that the directional derivatives in directions perpendic-
ular to X + ¥ are zero, and that

1 p
200° = (9 +a)<u2++ z>
x o) 5 0 8
_ 1o, P
= (0x +9y) <2u +p>.

Perhaps those could be used to solve for the surface, but we no
longer have something that is obviously integrable.
Because u - (u x (V x u)) = 0, we can also say that

(7.23)

0=u-V<;u2+p+gz>
P (7.24)
= Oy, — x3y) [ u2+ P

Yox y 2 0 :

Perhaps this could also be used to find the surface?

Streamline interpretation.  In [12] we find that Bernoulli’s equation
applies not only to irrotational flows, but is valid along the stream-
lines of the flow as well. The streamlines for this rotating bucket
system can be expressed nicely using polar coordinates. Let

x = pcost

, (7.25)
Yy =psin6.

The velocity field, plotted in fig. 7.1, is
u=0p(—sinb,cosb,0). (7.26)
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x O

Figure 7.1: Streamlines for the rotating bucket system.

Observe that the cross term u x (V x u), are the normals to the
streamlines.

Solution Part b. Solving Navier-Stokes. Now we want to write
down the steady state, incompressible, non-viscous Navier-Stokes
equations. The first of these is trivially satisfied by our assumed
solution

0=V - -u

(7:27)
= 0x(—Qy) + 9, (Ox).
For the inertial term we have got
u - Vu = Q%(—ydy + x9y(—y, x,0) (7.28)
= Qz(—x, —v,0),
leaving us with
2 1 2
—x=——dyp — Q%
o
= —;aypo (7.29)

1
=—"a.p—g
;0P =8
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Integrating these, we seek seek simultaneous solutions to

1
p =500+ f(y,2)p

1 (7-30)
= Sp0%y + (x, 2)p
= h(x,y) — pgz.
It is clear that one solution would be
1
P =po+ 5p0%(x" +y%) - pgz. (7:31)

where py is some constant to be determined, dependent on where
we set our origin. Putting the origin of the coordinate system at
the lowest point in the parabolic profile (x, y, z) = (0, 0,0), we have
p(0,0,0) = po, which fixes pg as the atmospheric pressure. If the
radius of the bucket is R, the max height / of the surface above
that point is also found on this surface of constant pressure

1
Po = po+ 5pQ’R? — pgh, (7.32)
or
O?R?
h= 70 (7.33)
Exercise 7.2 Curve for tap discharge.

Use Bernoulli’s theorem to get a rough idea what the curve for
water coming out a tap would be.

Answer for Exercise 7.2

Suppose we measure the volume flux, putting a measuring cup
under the tap, and timing how long it takes to fill up. We then
measure the radii at different points. This can be done from a
photo as in fig. 7.2. After making the measurement, we can get an
idea of the velocity between two points given a velocity estimate
at a point higher in the discharge. For a plain old falling mass,
our final velocity at a point measured from where the velocity was
originally measured can be found from Newton’s law

Av =gt (7-34)
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Figure 7.2: Tap flow measurement.

1
Az = Eth + vpt. (7.35)
Solving for vf = vy + Av, we find

29Az
Uf=ZJ() 1+ gz . (7'36)
Yo

Mass conservation gives us

vortR? = vymr?, (7:37)
or
20A 71/4
r(Az) = R UO=R<1+ gf) . (7.38)
of 70

For the image above I measured a flow rate of about 250 ml in
10 seconds. With that, plus the measured radii at o and 6cm, I
calculated that the average fluid velocity was 0.9m/s, vs a free fall
rate increase of 1.3m/s. Not the best match in the world, but that
is to be expected since the velocity has been considered uniform
throughout the stream profile, which would not actually be the
case. A proper treatment would also have to treat viscosity and
surface tension.
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In fig. 7.3 is a plot of the measured radial distance compared to
what was computed with eq. (7.38). The blue line is the measured
width of the stream as measured, the red is a polynomial curve
titted to the raw data, and the green is the computed curve above.

0.004
0.003
0.002

0.001

001 0.02 0.03 0.04 0.05 0.06

Figure 7.3: Comparison of measured stream radii and calculated.






SURFACE TENSION.

8.1 TRACTION VECTOR AT THE INTERFACE.

For a surface like fig. 8.1 we have a discontinuous jump in density.

e

Figure 8.1: Vapor liquid interface.
We will have to consider three boundary value constraints

1. Mass balance. This is the continuity equation.
2. Momentum balance. This is the Navier-Stokes equation.

3. Energy balance. This is the heat equation.

We have not yet discussed the heat equation, but this is required
for non-isothermal problems.
We will define

o = surface tension

R = radius of curvature (8.1)

V| = gradient along the interface

and consider the boundary condition at the interface. Note that we
are switching notations for the stress tensor since we will be using
o for surface tension here.
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Performing a stress balance at the interface, we express the
difference in the traction vector here by

[t=th—t; = —%ﬁ — V0. (8.2)
The suffix 2 and prefix 1 indicates that we are considering the
interface between fluids labeled 1 and 2 (liquid and air respectively
in the diagram).
Here the gradient is in the tangential direction of the surface as
in fig. 8.2. In the normal direction

Figure 8.2: Normal and tangent vectors on a curve.

[tf-A=(b—t)-h
_C (8.3)
7

With the traction vector having the value

t= eiTijn]-
= € P gl # aX]' axi I
We have in the normal direction
ou; auj
t-n=mn; <—p(5ij+y <8x;+axl>> nj. (8.5)

With u = 0 on the surface, and n;;jn; = njn; = 1 we have

t-n=—p. (8.6)
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Returning to (t; — t;) - i we have

o
—P2tp1=—on (8.7)

This is the Laplace pressure. Note that the sign of the difference
is significant, since it effects the direction of the curvature. This is
depicted pictorially in fig. 8.3 Note that in [12] the curvature term

N pem N Y

75 P

Figure 8.3: Pressure and curvature relationships.

is written
1 — 1 + 1 (8.8)
2R Ry Ry’ '

The second radius of curvature is to account for non-spherical
surfaces, where we have curvature in two directions. Illustrating
by example, imagine a surface like as in fig. 8.4

Figure 8.4: Example of non-spherical curvature.

Reading: An treatment of this topic that looks complete enough
to understand looks like it can be found in §7 of [12].

8.2 SURFACE TENSION GRADIENTS.

Now consider the tangential component of the traction vector

o
tz-%—tl-h—ﬁﬁ/%—%-vla. (8.9)
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So we see that for a static fluid, we must have
Vo=0. (8.10)

For a static interface there cannot be any surface tension gradient.
This becomes very important when considering stability issues. We
can have surface tension induced flow called capillary, or mandarin
(?) flow.

8.3 SUMMARY.
8.3.1 Laplace pressure.

It was argued in class that the traction vector differences at the
surfaces between a pair of fluids have the form

th—t = —%ﬁ—vla, (8.11)
where Vi =V —fi(f - V) is the tangential (interfacial) gradient, o
is the surface tension, a force per unit length value, and R is the
radius of curvature.

In static equilibrium where t = —pii (since o = 0 if u = 0), then
dotting with i we must then have

p2—p1 = 7 (8.12)

2R’
Reading: [12] covers this topic in typical fairly hard to comprehend
detail, but there is lots of valuable info there. §2.4.9-2.4.10 of [7]
also has small section that is a bit easier to understand, with less
detail. Recommended in that text is the “Surface Tension in Fluid
Mechanics” movie [6], which is very interesting and entertaining
to watch.

8.3.2  Surface tension gradients.

Considering the tangential component of the traction vector differ-
ence we find

(tz—tl)'i’z—‘i"le. (813)



8.3 SUMMARY.

If the fluid is static (for example, has none of the creep that we see
in the film) then we must have Vo = 0. It is these gradients that
are responsible for capillary flow and other related surface tension
driven motion (lots of great examples of that in the film).

8.3.3 Surface tension for a spherical bubble.

In the film above it is pointed out that the surface tension equation
we were shown in class

Ap=—¢ (8.14)

is only for spherical objects that have a single radius of curva-
ture. This formula can in fact be derived with a simple physical
argument, stating that the force generated by the surface tension
o along the equator of a bubble (as in fig. 8.5), in a fluid would
be balanced by the difference in pressure times the area of that
equatorial cross section. That is

/
-
-
g /
~
'
- 7
- e
-~
~ / ~
s 7 L s 7
Figure 8.5: Spherical bubble in liquid.
027R = ApmR?. (8.15)

Observe that we obtain eq. (8.14) after dividing through by the
area.
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8.4 PROBLEMS.

Exercise 8.1 Meniscus curve against one wall.

As an application of our surface tension results, solve for the shape
of a meniscus of water against a wall. Work from the brief solution
found in [12] and add sufficient details that the solution can be
understood more easily.

Answer for Exercise 8.1

As in the text we will work with z axis up, and the fluid up
against a wall at x = 0 as illustrated in fig. 8.6. To get some idea a
better feeling for , let us look to a worked problem. The starting

~
[y /
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\\‘
|

-

1'«/ h&\fh
-

47 < | o
7~

-~

7

-
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Zl®e

7

Ve
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z

Figure 8.6: Curvature of fluid against a wall.

point is a variation of what we have in class

1 1
pr—p2=0 <R1 + R2> , (8.16)

where p; is the atmospheric pressure, p; is the fluid pressure, and
the (signed!) radius of curvatures positive if pointing into medium
1 (the fluid).
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For fluid at rest, Navier-Stokes takes the form

0=—-Vpi+psg. (8.17)

With g = —g2 we have

0
or
p1 = constant — pgz. (8.19)

We have p, = p,, the atmospheric pressure, so our pressure differ-
ence is

p1 — p2 = constant — pgz. (8.20)

We have then

z 1 1
constant — P8z _ 4 —. (8.21)
o R1 R2

One of our axis of curvature directions is directly along the y axis
so that curvature is zero 1/R; = 0. We can fix the constant by
noting that at x = o0, z = 0, we have no curvature 1/R; = 0. This

gives
constant — 0 = 0+0. (8.22)

That leaves just the second curvature to determine. For a curve
z = z(x) our absolute curvature, according to [26] is

1
R»

2]

= 7(1 @R (8.23)

Now we have to fix the sign. I did not recall any sort of notion
of a signed radius of curvature, but there is a blurb about it on
the curvature article above, including a nice illustration of signed
radius of curvatures can be found in this wikipedia radius of
curvature figure for a Lemniscate. Following that definition for a
curve such as z(x) = (1 — x)> we would have a positive curvature,
but the text explicitly points out that the curvatures are will be set
positive if pointing into the medium. For us to point the normal
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into the medium as in the figure, we have to invert the sign, so our
equation to solve for z is given by

7

y4 z
_p&z _ S (8.24)

o A+EP

The text introduces the capillary constant

a=1/20/gp. (8.25)

Using that capillary constant a to tidy up a bit and multiplying by
a z’ integrating factor we have

2z7' z''7
=5 = TAT @R (8.26)
we can integrate to find
z2 1
(8.27)

Again for x = co we have z = 0, z/ = 0, so A = 1. Rearranging we
have

1 “1)2
/dx = /dz <(1—zz/az)2 — 1) . (8.28)

Integrating this with Mathematica I get

x —xo=V2a?—z?sgn(a — z)

a (a (2a — V4a% —2z% sgn(a — z)) ) (8.29)
+—1In .

V2

4

It looks like the constant would have to be fixed numerically. We
require at x =0
—cost

! — _
z'(0) = ng cot o, (8.30)

but we do not have an explicit function for z.
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9.1 SCALING.

By scaling we mean how much detail do you want to look at in the
analysis. Consider the fig. 9.1 where we imagine that we zoom in
on something that appears smooth from a distance. However, we
are free to perform a change of variables on our coordinates and
rescale in any arbitrary fashion. For example

—

Figure 9.1: Coarse scaling example.

x — Au® (9.1)
y— BoP. (9.2)
For a linear zoom scaling (x = B = 1) we could perhaps find that
we have something very granular close up as in fig. 9.2. Picking
the length scale to be used in this case can be very important. The
flexiblity to rescale with non unity values for « and B can, for

example, come in handy, should we choose to rescale time and
position differently.

9.2 RESCALING BY CHARACTERISTIC LENGTH AND VELOCITY.

Suppose that a fluid is flowing with

e a characteristic velocity U, with dimensions [U] ~ LT !
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Figure 9.2: Fine grain scaling example (a zoom).

e a characteristic length scale L

Considering the dimensions of the terms in the Navier-Stokes
equation

[o] = ML73, (93)
[pl = MLT 2L 2= ML T2, (9-4)
L
[1=T=7, (9-5)
SO
[p] = [pU?] = ML™*L*T 2 = ML™'T2. (9-6)

Now let us alter the Navier-Stokes equation using some scaling to
put it into a dimensionless form

au 2
5 +(u-Viu= —EV +vV-u (9.7)

ou o(Uu') U?ou

a Ta(ky) T Lor 98)
Vexliglizd 459 g9 ;50 (9:9)
“Xox Yoy Taz 7 or Yoy oLz 9
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so that
1o
V — ZV (9.10)
1 u?
(u-V)u— <Uu’ : LV'> Uu' = T(u’ -V (9.11)
1 1 V'(pu? u?
EVP — L(g )p, = TV’P’ (9'12)
vV?u — %V/Uu’ = ]/L—ljvlu’. (9.13)

Putting everything together, Navier-Stokes takes the form

urou u* o, U, , vlU_,,

TW‘FT(U V)u —TVP +?Vu, (914)
or

ou’ +(u -V =V'p + Vv (9.15)

ot’ uL
Introducing the Reynold’s number

Lu

R = - (9.16)
We have Navier-Stokes in dimensionless form

ou’ / N IR

y+(u-V)u—Vp+EVu. (9.17)

The implications of this will be discussed further in the next lecture.

Reading: Coverage of this topic (with some problems) can be
found in §7.6, §7.7 of [7].

9.3 REYNOLD’S NUMBER.

In Navier-Stokes after making non-dimensionalization changes of
the form

x — Lx/, (9.18)
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the control parameter is like Reynold’s number.
In Navier-Stokes

Ju
Par +o(u-Vyu=—-Vp+uVy, (9.19)
we call the term
p(u- Vu, (9.20)

the inertial term. It is non-zero only when something is being
“carried along with the velocity”. Consider a volume fixed in space
and one that is moving along with the fluid as in fig. 9.3 All of our

G e

rwi Wim,j .r.).__ vll)a,_._ .

Figure 9.3: Moving and fixed frame control volumes in a fluid.

viscosity dependence shows up in the Laplacian term, so we can
roughly characterize the Reynold’s number as the ratio

Reynold’s number — |effect of inertia

|leffect of viscosity|
_ Jo(u- Vul
v
_pu?/L
nl/L?
_olL
v

In fig. 9.4, and fig. 9.5 we have two illustrations of viscous and
non-viscous regions the first with a moving probe pushing its way
through a surface, and the second with a wing set at an angle
of attack that generates some turbulence. Both are illustrations
of the viscous and inviscous regions for the two flows. Both of

(9.21)
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these are characterized by the Reynold’s number in some way not
really specified in class. One of the points of mentioning this is
that when we are in an essentially inviscous region, we can neglect
the viscosity (u V2u) term of the flow.

\L ’///J \\\ lhvicces L
,/,,/—:‘/"} Prolee

"T\%H

Figure 9.4: Viscous and non-viscous regions.

P
la/Encel  refim, .

Figure 9.5: Viscous and non-viscous regions.

9.4 SUMMARY.
9.4.1  Non-dimensionality and scaling.

With the variable transformations

u— Ud (9.22)
p— pU?p’ (9-23)
t— %t’ (9.24)
1
V-V, (9-25)

L
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we can put Navier-Stokes in

ou’ 1

a—ltl, +( -V =V'p' + EV’u/. (9.26)
Here R is Reynold’s number
_L

==

R (9-27)

A relatively high or low Reynold’s number will effect whether
viscous or inertial effects dominate
|effect of inertia lo(u- V)u|
|effect of viscosity| ‘ yV2u‘ '

(9.28)

The importance of examining where one of these effects can domi-
nate was clear in the Blassius problem, where doing so allowed for
an analytic solution that would not have been possible otherwise.

9.5 PROBLEMS.

Exercise 9.1 Velocity non-dimensionalisation. (2012 ps3)

In fluid convection problems one can make several choices for
characteristic velocity scales. Some choices are given below for
example:

1. Uy = gad®*VT /v

2. U2 =1//d
3. U3 = /gadVT
4. U4 = K/d,

where g is the acceleration due to gravity, « = (dV/dT)/V is the
coefficient of volume expansion, d length scale associated with
the problem, VT is the applied temperature difference, v is the
kinematic viscosity and « is the thermal diffusivity.

a. Verify that each of the expressions above have units of ve-
locity.
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b. Water convection at room temperature. For pure liquid, say
pure water at room temperature, one has the following
estimates in cgs units:

x~10"%
Kk ~1073 (9-29)
v~1072

For a d ~ 1lcm layer depth and a ten degree temperature
drop convective velocities have been experimentally mea-
sured of about 10~2. With g~ 1073, calculate the values of
Uy, U, Uz, and Uy. Which ones of the characteristic veloci-
ties (Uy, Uy, U3, Uys) do you think are suitable for nondimen-
sionalising the velocity in Navier-Stokes/Energy equation
describing the water convection problem?

¢. For mantle convection, we have

a~107°
v~ 10
K~ 1072 (9-30)
d~ 108
VT ~ 103,

and the actual convective mantle velocity is 10~8. Which
of the characteristic velocities should we use to nondimen-
sionalise Navier-Stokes/Energy equations describing mantle
convection?
Answer for Exercise 9.1
Solution Part a. Verify units. Let us check each of the velocity
expressions in turn.

1. For Uj: Observing that

[aa‘t‘] - V2], (0.31)

we must have

_ 1 _ 1 2
[v] = W = TL . (9-32)
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We also find
1 [0V 1
[«] = m [BT] = mz (9:33)
so that
_ L 4 L
(U] = ﬁ L Kﬁ =T (9.34)
2. For Uy:
121 L
[Us] = TL.T (9-35)
3. For Us:
L1 L
[Us] = ﬁRLK =T (9.36)

4. For Uy: According to [15], thermal diffusivity is defined by
oT

== K VT, (9-37)
so that
1 12
[x] = v T (9-38)

That gives us

121 L
[Ug] = TL-T (9-39)

Solution Part b. Water convection. For water at room temperature,
we have

U ~ 10—310—4(1)2101L =10"*

10-2
U, ~107%/1 =102
2 / (9.40)

Uz ~ \/ 10-310—4(1)10' = 1073
Uy ~107%/1=1073,
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Use of U, = v/d gives the closest match to the measured character-
istic velocity of 1072,

Solution Part c. Mantle convection. For the mantle convection
problem let us compute the characteristic velocities

1073102100103

_ —-10

U ~ 1071 =10

104 13
U ~ —— =10

108 (9.41)
Us ~ V10-310-5108103 ~ 10

1072

~ =1 —10.

u. o5 =10

Both U; and Uy come close to the actual convective mantle velocity
of 1078. Use of U; to nondimensionalise is probably best, since it
has more degrees of freedom, and includes the gravity term that is
probably important for such large masses.

Exercise 9.2 Nondimensionalise N-S equation. (2012 ps3, p2)

paalt1 +o(u-Vyu=—-Vp+uViu+ g2, (9-42)
where 2 is the unit vector in the z direction. You may scale:
e velocity with the characteristic velocity U,
e time with R/U, where R is the characteristic length scale,
e pressure with pU>.

Reynolds number Re = RUp/u and Froude number Fr = ¢R/U.
Answer for Exercise 9.2

Let us start by dividing by gp, to make all terms (most obviously
the z term) dimensionless.
1ou 1

1ou 1 vyu=_1 H o243
2o +g(u Viu = ngp+ng u+2. (9.43)
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Our suggested replacements are

u=Uu

9 _Uad

ot Rot

p = Ly (9-44)
_ 1 /

V = ﬁv.

Plugging these in we have

2 94/ 2 2
iai + i(u/ -V = _ﬂv’p’ +
gRadt  gR gpR
Making a Fr = gR/U replacement, using the Froude number, we
have

uaw
Fr ot

ul
goR?

VU +2. (9.45)

U one . Uory M 2.7 s
+Fr(u Viu' = Fer +7FrpRV u +2. (9.46)
Scaling by Fr/U we tidy things up a bit, and also allow for insertion
of the Reynold’s number
ou’ Fr,

1
T +(u V' =-V'p + R—eV’zu’ TR (9.47)

Observe that the dimensions of Froude’s number is that of velocity

[Fr = 81T = £, 9.48)
so that the end result is dimensionless as desired. We also see
that Froude’s number, characterizes the significance of the body
force for fluid flow at the characteristic velocity. This is consistent
with [27] where it was stated that the Froude number is used to
determine the resistance of a partially submerged object moving
through water, and permits the comparison of objects of different
sizes (complete with pictures of canoes of various sizes that Froude
built for such study).
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10.1 TIME DEPENDENT FLOW.
Suppose we have an obstacle to fluid flow, as in fig. 10.1 we have a

e
_—_/7 > -
77N\

=
~ 2

Figure 10.1: Flow lines around circular obstacle.

couple conditions on fluid flow.
1. No fluid can cross the solid boundary

2. Due to viscosity the tangential velocity of the fluid should
match the velocity of the solid boundary.

In study of this type of flow, we can consider the flow separated
into two portions, one is a flow that is largely viscous, and the
other that is largely inertial. This is depicted in fig. 10.2

Figure 10.2: Viscous and inviscous regions in boundary layer flow.

We call the study of these two regions boundary layer flow.
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10.2 UNSTEADY RECTILINEAR FLOW.

Given
u=1u(x,yz X, (10.1)

the continuity equation (incompressibility assumption) is

aM+%Z+%%=O. (10.2)
x gy ,0z

Our non-linear term of Navier-Stokes is then killed

ou
ug - = 0 (10.3)
so that Navier Stokes takes the form
871/[ ap + 8271/[ + 8271/[ (10 a)
Por = ox "M \oy2 T a2 ) 4
__9p
0= @, (10.4b)
__9p
0= 3 (10.40)

Taking the x partial of eq. (10.4a), we have

d0 0%p
Poatdx = 8x2 ( Zg BZZBE> (105)

Since we also have zero partials in the y and z directions from
eq. (10.4b), and eq. (10.4¢c), we must then have

&p
2 =0. (10.6)
So, after integrating we find for the pressure
P(x/ t) = pO(t) — Gx, (10'7)
where
G= —d—p (10.8)
- dx’ '

In general G is a function of ¢, but constant in space. Given this,
we have for our Navier-Stokes equation

ou ?u  d%u
o5 =c0+u (5552 ) (109)
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—(Example 10.1: Impulsively started ﬂow.]

Reading: §2 from [2]

Let us consider a flow driven by a moving boundary. We
have two ways that we can look at such a flow, the first of
which is with the fluid fixed and the boundary moving and
the second is with the fluid moving and the boundary fixed.
This are depicted respectively in fig. 10.3.

]
1]

Qe ' /7 777777]
(a) (b)

Figure 10.3: Lagrangian and Eulerian views.

These two possible viewpoints can be called the Eulerian
and the Lagrangian views where

e Lagrangian: the observer is moving with the fluid.

e Eulerian: the observer is fixed in space, watching the
fluid.

With a flow of the form
u=u(y, t)X, (10.10)

the Navier-Stokes equation is

2
ou = I/a—u. (10.11)

ot oy2

Our boundary value constraints are

u(0,t) = 0 et <l (10.12)
u for t > 0,
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and u — 0asy — co.
If we make a transformation to dimensionless arguments

u— U, (10.13)
so that

u . .

i — dimensionless. (10.14)

Then we require of the parameters

Y
vt

so that we have a characteristic length scale of the form

y/ v, t— (10.15)

5 — Vt. (10.16)
We can find an approximate solution

oL (10.17)

T~ 17
We can introduce a similarity variable (often hard to find), of
the form

n= LA (10.18)

Let us use our similarity variable and see what happens.
With

u=UF®), (10.19)
we find
o el
dy 910y (10.20)
= uf’ L

2\/vt’
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where

of
I _ —_—
f - aﬂ
We then find
*u , 1
o =Y

and

du _dudy
ot  ony ot

_3”3( y )
o1 ot \ 24/vt
_ lou/ 'y
— 205 \2,/v3/2
_ e
=-Ufy

Putting these all together we have

1

M 5y = VS

or
"+ omf =0.

With g = f’, we have

dg /
= = [ —2ny.
/ q nmy

With solution
In(f') = —5> +InC,
or

fl=Ce .

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)

(10.26)

(10.27)

(10.28)
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Integrating once more, and writing the integral in terms of the
error function

erf(y) = \/2% /0’7 esds, (10.29)
We find
f(n) = Aerf(n) + B. (10.30)

From our boundary value condition at the origin we have
u(0,t) =Uf(0) = (10.31)
so that
U(Aerf(0)+ B) = U. (10.32)

Since erf(0) = 0, we must have B = 1. For our boundary value
constraint far from the impulse, we have

u(co, t) = U(Aerf(co) +1) = 0, (10.33)

but since erf(o0) = 1, we must have A = —1. Our solution is
then found to be

|yt =Ud —erf(y). | (10.34)

where (again)

Y
= . 10.
Ui Wor (10.35)
Explicitly, this is

u(y,t) = (1 —erf <23ﬁ>> . (10.36)

If we look at the thickness of the boundary layer for different
viscosities, sampled at different times we may end up with
curves as in fig. 10.4




10.3 REVIEW. IMPULSIVELY STARTED FLOW.

Figure 10.4: Plots of separation thickness for different viscosities.

However, it turns out that for any fluids, regardless of the
viscosities, the thickness of the boundary layers generally vary

as a linear function of \/vt so if J is plotted against that as in
tig. 10.5 we see a linear relationship.

)
V«w

Figure 10.5: Linear relation between separation thickness and /vt.

10.3 REVIEW. IMPULSIVELY STARTED FLOW.

Were looking at flow driven by an impulse, a sudden motion of
the plate, as in fig. 10.6 where the fluid at the origin is pushed so

/Fv

Fluid, initially at rest.

X
e

I/////////(/I

Impulse @ t=0

Figure 10.6: Impulsively driven time dependent fluid flow.
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that it is given the velocity
0 fort <0
u(0,t) = (10.37)
U(t) fort >0,

where U — 0 as y — oo.
Navier-Stokes takes the form

ou o%u

g = VW. (1038)
With a similarity variable

Y
= ’ 10.

=3 ot (10.39)
and

u=UF®), (10.40)
we found that we needed to solve

f"+2nf =0, (10.41)
where

s oo

with solution
u(y, t) = U(1 — erf(n)). (10.43)
Here, we have used the error function
2 U 2
erf(n) = — / e ds, 10.
() Nl (10.44)

as plotted in fig. 10.7

10.4 BOUNDARY LAYERS.

Let us look at spacetime points which are constant in 7

-2 (10.45)
2 (%51 2 l/tzl ‘
so that the speed at (y1,t1) equals the speed at (y»,t>). This is
illustrated in fig. 10.8
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i)
1.-:|_— — +1

:l:-— .-".I

L/

L I,l'

M
L

-4 -2 ! 2 4 T

I.l.
/1
/ol
1 - -10}f

Figure 10.7: Error function.

,12)

(yll tl)

ud

Figure 10.8: Velocity profiles at different times.
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10.5 UNIVERSAL BEHAVIOR.

Looking at a plot with different viscosities for position vs time
scaled as /vt as in fig. 10.9 we see a sort of universal behavior
Characterizing this we introduce the concept of boundary layer

y O — 1
O — 1
L — VU3

N

Vit

Figure 10.9: Universal behavior.

thickness

Definition 10.1: Boundary layer thickness

The length scale over which is dominant. This is the viscous
length scale.

This is similar to what we have in the heat equation

oT  9°T
= K 46
T (10.46)
where the time scale for the diffusion can be expressed as
d?
[x:] = o (10.47)

We could consider a scenario such as a heated plate in a cavity of
height ¢ as in fig. 10.10 with a temperature T on the bottom plate.
We can ask how fast the heat propagates through the medium.

Example 10.2: Oscillating plate.}

Consider an oscillating plate, driving the motion of the fluid,
as in fig. 10.11



10.5 UNIVERSAL BEHAVIOR.

51
/////////{[/

Figure 10.10: Characteristic distances in heat flow problems.

/[ |

Oscillating plate.

Figure 10.11: Time dependent fluid motion due to oscillating plate.

U(t) = Uy cos Ot = Re <eri0t> . (10.48)

(we are thinking here about the always oscillating case, and
not an impulsive plate motion).
We write

u@y, ) = Re (f)e™), (10.49)

with substitution into

ou %u
T va—yZ, (10.50)

we have
iQf(y)e’ = v el (10.51)
y
or

iQf(y) = vf". (10.52)
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This is an equation of the form

f// — me
where
2_ 1)
m- = "
or
1iQ)
=4/ —=A1+1i
m ” 1 +19),
where
_ /82
Y
check:

Considering the boundary value constraints we have
f(y) — Ae)\(1+i)y + Be*)\(1+i)y.
Since u(oo, t) — 0 we must have

f(OO) = 0/

oscillating) term by setting A = 0. Also, since
u(0, t) = U(t),
we must have

f(0) = Uy,

(10.53)

(10.54)

(10.55)

(10.56)

(10.57)

(10.58)

(10.59)

so we must kill off the exponentially increasing (albeit also

(10.60)

(10.61)
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or

B = Uy, (10.62)
S0

f(y) = Upe M+, (10.63)
and

u(y,t) = Re (er_)‘ye_i()‘y_ot)) , (10.64)
or

u(y, t) = Upe ™ cos (—i(Ay — Q). (10.65)

This is a damped transverse wave function

uly,t) = f(y — ct), (10.66)
where
€= %/ (10.67)

is the wave speed.

Since we have an exponential damping here, the flow of
fluid will essentially be confined to a boundary layer, where
after distance y = n/A, the oscillation falls off as

1
= (10.68)

We can find a nice illustration of such a flow in [16].

10.6 FLUID FLOW OVER A SOLID BODY.
10.6.1  Scaling arguments.

We have been talking about impulsively started flow and the Stokes
boundary problem.
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We will now move on to a similar problem, that of fluid flow
over a solid body.

Consider fig. 10.12, where we have an illustration of flow over a
solid object with a boundary layer of thickness é. We have a couple

//f:

Figure 10.12: Flow over a solid object with boundary layer.

scales to consider.
1. Velocity scale U,
2. length scale in the y direction 4,
3. length scale in the x direction L,

where
L>. (10.69)

As always, we start with the Navier-Stokes equation, restricting
ourselves to the steady state du/dt = 0 case. In coordinates, for in-
compressible flows, we have our usual x momentum, y momentum,
and continuity equations

DL aZ—u+az—u (10.70a)
ox dy  pox ox2  ay? )’ 7
ua£+va£—_lal+y 82704—827’0 (10 Ob)
ox dy  pay ox2  oy?)’ 7
ou aﬁ =0. (10.70¢)

a+8y_
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Let us look at the scaling of these equations, starting with the
continuity equation eq. (10.70c). This is roughly

ou U
ox L
% v (10.71)
y s

We require that these have to be of the same order of magnitude.
If these are of the same scale we have

% ~ g, (10.72)
so that
v~ u—é, (10.73)
L
or
v U (10.74)

Looking at the viscous terms

JFu vl
ox? L?
Pu o
a2

(10.75)

or

*u *u
va—yz > V@. (10.76)

So we can neglect the x component of the Laplacian in our x
momentum equation eq. (10.70a).
How about the inertial terms

2
0x L
Juouu
ay L ¢ L~

(10.77)

Since these are of the same order (in the boundary regions) we
cannot neglect either. We also cannot neglect the pressure gradient,
since this is what induces the flow.
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For the y momentum equation we have

JPo Ul au v
0x2 L L2 L3 62
o oul U vl
a2 L& 6L 8

(10.78)

We can neglect all the Laplacian terms in the ¥ momentum equation.
unnumberedSubsectionQuestion:Why compare the magnitude of
the viscous terms for the y momentum to the magnitude of the
same terms in the x momentum equation, and not to the LHS of
the y momentum equation. unnumberedSubsectionAnswer:That
is a valid point, but our equations are coupled, and contributions
from one feed into the other.

We are not done yet. For the inertial terms in the y momentum
equation we have

ox L2 (10.79)
L0 ousul su 7
oy L L6 L2
Note that
su? s (U? u?
? = Z T < T (10.80)

We see that both of the y momentum inertial terms can be neglected
in comparison to the x momentum equations.

Putting all of this together, our equations of motion for the
boundary flow are now reduced to

ou ou _ 1dp d*u

ua*‘v@ = —Ea +V87y2’ (10.81a)
a—p =0, (10.81b)
oy

Jdu dv

e + @ =0. (10.81¢)
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Utilizing Bernoulli’s theorem eq. (7.7), we can deal with the pres-

sure term, the magnitude of which is

__3<P>N,a<1g)
ox \ p ox \ 2
2 du
~ 2o
au

~U—,
dx

and our equations of motion are finally reduced to

ua—u + va—u = Ud—u +1/az—u
ox dy  dx oy’

ap _

dy 0,

Ju Jv

ax Tay O

(10.82)

(10.83a)

(10.83b)

(10.83¢)

{Example 10.3: Fluid flow over a flat plate (Blasius problem).1

In the boundary layer we found
1. Continuity equation
ou + Jdo =0.
ox dy
2. x momentum equation

L e 1oy P
ox dy  pox  oy?

3. ¥ momentum equation

dp
@_a

(10.84)

(10.85)

(10.86)
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In the inviscid region p is a constant in y
d
ai; =0. (10.87)

This will be approximately true in the boundary layer too as
illustrated in fig. 10.13

/F—_,_——;

s

Figure 10.13: [llustrating the boundary layer thickness and associ-
ated pressure variation.

Starting with

21; +(u-Viju=-V (Z +)() +vV?u, (10.88)

we were able to show that inviscid irrotational incompressible
flows are governed by Bernoulli’s equation

1
Z + X+ Euz = constant. (10.89)

In the absence of body forces (or constant potentials), we have
dp 9 (1, ou
ag— oy <2u ) Uax, (10.90)
so that our boundary layer equations are

ua—u +va—u = Ud—u +vaz—u (10.91a)
ox oy dx | oy?’ =




10.6 FLUID FLOW OVER A SOLID BODY.

dp

dy %

Ju Jv

o dy 0

With boundary conditions

U(x,0)=0
U(x, 0) = U(x)
V(x,0)=0.

Define a similarity variable

v
4l N

Suppose we want
1~ f(y, x).
Since we have
x ~ Ut,

or

X

t~
u

we can make the transformation

1=t

We can introduce stream functions

_
Ty
=2

S ox’

(10.91b)

(10.910)

(10.92)

(10.93)

(10.94)

(10.95)

(10.96)

(10.97)

(10.98)
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We can check that this satisfies the continuity equation since
we have

o 0 _Fy Py

d0x Jdy 0xdy Jyox (10.99)

=0.

Now introduce a similarity variable

y _ 9
(5U0 \/ZVXU()'

Note that we have also suddenly assumed that U = Uy (a
constant, which will also kill the U’ term in the N-S equation).
This is not really justified by anything we have done so far, but
asking about this in class, it was stated that this is a restriction
for this formulation of the Blasius problem.

Also note that this last step requires:

d = 1/2vx/Up. (10.101)

This at least makes sense dimensionally since we have

f(n) =

(10.100)

[y/vx/Ul = /(L2 TYLXT/L) = L, (10.102)

but where did this definition of § come from?

In [22] it is mentioned that this is a result of the scaling argu-
ment. We did have some scaling arguments that included J in
the expressions from last lecture, one of which was eq. (10.90)

IL
O~ %, (10.103)
but that does not obviously give us eq. (10.101)?
Ah. We argued that

auuj

U@ ~ T (10.104)
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and that the larger of the viscous terms was

vaz—u ~ v (10.105)
U .105
If we require that these are the same order of magnitude, as

argued in §8.3 of [2], then we find eq. (10.103).
Regardless, given this change of variables, we can appar-
ently compute

"+ ff"=0. (10.106)

Our boundary conditions are

fF=f=0 g=0
fl=1 1 = oo.

Attempting to derive eq. (10.106) using the definitions above
gets a bit messy. It is messy enough that I mistakenly thought
that we could not possible arrive at a differential equation that
has a plain old (non-derivative) f in it as in eq. (10.106) above.
The algebra involved in taking the derivatives got the better
of me. This derivation is treated a different way in [2]. For
the purpose of completeness (and because that derivation also
leaves out some details), lets do this from start to finish with
all the gory details, but following the outline provided in the
text.

Instead of pre-determining the form of the similarity vari-
able exactly, we can state it in terms of an unknown and to be
determined function of position writing

(10.107)

_ Y
g(x)

(10.108)

i

We still introduce stream our stream functions eq. (10.98),
but require that our horizontal velocity component is only a
function of our similarity variable

u = Uh(n), (10.109)
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where h() is to be determined, and is scaled by our character-
istic velocity U. Observe that, as above, we are assuming that
U(x) = U, a constant (which also kills off the UU’ term in the
Navier-Stokes equation.) Given this form of u, we note that

9P _dpay 1 9P
“D= 5y = By ay ~ 300y’

(10.110)

so that
17 / !
P = Ug(x) /0 hy' )y + k(). (10.111)

It is argued in the text that we also want ¢ to be a streamline,
so that (7 = 0) = 0 implying that k(x) = 0. I do not honestly
follow the rational for that, but it is certainly convenient to set
k(x) = 0, so lets do so and see where things go. With

11 ! /
i) = /0 h(y' . (10.112)

Observe that f(0) is necessarily zero with this definition. We
can now write

P(n, x) = Ug(x)f(1). (10.113)

This is like what we had in class, with the exception that in-
stead of a constant relating 1 and f (1) we also have a function
of x. That is exactly what we need so that we can end up with
both f and derivatives of f in our Navier-Stokes equation.
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Now let us do the mechanical bits, computing all the deriva-
tives. We can compute v to start with

_ 9y
°% Tox
= U2 (s(fn)
=-u (g’f+gf’gz>
-—Uu (g’f _ gf’é‘%) (10.114)
il e avs
—-u(gr- %)
= U (g'f -~ f'g'n)
=Ug' (f'n—1).

We had initially u = Uh(y), but f'(7) = h(1), so we have now
got both u and v specified in terms of f and g and their
derivatives

u=Uuf'
v=Ug (f'n—f).

We have got a bunch of the u derivatives that we have to
compute
ou af’
ax ~ox
/
_y2f o
on dx

/
— _uf//;l;gz

/
— U 871
fog

(10.115)

(10.116)
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and
oo
ay ~ oy
= Uf” 877 (10.117)
1
= uf”g,
and
Fu _ 19"
Wy gy
= U;f”’gz (10.118)
- ugl2 £

Our x component of Navier-Stokes now takes the form

0= ua—u+va—u e
~ T ox oy By
U ,,g u, 1 u//l_ Ul///
=Uuf' (—Uf'y +g(f77f)fgvng
u
7 (M + UggfnF™ — Ugg ff" —vf"),
(10.119)
or (assuming g # 0)
/
Zn w%ff// -0 (10.120)

Now, it we wish Ugg’/v =1 (to make this equation as easy to
solve as possible), we can integrate to find the required form
of g(x). This gives

ug?

oy x+C. (10.121)
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It is argued that we expect

0 1
Gy ur'’=, (10.122)
Iy g

to become singular at x = 0, so we should set C = 0. This

leaves us with

gx) = 2%, (10.123a)
n= Y , (10.123b)
/2xv
u
f"+ff" =0, (10.123¢)
u=Uf, (10.123d)
, v
v=0f =Py, (10.123¢)
and boundary value conditions
f(0) =0, (10.124a)
f(0)=0, (10.124b)

f'(c0) = 1. (10.124¢)
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where eq. (10.124b) follows from u(0) = 0 and eq. (10.123d),
and eq. (10.124c) follows from the fact that u tends to U.

We can solve this numerically and find solutions that look
like fig. 10.14

Figure 10.14: Boundary layer solution to flow over plate.

This is the Blasius solution to the problem of fluid flow over a
flat plate.

10.7 SUMMARY.
10.7.1  Impulsive flow.

We looked at the time dependent unidirectional flow where

u=u(y, )X (10.125)
ou o%u
g = VW (10.126)
u(0,t) = 0 fort <0 (10.127)
u fort >0,

and utilized a similarity variable # with u = Uf()

n= /
2/t

and were able to show that

u(y, t) = Up <l — erf (25%)> . (10.129)

The aim of this appears to be as an illustration that the boundary
layer thickness & grows with v/vt.

(10.128)
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10.7.2  Oscillatory flow.

Another worked problem in the boundary layer topic was the
Stokes boundary layer problem with a driving interface of the
form

Uut) = Upe'™, (10.130)

with an assumed solution of the form

u(y,t) = f(y)e'™, (10.131)
we found
u(y, t) = Upe ™ cos (—i(Ay — Qt)), (10.132a)

Q)
A= 2 (10.132b)

This was a bit more obvious as a boundary layer illustration since
we see the exponential drop off with every distance multiple of

2v
-

10.7.3  Blassius problem (boundary layer thickness in flow over plate).

We examined the scaling off all the terms in the Navier-Stokes
equations given a velocity scale U, vertical length scale § and
horizontal length scale L. This, and the application of Bernoulli’s
theorem allowed us to make construct an approximation for Navier-
Stokes in the boundary layer

ou ou du o%u

uss + v@ = UE + Va—yz, (10.133a)
‘3’; =0, (10.133b)
du % _, (10.133¢)

ox oy
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With boundary conditions

U(x,0)=0 (10.134)
U(x,00) = U(x) = Uy (10.135)
V(x,0) =0. (10.136)

With a similarity variable

y
17 = vx’ (10137)
V2T

and stream functions

= 315 (10.138)

o= —%r (10.139)
and

¢ = f)\/2vxUy, (10.140)

we were able to show that our velocity dependence was given by
the solutions of

"+ ff"=0. (10.141)

This was done much more clearly in [2] and I worked this problem
myself with a hybrid approach (non-dimensionalising as done in
class).

10.8 PROBLEMS.

Exercise 10.1 Oscillatory boundary, phase angle. (2012 ps3, p3)

Starting with the solution of the Stokes” boundary layer problem
calculate shear stress on the plate y = 0. What is the phase dif-
ference between the velocity of the plate U(t) = Up cos wt and the
shear stress on the plate?

Answer for Exercise 10.1
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We found in class that the velocity of the fluid was given by

u(y, t) = Upe ™ cos(Ay — wt), (10.142)
where
w
A= > (10.143)

Calculating our shear stress we find
Ju A .
y@ = UpApe Y (=1 —sin(Ay — wt)), (10.144)
and on the plate (y = 0) this is just

ya—u = UpAu(—1 + sin(wt)). (10.145)
ay y=0
We have got a constant term, plus one that is sinusoidal. Observing
that

cos x = Re(e™™)

j ; (10.146)
sinx = Re(—ielx) = Re(el(xfn/Z)). 4

The phase difference between the non-constant portion of the shear
stress at the plate, and the plate velocity U(t) = Upcoswt is just
—71/2. The shear stress at the plate lags the driving velocity by 9o
degrees.

Exercise 10.2 Spin down of coffee in a bottomless cup.

Here is a variation of a problem outlined in §2 of [2], which
looked at the time evolution of fluid with initial rotational motion,
after the (cylindrical) rotation driver stops, later describing this as
the spin down of a cup of tea. I will work the problem in more
detail than in the text, and also make two refinements.

1. I drink coffee and not tea,

2. I stir my coffee in the interior of the cup and not on the outer
edge.
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Because of the second point I will model my stir stick as a rotating
cylinder in the cup and not by somebody spinning the cup itself to
stir the tea. This only changes the solution for the steady state part
of the problem.

Answer for Exercise 10.2

We will work in cylindrical coordinates following the conven-
tions of fig. 10.15. We will assume a solution that with velocity

Figure 10.15: Fluid flow in nested cylinders.

azimuthal in direction, and both pressure and velocity that are
only radially dependent.

u=ureg (10.147)

p = p(r). (10.148)

Let us first verify that this meets the non-compressible condition
that eliminates the 'V (V - u) term from Navier-Stokes

ue(19.+ 25, 439, - (ua
v u—<r8r+ra¢+zaz) (ug)

A

$- <faru+ faq,umazu) ru <f.ar¢+ ? - a¢¢+z-az¢>

1]
o <
-
Q)

S
=

+

Iy

= “S.)

—~

|

N
SN—

(10.149)
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Good. Now let us express each of the terms of Navier-Stokes in
cylindrical form. Our time dependence is

00u(r, t)p = pPoyL. (10.150)

Our inertial term is

plu - V)u =23, ()

5 (10.151)
_ P
== (—1).
Our pressure term is
—Vp=—tod,p, (10.152)
and our Laplacian term is
2 1 1 N
uVou=u ;ar(ra,) + r—28¢¢ + 0z | u(r)¢
(10.153)

—fu

_. (2 —fu
_y<rar(r8ru)+ 2 )

Putting things together, we find that Navier-Stokes takes the form

) . iy
pPou + %(—f) = —t0,p+pu (‘far(raru) + q)u) , (10.154)

72

which nicely splits into an separate equations for the ¢ and %
directions respectively

1 1 U

;atu = ;Br(raru) — a2 (10.155a)
2

% = 0,p. (10.155b)

Before t = 0 we seek the steady state, the solution of
ro(ro,u) —u = 0. (10.156)
We have seen that

B
u(r) = Ar+ ~ (10.157)
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is the general solution, and can now fit this to the boundary value
constraints. For the interior portion of the cup we have

Ar + B =0 (10.158)
T lr=0

so B = 0 is required. For the interface of the “stir-stick” (moving
fast enough that we can consider it having a cylindrical effect) at
r = Ry we have

ARq = QR4, (10.159)
so the interior portion of our steady state coffee velocity is just
u=Qré. (10.160)

Between the cup edge and the stir-stick we have to solve

! (10.161)

or

AR? + B = QR?

10.162
AR3 +B =0. ( )
Subtracting we find
QR
A= _m, (10.163a)
QR3R3
B= R2 R2’ (10.163b)
so our steady state coffee flow is
Qre r € [0,Rq] (10.164)
u= QOR2 2 A 10.164
R%—Il{% <R7 — 1’) (P r e [Rl, Rz].
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We can use a separation of variables technique with u(r,t) =
R(r)T(t) to find the time evolution

1 T 1 R 5
TSR ( d,(ro;R) — > = —A%, (10.165)

which gives us

T o e MV, (10.166)
and R specified by
d’R  dR
_ 2 2412
O=r WJFYEJFR(Y/\ -1). (10.167)

Checking [1] (9.1.1) we see that this can be put into the standard
form of the Bessel equation if we eliminate the A term. We can do
that writing z = rA, R(z) = R(z/A) and noting that rd /dr = zd /dz
and r2d? /dr? = z2d? /dz?, which gives us

Z,d*R dR

OZZ ﬁ-i- 7+R( 1). (10.168)

The solutions are
R(z) = J+1(2), Y1(2). (10.169)

From (9.1.5) of the handbook we see that the plus and minus
variations are linearly dependent since |_1(z) = —Ji(z) and Y_4(z) =
—Y1(z), and from (9.1.8) that Yi(z) is infinite at the origin, so our
general solution has to be of the form

u(r,t)=¢ Ec,\e_AZVth (rA). (10.170)
A

In the text, I see that the transformation A — A/a (where a was the
radius of the cup) is made so that the Bessel function parameter
was dimensionless. We can do that too but write

u(r,t)=¢ Zc;\ei%%wh (A;) ) (10.171)
A 2

Our boundary value constraint is that we require this to match
eq. (10.164) at t = 0. Let us write R, = R, Ry =aR, z = r/R, so that
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we are working in the unit circle with z € [0, 1]. Our boundary
problem can now be expressed as

1 \ z z € [0, a]

— ) c z) = 10.172
QR; A1 (Az) ﬁ(%_z) z€[a1] (10.172)
Let us pull the OOR factor into c, and state the problem to be solved
as

u(r,t) = QR Zn:cie_l%w]l (Al%> , (10.173a)
i=1
Y cili (Aiz) = ¢(2), (10.173b)
i=1
)z z € [0, 4a]
P(z) = { £ (1 z) zel1 (10.173¢)

Looking at §2.7 of [14] it appears the solutions for ¢; can be obtained
from

o= fol 2¢(z)J1(Aiz)dz
l fol Z]%(AiZ)dz
where A; are the zeros of [;.

To get a feel for these, a plot of the first few of these fitting
functions is shown in fig. 10.16. Using Mathematica ( bottomless-

(10.174)

0.6

04l

Figure 10.16: Bessel [;(A;z) zero crossings.
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02 0.4 0.6 0.8 10

Figure 10.17: Bessel function fitting for the steady state velocity profile
forn=1,3,5.

Coffee.cdf ), these coefficients were calculated for a = 0.6. The
n =1,3,5 approximations to the fitting function are plotted with
a comparison to the steady state velocity profile in fig. 10.17. As
indicated in the text, the spin down is way too slow to match reality
(this can be seen visually in the worksheet by animating it).
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SINGULAR PERTURBATION THEORY.

11

11.1 MAGNITUDE OF THE VISCOSITY AND INERTIAL TERMS.

In the boundary layer analysis we have assumed that our inertial
term and viscous terms were of the same order of magnitude. Lets

examine the validity of this assumption

o
dx ay?’
or
u_w
L 627
or
vL
5 ~ U,
finally
4 v ~1/2
I UL (Re) .
If we have
0
<t
and
g !
L VRe’
then
0
Z < 1,

(11.1)

(11.2)

(11.3)

(11.4)

(11.5)

(11.6)

(11.7)

when Re >> 1. (this is the whole reason that we were able to do

the previous analysis). Our EOM is

(u-V)u= —VP” +vV2y,

(11.8)
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with

u—Uu (11.9)
p— Up, (11.10)

as x,y — L. Performing a non-dimensionalization we have
(u Vi =-Vyp+ —V'z ! (11.11)
or
(u-V)u=-Vp+ RV (11.12)
- P™ Re ' '

To force Re — oo, we can write

1
Re = €, (11.13)
so that as € — 0 we have Re — co.

With a very small number modifying the highest degree partial
term, we have a class of differential equations that does not end up
converging should we attempt a standard perturbation treatment.

An example that is analogous is the differential equation

€ " U=Xx (11.14)

dx 7 4

where € < 1 and u(0) = 1. The exact solution of this ill conditioned
differential equation is

—x/e

u=>1+ee +x—e€. (11.15)

This is illustrated in fig. 11.1. Study of this class of problems is
called Singular perturbation theory. When x > € we have approxi-
mately

U~ x, (11.16)
but when x ~ O(e), x/e ~ O(1) we have approximately
—x/e.

u~e (11.17)
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u x»g

e~ x
x ~ 0@
£

Figure 11.1: Solution to the ill conditioned first order differential equa-
tion.
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11.2 ASYMPTOTIC SOLUTIONS OF ILL CONDITIONED EQUATIONS.

We will consider two cases, both ones that we can solve exactly

1. With u(0) = 1, and letting € — 0, we will look at solutions of
the ill conditioned LDE

e;l;+u =v. (11.18)
2. With u(0) =0, u(1) =2, and 0 < € < 1 we will look at the
second order ill conditioned LDE

d2u  du 3

ed—yz + @ =1. (11.19)
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—[Example 11.1: First order LDE.]

We can solve this system exactly. Our homogeneous equation
is

du
e@ +u=0, (11.20)

with solution
uoe Ve, (11.21)
Looking for a solution of the form

u= A(y)e_y/e, (11.22)
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we find

eAleV/e =y, (11.23)
and integrate to find

Aly) =y — €)e*/¢ +C. (11.24)
Application of the boundary value constraints give us

u= (1+e)e_y/€+y—e. (11.25)

This is plotted in fig. 11.2

20r

u(y) =(e +1) ec +y—€
1.5
Ole) . with e= 0.1
/\Hf Outer solution
10f !
\ A
osf \ *;‘
\ 17
AN _,;fﬂ:” . Inner solution
—
e

L L 1 L
0.0 0.5 10 15 20

Figure 11.2: Plot of exact solution to simple first order ill conditioned
LDE.

We want to consider the limiting case where

0<exl, (11.26)
and we let € — 0. If y = O(1), then we have

u~1x0+y, (11.27)
or just

u=y. (11.28)
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However, if y = O(e) then we have to be more careful con-
structing an approximation. When y is very small, but € is also
of the same order of smallness we have

p—v/e £0. (11.29)
If e -+ 0and y — O(e)

e~Y/€ _y g=€0M)/e _, ,—00) (11.30)
so

ursevle, (11.31)

For an approximate solution in the inner region, when y = O(e)
define a new scale

Y = % (11.32)
y =0(), (11.33)

so that our LDE takes the form

du
FNG +u=eY. (11.34)

When € — 0 we have

du
I +u~0. (11.35)

We have solution
Inu=-Y+InC, (11.36)
or

uoe Y =e Ve (11.37)
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Example 11.2: Second order example.]
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We can also solve this system exactly. We saw above in the first
order system that our specific solution was polynomial. While
that was found by the method of variation of parameters, it
seems obvious in retrospect. Let us start by looking for such a
solution, starting with a first order polynomial

u=Ay+B. (11.38)
Application of our LDE operator on this produces

A=1

B, (11.39)

Now let us move on to find a solution to the homogeneous

equation
d*u  du
€d7y2 + @ =0. (11.40)

As usual, we look for the characteristic equation by assuming
a solution of the form u = ™. This gives us

em®>+m = (em+1)m =0, (11.41)
with roots
m=0,—1/e. (11.42)

So our homogeneous equation has the form

u(y) = Ae V/€ + B, (11.43)
and our full solution is

u(y) = Ae Ve +B+ Y, (11.44)

with the constants A and B to be determined from our bound-
ary value conditions. We find

0=u(0)=A+B+0

(11.45)
2=u(l)= Ae Y +B+1. 45




11.2 ASYMPTOTIC SOLUTIONS OF ILL CONDITIONED EQUATIONS.

We have got B = — A and by subtracting
Al Ve —1)=1. (11.46)

So the exact solution is

e~¥/e —1

e —1° (11.47)

u=y+

This is plotted in fig. 11.3

200

% With €= 0.1

L L L
o0 0.5 10 15 0

Figure 11.3: Plot of our ill conditioned second order LDE.

Looking for a solution in the regular region, we consider small
€ relative to y. There our LDE is approximately

du
@ =1, (11.48)

which has solution
u=y+C. (11.49)
Our u(1) = 2 boundary value constraint gives us

C=1. (11.50)
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Our solution in the regular region where € — 0 and y = O(1)
is therefore just

u=y+1. (11.51)

Now let us consider the inner (ill conditioned) region. We will
see below that when y = O(e), and we allow both € and y tend
to zero independently, we have approximately

un~1—e Ve (11.52)

We will now show this. We start with a helpful change of
variables as we did in the first order case

Y = <. .
- (11.53)

When y = O(e) and Y = O(1) we have

2
foe ey = b (1150
or
dz—u + d—u =@ (11.55)
a2 day - ¢ 55

This puts the LDE into a non ill conditioned form, and allows
us to let e — 0. We have approximately

d>u  du
ﬁ aF W = O. (1156)

We have solved this in our exact solution work above (in a
slightly more general form), and thus in this case we have just

u=A+Be Y. (11.57)
At Y = 0 we have

u=A+B=0, (11.58)
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B=—A. (11.59)
We find for the inner region
u=Al—e V)= AQ—e V) ~1—eV/e (11.60)

Taking these independent solutions for the inner and outer
regions and putting them together into a coherent form (called
matched asymptotic expansion) is a rich and tricky field. For
info on that we have been referred to [9].

11.3 SUMMARY.
11.3.1  Singular perturbation theory.

The non-dimensional form of Navier-Stokes had the form
(u-Vyu=-Vp+ év%, (11.61)

where the inverse of Reynold’s number

Re = #, (11.62)

can potentially get very small. That introduces an ill-conditioning
into the problems that can make life more interesting. We looked at

a couple of simple LDE systems that had this sort of ill conditioning.

One of them was

d
e—u +u=x, (11.63)

dx
for which the exact solution was found to be

—x/e

u=(l+ee +x—¢€ (11.64)

The rough idea is that we can look in the domain where x ~ € and
far from that. In this example, with x far from the origin we have
roughly

exl+u=x~0+u, (11.65)
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so we have an asymptotic solution close to u = x. Closer to the
origin where x ~ O(e) we can introduce a rescaling x = ey to find

1du
65@+u = €y. (11.66)

This gives us

Z;+u ~0, (11.67)

for which we find

uoxeV=e e (11.68)
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THERMAL EFFECTS AND STABILITY.

12.1 STABILITY.
12.1.1  Stability. Some graphical illustrations.

What do we mean by stability? A configuration is stable if after
a small disturbance it returns to its original position. A couple
systems to consider are shown in fig. 12.1, fig. 12.2 and fig. 12.3.

3

\

A

AN /
\ /

Ay

\\ o //
/’ A
Q7

Figure 12.1: Stable well configuration.

P
;"_‘__ij;; ‘
e ““‘\\

Figure 12.2: Instable peak configuration.

We can examine how a displacement dx changes with time after
making it. In a stable configuration without friction we will induce
an oscillation as plotted in fig. 12.4 for the parabolic configuration.
With friction we will have a damping effect. This is plotted for
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Figure 12.3: Stable tabletop configuration.

the parabolic well in fig. 12.5. For the inverted parabola our

Figure 12.4: Displacement time evolution in undamped well system.

displacement takes the form of fig. 12.6 For the ball on the table,
assuming some friction that stops the ball, fairly quickly, we will
have a displacement as illustrated in fig. 12.7

12.2 CHARACTERIZING STABILITY.

Let us suppose that our displacement can be described in exponen-
tial form

ox ~ e, (12.1)

where 0 is the growth rate of perturbation, and is in general a complex
number of the form

O = 0R +i01. (12.2)



12.2 CHARACTERIZING STABILITY.

\ ,7\ — .

Figure 12.5: Displacement time evolution in damped well system.

&x

t

Figure 12.6: Time evolution of displacement in instable parabolic config-
uration.

43

t

Figure 12.7: Time evolution of displacement in tabletop configuration.
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12.2.1  Case I. Oscillatory unstability.

A system of the form

or =0
R (12.3)
o > 0.

oscillatory unstable. An example of this is the undamped parabolic
system illustrated above.

12.2.2  Case II. Marginal unstability.

5x ~ eO’RteiUIt
12.
~ e"R! (cos oyt + isin oyt) . (12.4)
We will call systems of the form
o1=0 ( )
12.
or >0, >

marginally unstable. We can have unstable systems with o7 # 0 but
still og > 0, but these are less common.

12.2.3 Case III. Neutral stability.

c=0
(12.6)
OrR =01 = 0.
An example of this was the billiard table example where the ball
moved to a new location on the table after being bumped slightly.

12.3 A MATHEMATICAL DESCRIPTION.

For a discussion of stability in fluids we will not only have to
incorporate the Navier-Stokes equation as we have done, but will
also have to bring in the heat equation. Unfortunately that is not
in the scope of this course to derive. Let us consider as system
heated on a bottom plate, and consider the fluid and convection
due to heating. This system is illustrated in fig. 12.8 We start with
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T’]
A < Vi
/ S S/ / g S
/ /
/ / / y
/ / / Y, /
/ S / / /
d Vs s - S s
/ / e . /
// / Vi //
/ e 4 /
/ s / /
/ 7 4 s
/ / / /

T 7

I

Figure 12.8: Fluid in cavity heated on the bottom plate.

Navier-Stokes as normal
Ju .
pop Fp Viu=—Vp+ uVu — p2g. (12.7)

For steady state with u = 0 initially (our base state), we will call
the following the equation of the base state

Vps = —ps2g. (12.8)

We will allow perturbations of each of our variables

U = Upgee + 0u = 0+ Ju
p=ps+op (12.9)
P = ps +0p.

After perturbation Navier-Stokes takes the form

0(0 + éu
(ps + 5p)¥ + (05 +0p)((0 + ou) - V)(0 + du) (12.10)
= =V (ps+3p) + pV(0+ 6u) — (s + 5p)2g.
Retaining only terms that are of first order of smallness.
dou 2 N A
P, = —Vps —Vép+uVaou— ps2g9 — op2g, (12.11)
applying our equation of base state eq. (12.8), we have
dou N 2 N A
Ps 5y = 028 — Vop +uVaou — p,25 — Spzg, (12.12)
or
p5885;1 = —Vép+uV3su — dpig. (12.13)
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We can write

0 1 op
- — VVZ) Su=——Vp— L30. 12.1

Applying the divergence operation on both sides, and using V - u =
0 so that V - du = 0 we have

<a —1/V2>m= —lv%p—(z-vfsﬁg, (12.15)
ot 0s [
or
lv%‘p =—(z- V)d—pg. (12.16)
Os POs

Assuming that p; is constant (actually that is already been done
above), we can cancel it, leaving

V2p=—(2-V)gop = —gaazép. (12.17)
Operating once more with d/dz we have

200p __ &0p

0z 3322'

Going back to eq. (12.14) and taking only the z component we have

(12.18)

9 v o= 1P 0P
<8t vV >(5w— 0. 0z psg (12.19)
2
(a —vV2> V2w = — OV P _ &g
ot ps 0z Ps
L8P g
= Ve

(12.20)

In the last step we use the following assumed relation for tempera-
ture

op = —psadT. (12.21)



12.4 THERMAL STABILITY REVIEW. RAYLEIGH BENARD PROBLEM.

Here « is the coefficient of thermal expansion. This is just a state-
ment that expansion and temperature are related (as we heat some-
thing, it expands), with the ratio of the density change relative to
the original being linearly related to the change in temperature.
We have finally

3—VVZ V26w = qu a—2+a—2 oT (12.22)
ot “8% o T a2 ) 0 ‘

Solving this is the Rayleigh-Benard instability problem. While this
is a fourth order differential equation, it is still the same sort of
problem logically as we have been working on. Our boundary
value conditions at z = 0 are

u,v,w,ou,ov,dw = 0. (12.23)
Also relevant will be a similar equation relating temperature and

fluid flow rate

0 5 ow
<E)t —xV > 6T = AT7, (12.24)

which we will cover in the next (and final) lecture of the course.

12.4 THERMAL STABILITY REVIEW. RAYLEIGH BENARD PROB-
LEM.

Reading: §9.3 from [2].
[lustrated in fig. 12.9 is the heated channel we have been dis-
cussing We will take initial conditions

5 -

3T (12.25)

E

Ju 2

pap P Viu=—Vp+uVu+pg. (12.26)
Our energy equation is

aa]t—‘ + (u . V)T = KVZT. (12'27)

243



244 THERMAL EFFECTS AND STABILITY.

T
z
u =0
—..
};‘
T, -

Figure 12.9: Channel with heat applied to the base.

We have this u - V term because our heat can be carried from one
place to the other, due to the fluid motion. We would not have this
convective term for heat dissipation in solids because elements of a
solid are not moving around in the bulk. In the steady (base) state

we have
S L o
— 27 _
0=xV T_K<8x2+8y2+822> , (12.28)
but since we are only considering spatial variation with z we have
92
K@TS =0, (12.29)
with solution
AT
T, =Ty — 72. (12.30)

We found that after application of the perturbation
u— 0+du
p—ps+op
0 — ps+0p
T — T + 6T,

(12.31)

to the base state equations, our perturbed Navier-Stokes equation
was

> (0 5 L
v E—VV ow = g $+87y2 oT. (12.32)
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12.5 ENERGY PERTURBATION.

aTSaJ; oT, (bu- V)T, +6T) = k V(T +6T). (12.33)
We have got

oT;

5 = 0. (12.34)

Using this, and eq. (12.29), and neglecting any terms of second
order smallness we have

26T

T3 +ou- VT, =«V?T. (12.35)

We would like to solve this and eq. (12.32) simultaneously.

12.6 NON-DIMENSIONALISATION, THERMAL VELOCITY.

We would like to scale

X, Y,z with d

t with d? /v
Sw with «/d
6T with AT.

(12.36)

Sanity check of dimensions

e viscosity dimensions

2
i~ 1] /|~ 5 (1237)

e thermal conductivity dimensions Since [kV?] ~ 1/T, we
have

[kl ~ = (12.38)

e time scaling

d? L?
|:1/:| ~ W ~T. (1239)
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e velocity scaling
L?1
[x/d] ~ TL ™ [ow]. (12.40)

Looks like everything checks out. Let us apply this rescaling to our
perturbed velocity eq. (12.32)

2({v 0 2 92 02
v’ (ant’ — EV/ ) déw = gaAT (8 5 8y’2> OT'. (12.41)

Introducing the Rayleigh number

_ gaATd?
R=——, (12.42)
and dropping primes, we have
) ? 9
2 2
\% <8t V>(5 R(a 5 ayz)(ST (12.43)
My class notes original had ‘R with the value
gATd?
va '

but performing this non-dimensionalization shows that this was
either quoted incorrectly, or typed wrong in the heat of the mo-
ment. A check against the text shows (equation (9.27)), shows that
eq. (12.42) is correct.

12.7 NON-DIMENSIONALIZATION OF THE ENERGY EQUATION.

Rescaling our energy eq. (12.35) we find

v 9T « 2
Zor ﬁé " VT = dZV/ 6T'. (12.44)
Introducing the Prandtl number
v
Pr=" (12.45)

and dropping primes our non-dimensionalized energy equation
takes the form

(Pr(.?t — VZ) 0T = dw. (12.46)
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12.8 NORMAL MODE ANALYSIS.

We have got a pair of nasty looking coupled equations eq. (12.43),

and eq. (12.46). Repeated so that we can see them together

0 0> 9
29 o2
\% (81‘ \% >(5 =R (8 5 ay2> oT (12.47a)
9 2
Pya — V)T =dw, (12.47b)

it is clear that we can decouple these by inserting eq. (12.47b) into
eq. (12.47a). Doing that gives us a beastly 6th order spatial equation
for the perturbed temperature

0 ’ 0 2 By 0> 9
(at—V)<Prat—V>V5T R(az ay2 OT. (12.48)

It is pointed out in the text we have all the x and y derivatives
coming together we can apply separation of variables with

6T = @) f(x, y)e™, (12.49)

provided we introduce some restrictions on the form of f(x,y).

Here o (if real) is the growth rate. Applying the Laplacian to this
assumed solution we find

V2T = ¢ (@“(z) F(x,y) + O@R) V2 f(x, y) (12.50)
where
2 2
%: WJraT/Z (12.51)

For eq. (12.50) to be separable we require a constant proportionality

Vif(x,y) < f(x,y), (12.52)

or

Vif(x,y) £k f(x,y) = 0. (12.53)
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Picking +k? so that we do not have hyperbolic solutions, f must
have the form

flx,y) = dbxrio), (12.54)
where
K=k +k. (12.55)

Our separation of variables function now takes the form

8T = @(z)eFrx+kay)+at, (12.56)
Writing
d
D=, (12.57)

and ¢ = i(k1x + koy) + ot, the beastly equation to solve is

0= <8 —-Vi- DZ) (Pra . D2> (Vf — D2> O(z)e?

ot ot
— RV?0(z)e?
= ((¢+k = D?) (P + K = D?) (=K — D?) + RK* ) @(2)e!

(12.58)
This is now an equation for only O(z)
0= ((¢+k = D?) (Po+K* — D?) (—K* = D?) + RI*) ©(2).
(12.59)

Conceptually we have just a plain old LDE, and should we decide
to expand this out we have something of the form

0= (aD6 +BD* +9D? + g) 0(2). (12.60)

Our standard toolbox method to solve this is to assume a solution
O(z) = " and compute the characteristic equation. We would
have to solve

0= am® + ,Bm4 +ym? +. (12.61)
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Let us back up a bit instead. Looking back to eq. (12.47b), it is
clear that we will have the same separable form for our perturbed
velocity since we have

(P, + k% — D?) O(z)e'*Ve! = suw, (12.62)
where
k = (ky, ky, 0). (12.63)

Assuming a solution of the form
Sw = w(z)e'krxkay+ot. (12.64)

our velocity is then fully specified in terms of the temperature,
since we have

w(z) = (P, +k* — D?) O(2). (12.65)
12.9 BACK TO OUR COUPLED EQUATIONS.

Having gleamed an idea what the form of our solutions is, we can
simplify our original coupled system, writing

(D? — K)o — (D? — K®))w(z) = —Rk*O(z) (12.66a)

(D? — k* — P,0)0(z) = —w(z). (12.66b)

Considering the boundary conditions, if the heating is even then at
z = t = 0 we can not have any variation with x and y, so can only
have ®(0) = 0. Thus at the boundary, from eq. (12.66a), we have

0= (D*— K)o — (D* = *)w(z)|__, (12.67)

From the continuity equation V -u = 0, the text argues that we
also have ddéw/dz = 0 on the boundary, so that on that plane we
also have

0 = w(z) = Dw(z)|,_,- (12.68)
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Expanding out eq. (12.67) then gives us

0= (D* — DXk +0) + K2(0 + kz))w‘zzo, (12.60)
or

0= (D* — D?(2K? + U))w‘zzo. (12.70)

These boundary value constraints eq. (12.68), and eq. (12.70), plus
the coupled system equations eq. (12.66) are the complete problem
to solve. To get a feel for the solution of this system, consider
the system with the following simpler set of boundary value con-
straints

w = D*w = D*w =0, (12.71)

z=0,1

which in the text is described as the artificial problem of thermal
instability for boundaries that are stress free. For such a system on
the boundaries z = 0,1 (noting that we are still in dimensionless
quantities), we have solutions

w(z) = A, sin (n7z)

O(z) = By sin (n7nz) . (12.72)
Note that we have
(D? = k%)sin (n7z) = (‘ (nm)? — k2> sin (n7nz) . (12.73)

Inserting eq. (12.72) into our system eq. (12.66), we have
0= (— (nm)* — k2> (0’ - (— (nm)* — kz)) Ay sin (nmz)
+ RKk*B,, sin (n7z) (12.74)
0= <— (nm)? — k% — PrU') By sin (n7mz) + Ay sin (nmnz) .
For any A, B,;, we must then have
(272 +K2)? + 0 (n?7% + K?) —RK2

-1 22 + k2 + P,o

0= (12.75)

For o = 0, this gives us the critical value for the Rayleigh number

(kZ + 1”!2 7.[2)3

R = 2 , (12.76)

the value that separates our stable and unstable solutions. On the
other hand for
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e Re(c) > 0 (AT > AT,), we have an instable system.
e Re(r) < 0 (AT > AT,), we have a stable system.

This is illustrated in fig. 12.10. The instability means that we will

7
ke K
Figure 12.10: Critical Rayleigh’s number.

have instable flows as illustrated in fig. 12.11. Solving for these

Frrrd

Figure 12.11: Instability due to heating.

critical points we find

, (12.77a)

Re = . (12.77b)
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12.10 MULTIMEDIA PRESENTATIONS.

¢ Kelvin-Helmholtz instability. Colored salt water underneath,
with unsalted water on top. Apparatus tilted causing flow of
one over the other. Instability of the interface.

See [23] for a really cool animation of a simulation of this
effect. It ends up looking very fractal. Also interesting is the
picture of this observed for real in the atmosphere of Saturn.

e A simulated mushroom cloud occurring with one fluid seep-
ing into another. This looks it matches what we find under
Rayleigh-Taylor instability in [25].

e plume, motion up through a denser fluid.

e Plateau-Rayleigh instability. Drop pinching off. See instability
in the fluid channel feeding the drop. A crude illustration
of this can be found in fig. 12.12. A better illustrations (and

Figure 12.12: Crude illustration of instability leading to a drop pinching
off.

animations) can be found in [24].

e Jet of water injected into a rotating tub on a turntable. Jet
forms and surfaces.
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12.11 SUMMARY.
12.11.1  Stability.

We characterized stability in terms of displacements writing
ox = elrR*oDt (12.78)
and defining
1. Oscillatory unstability. ogr =0, 01 > 0.
2. Marginal unstability. oy = 0, 0r > 0.

3. Neutral stability. o7 = 0,0 = 0.

12.11.2  Thermal stability: Rayleigh-Benard problem.

We considered the Rayleigh-Benard problem, looking at thermal
effects in a cavity. Assuming perturbations of the form
U = Upyee +0u =0+ du
p=ps+op (12.79)
P = ps+0p,

and introducing an equation for the base state

Vs = —ps2g, (12.80)
we found
0 2 _ 1 o0,
<8t A% > ou = —SV(Sp Ezg. (12.81)

Operating on this with 9/0zV - () we find
90 025
200p _ [
Vv 5 - 852 (12.82)

from which we apply back to eq. (12.81) and take just the z compo-
nent to find

L S U
<at 1/V>(5w— 0. 0z psg. (12.83)
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With an assumption that density change and temperature are
linearly related

op = —psadT, (12.84)

and operating with the Laplacian we end up with a relation that
follows from the momentum balance equation

E —vV? )| V2w = qu & az oT. (12.85)

ot S\ ox2 T a2 2

We also applied our perturbation to the energy balance equation
%f +(u- V)T =« V>T. (12.86)

We determined that the base state temperature obeyed
2

Ki

0z2

with solution

Ts =0, (12.87)

Ts =Ty — 72 (12.88)
This and application of the perturbation gave us
agtT Su- VT, =xV?36T. (12.89)

We used this to non-dimensionalize with

X, Y,z with d
t with d? /v

(12.90)
dw with «/d
oT with AT,
and found (primes dropped)
d 92 92
2 2 L
\Y% <at \Y% > =R (8 5 8y2> oT, (12.91a)

<Py§t — V2> oT = dw, (12.91b)
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where we have introduced the Rayleigh number and Prandtl num-
ber’s

_ gaATd
R = Ev— (12.92a)
v
P, = . (12.92b)

We were able to construct some approximate solutions for a prob-
lem similar to these equations using an assumed solution form

Sw = w(z)ei(k1x+k2y)+0't

5T = @(Z)ei(k1x+k2y)+at‘ (12.93)

Using these we are able to show that our PDEs are similar to that
of
w = D*>w = D*w

o1 = (12.94)

where D = 0/dz. Using the trig solutions that fall out of this we
were able to find the constraint

( 27r2+k2)2+0(712712+k2) —Rk?

-1 n2m? + k2 + P,o

0= , (12.95)

which for o = 0, this gives us the critical value for the Rayleigh
number

k2 + 7’127'[2 3
R = (1{72), (1296)

which is the boundary for thermal stability or instability.

The end result was a lot of manipulation for which we did not
do any sort of applied problems. It looks like a theory that requires
a lot of study to do anything useful with, so my expectation is that
it will not be covered in detail on the exam. Having some problems
to know why we spent two days on it in class would have been
nice.
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12.12 PROBLEMS.

Exercise 12.1 Rayleigh number. (2012 ps4)

What is the physical meaning of the Rayleigh number?

Exercise 12.2 Critical temperature. (2012 psg)

If Re = % is the critical Rayleigh number for the onset of
convection for water, what is the corresponding critical temperature
difference between the top and bottom plates in a 10cm layer of
fluid?

Exercise 12.3 Critical wavelength. (2012 psg)

What is the dimensional value of the critical wavelength of the
convection cells?

Exercise 12.4 Rigid plates. (2012 ps4)

If instead of taking stress free boundary conditions at the top
and bottom plates, if we consider both the plates 'rigid” (no-slip)
how does the solution of eq. (12.65) change?

Exercise 12.5 Normal mode solutions. (2012 psg)

Consider the problem

(12.97)

where R is a real parameter and the boundary conditions are given
by

u(y=0,t)=u(y =m,t)=0, (12.98)
for all time ¢. Examine the trivial base state u = ug(y) = 0 by seeking
normal mode solutions to the linearized perturbed equations. Find

the eigenfunctions and eigenvalues and show that the base state is
linearly stable only if R < 1.



STRAIN (NON-RECTANGULAR).

A.1 CYLINDRICAL COORDINATES.

At the end of the section in the text, the formulas for the spherical
and cylindrical versions (to first order) of the strain tensor is given
without derivation. Let us do that derivation for the cylindrical
case, which is simpler. It appears that use of explicit vector notation
is helpful here, so we write

X =rt+2zZ
R R ) (A.1)
uu,f+upp +uzz,
where
t= elei"’
P = e (A.2)
i=eies.

Since £ and ¢ are functions of position, we will need their differen-

tials
dt = ejejexe?dg = erede (A3)
dp = erereredp = —ere?dg, 3
but these are just scaled basis vectors
dt = pdo
Qb= s (A.4)
¢ = —1do.
So for our x and u differentials we find
dx = drt + rdt + dzz
irbsrd . (A.5)
=drt+repdp +dzz,
and
du = du,t +dup + du-2 + u,pdp — uptde A6)

= #(du, — ugpdd) + P(duy + u,dp) + 2(duz).
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Putting these together we have

dl' = du +dx (Ar)
= #(du, — ugde +dr) + ¢p(dug + u,dp + rdp) + 2(du. + dz). 7

For the squared magnitude’s difference from dx> we have

@y — dx* = (du, — ugde + dr)?
+ (dug + upd + rdp)? + (du, + dz)* — dr?* — r*d¢* — dz*
= (duy — upd)* + 2dr(du, — ugpdd) + (dug + u,dg)?
+ 2rd(dug + uydp) + du2 + 2du.dz.
(A.8)

Expanding this out, but dropping all the terms that are quadratic
in the components of u or its differentials, we have

dx* ~ 2dr U —u +2r Up + Uy +2du,dz
(@dr'y? — dr(d pd ) + 2rdp(duy + u,dg) +2du.d
= 2drdu, — 2drugpd¢ + 2rdpduy + 2rddu,dd + 2du.dz
au, aur 8u,
= 2dr < 5 59 —d¢ + >
— 2drduy

9 9
+2rd¢< O 4y 4 L;;quw ”"’dz>

+2rdpdu,

Ju, ou, du,
+2dz ( P dr + 39 d¢ + e dz> .

(A.9)

Grouping all terms, with all the second order terms neglected, we
have

a
(@ — dx? = 2drdr 2 + 22 (L;) + 1u> + 20d2d2 2

ou, du, up 1 1 9u,
+2dzdr <az+ 5 >+2dr d¢ <—ru¢+ra¢>




A.1 CYLINDRICAL COORDINATES.

From this we can read off the result quoted in the text

ou
2er =5,
10u 1
26¢¢=*ai4ip+rur
ou
_ou,  Ju,
20 =50t o
26 au _1 +1%
AR T Y
duy 10u,
ey, = —2 4+ =
=%z Ty d¢p

Observe that we have to introduce factors of » along with all the
d¢’s, when we factored out the tensor components. That is an
important looking detail, which is not obvious unless one works

through the derivation.
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Note that in class we retained the second order terms. That
becomes a messier calculation (see strainTensorCylindrical.cdf)

ou ou, \ 2 oz \ > g\
N2 a2 2 [ HOUr oly z 9He
dl')* — dx* = (dr) <zar+(8r>+<8r>+(ar>>
ou ou, \ 2 ou \ 2

2 ry (94 ouz
+(d¢) <2rur+u +u4, 2Up—— 59 <8¢> + < 59 >

2

+2rai +2u,au¢ + <au¢>

o o o

+ (dz)? ((%ﬁj)z +268L;Z - (8814;) + <E;ZP>2>
o

0 0 Jduy 0
+2r MZ(P+2ur WMy | %M u¢> drdz< oy

+drd¢

%) 0z 0z Jd¢ 0z
u, du, _0u, _Ou;odu, _Ouydigp
e Tt e e e a2 )

(A.12)

As with the first order case, we can read off the tensor coordinates
by inspection (once we factor out the various factors of 2 and r). The
next logical step would be to do the spherical tensor calculation.
That would likely be particularly messy if we attempted it in the
brute force fashion. Let us step back and look at the general case,
before tackling there spherical polar form explicitly.

A.2 FOR GENERAL COORDINATE REPRESENTATION.

Now let us dispense with the assumption that we have an or-
thonormal frame. Given an arbitrary, not necessarily orthonormal,
position dependent frame {e, }, and its reciprocal frame {e*}, as
defined by

ey e’ =0,". (A.13)



A.2 FOR GENERAL COORDINATE REPRESENTATION. 261

Our coordinate representation, with summation and dimensional-

ity implied, is

x = xte, = x,e"
o (A.14)
u=ule, =uye’.

Our differentials are

dx = dx"e, + x"de,
oxt ae,,> (A.15)

= _ H
Zda(a ey +Xx o

du = du”ey + u”dey
dey, > (A.16)

out
_ our it
;M(aa en+ul' =

Summing these we have

oxt  out

0
du+dx—2d1x<<a“ = )e;, (x”+u”);o’:). (A.17)

Taking dot products to form the squares we have

ot~ L (2o x’*%it‘)(aa’%” o)

a,p
oxH dx de, 0e" oxH e’
=Y dad ( by, 2 e )
% B dn 9p Y o ap Xvey B
(A.18)

(du +dx)? = Zd dﬁ((ax ai)ey+(x”+uy) a)

(@3 ra)
(5 20) (5 %)

+ (" + uly (xy + uy) aif ?)eﬁ +2(xF +utye’

(5 %))
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Taking the difference we find
dut duy, . dut dx,
dx 0f ou of

B 7 j JA;@_V)
+ (W'uy + xMuy + utxy) du o

+2 aﬁu +a£(x +uy) |e .9
da ' ow " V)R 9B )

To evaluate this, it is useful, albeit messier, to group terms a bit

10u¥ du, out dx
2 32 _ 1ou” oy 9
(du + dx)= — dx Euc 2dndu <2 5% o + — 2 Bu

(du + dx)* — dx® = Zd(xdﬁ (
a,p

aey de’
on  oa

axV out oe’
gt —(xv +uy) | ey S

oul duy,  Qul dxy  Jut dxy

1 de, 0e’ de, Oe
= (ut iz iz B
+ (u uy +xtu, +u xv)<a“ aﬁ+8ﬁ azx>>

x” au de¥
+ Z 2dadfB (( v+ (xv + uv)) ey —
x<p : aﬁ

+ aﬂu +aﬂ(x+u)e-aiv
g " g )T o )

Here a < B is used to denote summation over the pairs & #
just once, not necessarily any numeric ordering. For example with
a, B € {r,¢,z}, this could be the set {«, B} € {r¢, pz,zr}.

1 (u”uv + xtuy, + utx,) —

A.3 CARTESIAN TENSOR.

In the Cartesian case all the partials of the unit vectors are zero,
and we also have no need of upper or lower indices. We are left
with just

(du+dx)? —dx* = Y dx'dx/
i,jk

ouk ouk _ ouk 9xk
<8xi PR a]) - B
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However, since we also have dx* /9x/ = Jjk, this is

o k j
(du+dx)? — dx = Y 2dxidx/ ( y ou' du’ | du ) . (A22)

07 oxi ox/ axl

This essentially recovers the result eq. (2.13) derived in class.

A.4 CYLINDRICAL TENSOR.

Now lets do the cylindrical tensor again, but this time without
resorting Mathematica brute force.

First we recall that all our basis vector derivatives are zero except
for the ¢ derivatives, and for those we have

ot (2)
4) (A.23)
®_
ap
If we write
X =1t +22 = 5,3+ X + X2, (A.24)
we have for all the x* partials
dxH 1 ifa=xt=rora=xt=2
Fr ‘ (A.25)
w 0 otherwise.

We are now set to evaluate the terms in the sum of eq. (A.20) for the
cylindrical coordinate system and should not need Mathematica
to do it. Let us do this one at a time, starting with all the squared
differential pairs. Those are, for & € {r, ¢, z} the value of

ndad laumaum+aumaxm+1( . . )aCl
2 90 da o oa g mie¥Xminthmtn) 5,
de, [ Oxm Ay, dey (A.26)
Sy (a“un + W(x" +un)) em * aﬂ) .

For both r and z all our unit vectors have zero derivatives so we
are left respectively with

10u,, ou, Ju,
2d7’d7’ <2arar + ar> P (A27)
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and

2dzdz (181/tmaum + auZ) .

2 9z 0Oz 0z (A.28)

For the & = ¢ term we have

10u, ou, 1
2d¢d¢ (28(‘ba(l) + E mzzyl('b (l/lmum + 2xmum)

0xXy duyy,
+ Z <u” + = (xn + un)) Cm
mne{rp,pr} 84) 847
den | _ Loty Ot 1 (2 o
. Eiqb) = 2d¢de (2 39 o *5 <ur +u¢) + 1y 3 U

+ ?ﬁ;”(r + u,)) .

Now, on to the mixed terms. The easiest is the dzdr term, for which
all the unit vector derivatives are zero, and we are left with just

Oly, Oy, OUp OXyy  OUpy OXpy
2dzdr< 9z or 9z or | or 82)

(A.29)

dz Oor dz or )

= 2dzdr < +
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Now we have the two messy mixed terms. For the 7, ¢ term we get

Oy, OUy,  Oldyy, ax/{ Oy, OXpy
2drd4’< or 29 o 3 " o9 or
e dendew 3

r o  J¢ r
+2drde <(8xmu + Ot —(x, + un)) . %en

1
+ 5 (UmUy + XUy + Uy Xy)

ar "7 Tor ¢

X oy, deyd ) Oy, Ollyy
+ <B(pu” + g(xn + un)> em - . 2drd¢ ( P 84)
+%+unf‘ aﬁ+au—m(xn+un)em . ae")

¢ ap | or

ou,, ouy,,  ou, ou,

:2d1"dq> (E);fé)(l)+a(p —Uu +¥(xn+un)r' %

B Uy, Oy, OU, ou, aﬁ
= 2drd¢ (E)racp + o9 Uy 5 Uy + P (r+u,)|.

Finally for the z, ¢ term we have

Othy Oy | Olhy O] Othy OXpy

2d2d4’< oz o9 "oz B T ag oz
1 des, de, Ode, Oe
+§(umun+xmun+umxn) 50 a0

op Jdp oz
oxy, oy, dey
+2d¢dz << 5 Uy, + . —(xn + un)) . %
Xy Ol de Oty Oy,
+ (84)”" + g(xn + un)> m - Z?Zz | =2dzd¢ ( 5z o
+au—max—m+u2 —”+au—m(x +Up)e 9
dp 9 P 0p 0 oz T 9¢

3 Oy, Oty Buz ou, duy
—2dqu>< 52 8<P ﬁ — gu +a(r+ur)> .
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To summarize we have, including both first and second order
terms,

2 o L0ty Oty Oy ) o 2 1 9ty Ity
dl dx® = 2drdr (2 3 o +2redgde 27 3¢ 96
1 /5 o\ ur lou,up 10duyp Uy

+ o () + ragbr+ra(p(1+r)

10u,, ou, Ou, ouy, 1 0uy,

1ou, uyp 8u,u¢+8u¢(1+ur>)

r d¢ r or r or r
Oy 10u,, 10u, OJu,uy Jugp U,
+ardpdz <azra¢+r84}_azr+az (“J)
Ol Oy, OUy auz>

+ 2dzdr <azar oot

(A.30)

Factors of r have been pulled out so that the portions remaining in
the braces are exactly the cylindrical tensor elements as given in
the text (except also with the second order terms here). Observe
that the pre-calculation of the general formula has allowed an on
paper expansion of the cylindrical tensor without too much pain,
and this time without requiring Mathematica.

A.5 SPHERICAL TENSOR.

To perform the derivation in spherical coordinates we have some
setup to do first, since we need explicit representations of all three
unit vectors. The radial vector we can get easily by geometry and
find the usual

sin 6 cos ¢
I= |sinfsing| - (A.31)

cos 6
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We can get ¢ by geometrical intuition since it the plane unit vector
at angle ¢ rotated by 7r/2. That is

—sin¢
¢ = cos¢p | - (A.32)
0

We can get 8 by utilizing the right handedness of the coordinates
since

¢ xt=0, (A.33)
and find
cos 6 cos ¢
0= |cosOsin ¢|- (A.34)

—sinf
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Brute forcing the differential strain element calculation ( strainTen-
sorSphericalColumnVectors.cdf , we find

2 2 (Or 10U O\ o 2g2 (L, 0 L2y
dl'” — dx* =2(dr) < > 3 o +2r°(df) ru,+2r2(u,+u9)

2450\ 5 ") 39 T 22 a8 o0
+ 21 sin’ 8(d¢)* (2,,251“129“5’ 21 uj cot® 0 + 1ur
+1u2+<1+1u>u cot ! u%
2r2 roo2r) e r2sinf ? d¢
1  cos6 Bug 1 duy cos 6 1
_721,[ sm08¢ r2 59 < 29+(r+ur)sine>

+ 1 5 Otk 8um> +2drrd6 (—1149 + 1 dur
2r2sin” 0 0¢ J¢ r r

1 Jdu, Oduy U, 1 ouy, Juy,

T T (“7)*? ar 99
1 1 ou 1 ou

+ 27’ Sln0d9d4) ( ueu(p mueai(l: — 1’72“4)879’/

_rlzu(pcote <r+ur+ggg)> +ﬁ( ) q>
+8¢(C t9+1+ur>+ 1 aumaum)
90 \ r? r2)  r?sin® 00 o
1 oJu, 18u,
rsin@%_u ror

+ 2r sin Od¢pdr (—11,14) +

181/[9 181445
—uq)cotef o5 +;a—(u9cot0+r+ur)
4L Oum On
rsinf op dr )

(A.35)

A.6 SPHERICAL TENSOR. MANUAL DERIVATION.

Doing the calculation pretty much completely with Mathematica
is rather unsatisfying. To set up for it let us first compute the
unit vectors from scratch. I will use geometric algebra to do this
calculation. Consider fig. A.1 We have two sets of rotations, the
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N

Figure A.1: Composite rotations for spherical polar unit vectors.
first is a rotation about the z axis by ¢. Writing i = e;e; for the unit
bivector in the x, y plane, we rotate

e] = ee’” = e;cos P + ey sin
e) = exe’? = eycosp — eqsin¢ (A.36)

e} = e3.

Now we rotate in the plane spanned by e; and e} by 6. With
j = eze], our vectors in the plane rotate as

e/ = elel? = ee'?el®

ey = ehel = ezel?, (8.37)
(with €4 = e; since e - j = 0).
0 =e] = el
i i
= e1e'?(cos 0 + ezeqe'? sin 6) (A38)

e1¢'? cos @ — e; sin 6

(e1cos¢ + ey sing) cosd — ez sinf,
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t=ef = esel

ez(cosf + eseqe'? sin 0)
(A.39)

= e3cos 0 + e1e'? sin O
= e3cos 0+ (e1 cos ¢ + epsing)sinf.

Now, these are all the same relations that we could find with
coordinate algebra

e cos¢sinf +exsin¢gsinf + ez cos
8 = e; coscosf +eysingcosh — ezsinf (A.40)

¢ = —e;sing + e; cos ¢.

There is nothing special in this approach if that is as far as we go,
but we can put things in a nice tidy form for computation of the
differentials of the unit vectors. Introducing the unit pseudoscalar
I = ejere3 we can write these in a compact exponential form.

t = (ejcos¢ +epsing)sinf + ez cosb

= e, sin 0 + e cos 6

= e3(cos 6 + eseqe'? sin 0)
io (A.41)
= e3(cos 0 + ezejepere’? sin b))
= e3(cos 6 + [ sin 0)

= e3el4’9,

>
Il

€1 cos ¢ cos B + ez sin ¢ cos § — ez sin 6

(e1cos ¢ + ez sing) cos 0 — ez sin

= e1¢'? cos — e3sin@

= e16'?(cos 0 — e e e5sin b)

= elei"’(cos 0 — 81636i¢ sin 0) (A.42)
= elei4’(cos 0 — ejeserere’? sin 0)

= e1e'?(cos 0 + 1 sin 0)

= ejezee?(cos 6 + I sin 6)

= ipe!¥?.
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To summarize we have

t= e361¢9 (A.43)
0 =ige'??.

Taking differentials we find first

dp = ex?idp = ¢pidep, (A.44)

@0 = d (ipe'??)
= idpe'?? +idpd (cosf + I sinb)
= idgpe'? +ipI(d)sin 6 + ipIpe'?°do
= i(i’iel‘i’ed(p+i@l@isin6d¢+i(iﬂé)el‘i’9d9 (A.45)
= $e'Pdp — Isinddp — ese'??do
= ¢(cos 0 + [ sin 0)d¢p — I sin Od¢p — ese!?0 9
= 97) cos 0d¢ — td6,

dt = esd (61&’9)

= e3d (cosf + I sin6)

~ &5 (1(dg)sin6 + 1e'#do) (A.46)
= e ( Iisin0dg + I &e"i’ed@)

igpisin 0dep +ipe'?0do
¢ sin 0d¢ + 846.

Summarizing these differentials we have
di = ¢ sinfd¢g + 8d0
d0 = ¢ cos Bd¢ — tdb (A.47)
de = pidg.

A final cleanup is required. While ¢i is a vector and has a nicely

compact form, we need to decompose this into components in the
£, 0 and g?) directions. Taking scalar products we have

¢-(9i)=0, (A.48)
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t- (i) = (ii)
= <e3614’9ezei4’i>
- <e3(cos 0 + Iese'® sin e)ezef¢i> (A.49)
- <I(cos fei% + Tey sin 9)e2>
= —sin0,
0 ($i) = (6i)
= <i¢>e14"’¢z’>
= —(9'"'9) (A50)
(o)
= —cosf

Summarizing once again, but this time in terms of £, 6 and ¢ we
have

dt = ¢ sin Od¢ + 840
d0 = ¢ cos 0dgp — td (A.51)
de = —(tsin @ + 0 cos B)d¢.

Now we are set to take differentials. With

x =rt, (A.52)
we have

dx = drt +rdt = dri + ¢rsin 0d¢g + rdde. (A.53)
Squaring this we get the usual spherical polar line scalar line
element

dx* = dr* + 1% sin” 0d¢? + r*d6>. (A.54)
With

u = u,d+uph + up, (A.55)
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our differential is

du = du,t + dugd + dugd + u,di + uedd + uyd
= du,t + dugb + dugy + u, (P sin 0d¢ + 8d0)
+11g (¢ cos 0d¢ — 2d6) — uy(i sin 6 + 6 cos O)d¢
=t (du, — updf — ug sin 0d¢)
+0 (dug +u,d0 — ug cos 0dg)
+ @ (duy + 1, sin 0d¢p + 119 cos 0dep) .

(A.56)

We can add dx to this and take differences
(du +dx)> — dx2 = (du, — updd — uy sin 0d¢p + dr)’
+ (dug + u,df — ug cos Odg + rd9)2
+ (dug + u, sin 0d¢ + ug cos 0d¢ + rsin Gdcp)z .
(A.57)

For each m =r,0, ¢ we have

duyy, duyy, duy,
5 dr + 5 dao + o9 dg,

dity, = (A.58)

and plugging through that calculation is really all it takes to derive
the textbook result. To do this to first order in u,,, we find

((du +dx)* — dx?)

N =

= du,dr — ugd@dr — uy sin Odpdr

+ dugrd6 + u,rd6* — ugyr cos 0dpdo
+rsinfduydd +7r sin® Ou,d¢* + r sin  cos Ougd>
<8ur ity ou,

ﬁd?’ + wde + a(f)d¢> dr — ugdedr — M(P sin qubdr

aug Bug 8u9 2
+ (Z)rdr + a—gd() + 8(pd¢> rd6 + u,rd6° — upr cos 0dpdo
duy duy duy ) . 9 2

+ (ardr + WdG + ac]Jd(’b) rsin0d¢ + r sin” Ou,d¢

+75in 0 cos Qugdg?.
(A.59)
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Collecting terms we have the result of the text in the braces

ou 19u 1
2 22402 ( Lo4e 1
((du +dx)* — dx?) = 2dr* (87) dae (r =0 +urr>

+2r% sin® d¢? (881,;;1, rs11n9 lur + % cot@ug)
+ 2drrd6 <1‘Z; — %u aaL:9>
+2r* sin 0d0d¢ (8;;9 rs11n9 — %u(p cot
)
“a%)

d
+2rsin9d<pdr( ! ou 1 u¢>

rsind op A"
(A.60)

It should be possible to do the calculation to second order too,
but to include all the quadratic terms in u,, is again really messy.
Trying that with Mathematica ( strainTensorSpherical.cdf ) gives
the same results as above using the strictly coordinate algebra
approach.
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B.1 MOTIVATION.

Exercise 6.1 from [2] is to show that the traction vector can be
written in vector form (a rather curious thing to have to say) as

t=—ph+u2H- V)u+a x (V xu)). (B.1)

Note that the text uses a wedge symbol for the cross product, and I
have switched to standard notation. I have done so because the use
of a Geometric-Algebra wedge product also can be used to express
this relationship, in which case we would write

t=—ph+u@H-V)u+(V Au)-f). (B.2)
In either case we have
(VAu -a=tax(Vxu=V@a -u)- @ Vu, (B.3)

(where the primes indicate the scope of the gradient, showing here
that we are operating only on u, and not fi). After computing this,
lets also compute the stress tensor in cylindrical and spherical
coordinates (a portion of that is also problem 6.10), something that
this allows us to do fairly easily without having to deal with the
second order terms that we encountered doing this by computing
the difference of squared displacements. We will work primarily
with just the strain tensor portion of the traction vector expressions
above, calculating

Zeq=2(A- V)u+h x (V xu) =2 V)u+(V Au)-h. (Byg)

We will see that this gives us a nice way to interpret these tensor
relationships. The interpretation was less clear when we computed
this from the second order difference method, but here we see
that we are just looking at the components of the force in each of
the respective directions, dependent on which way our normal is
specified.
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B.2 VERIFYING THE RELATIONSHIP.

Let us start with the the plain old cross product version

(h X (V xu)+2(f0 - V)u); = n,(V X u)p€pi +21,0,u;

= N0, Us€psh€api + 2140,U;
= naayuségs] +21,0,1;
= 1,(0iUty — Oglt;) + 2nz0,u; (B.5)
= 1,0;U; + Nz0,1U;
= 114(0jla + Jalt;)
= OjaMy.

We can also put the double cross product in wedge product form

Ax(Vxu)=—-IaA(V xXu)

= —é (A(V x u) —(V x u)h)

= 2 (IR AW+ (Y A wi) (B.6)
_ _122(—ﬁ(V/\u)+(V/\u)ﬁ)
=(V Au)-f.

Equivalently (and easier) we can just expand the dot product of
the wedge and the vector using the relationship

a-(chdAeA--)=(@-c)(dNheA---)—(a-d)(cAeA---), (B.7)
so we find

(VAu)-a+20-V)u); = (V' -a)— (A-V)u+2(h- V)u),
= 0;UgNy + N0, U;
= Uiana.
(B.8)
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B.3 CYLINDRICAL STRAIN TENSOR.

Let us now compute the strain tensor (and implicitly the trac-
tion vector) in cylindrical coordinates. Our gradient in cylindrical
coordinates is the familiar

9 .19 .9
V—I‘§+¢;% +Z$, (Bg)

and our cylindrical velocity is
u = fu, + Pug + 2u;. (B.10)

Our curl is then

o .10 0
—t QP +Z—

5 rog 2oz A (Ruy + puy +2uz)

A B.
+ ¢ NZ *84)1/[2 82u¢ ( 11)
+2 At (9,1 — Opliz)
1., ) .
PN ((0p)1ty + (D P)uy) -
Since dpt = 6 and dp¢ = —t, we have only one cross term and our
curl is
VAu=tA$ (2 LY
u=rA¢ ru(p—; ¢ur+7
(B.12)

5 1
+ ¢ NZ <78¢uz — azu¢>
+2Z AT (9zuy — Opliz) .
We can now move on to compute the directional derivatives and
complete the strain calculation in cylindrical coordinates. Let us

consider this computation of the stress for normals in each direction
in term.
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B.3.1  Outwards radial normal i = t.

Our directional derivative component for a ¥ normal direction does
not have any cross terms

2(8- V)u =20, (fur + pug + 2u;)

N B.1
=2 (20,14, + POrlig + 20,1uz) . (B.13)
Projecting our curl bivector onto the & direction we have
u 1
(V/\u)f‘Z(f'/\(p)f <8ru¢— ra¢ur+1/:p>
+(pA2) i'<la U, — oyu )
g (B.14)
+(2AR) -t (0ur — 9ruiy)
. 1
=—¢ (a,u¢ — ;quur + u:,) +2 (0zuy — 0rliz) .
Putting things together we have
N ~ A ~ 1 u4,
2e; = 2 (20,1, + POy ug + 20r1z) — @ | Ortiy — ;aq,ur =
+ 2 (d,u, — 0, u
( zUr r z) : ) (B.15)
=£(20,u,) + @ (28ru¢ — Orllg + ;8¢ur — :’)
+2 (20,u; + 951y — Opliz) .
For our stress tensor
o: = —pt+2ue;, (B.16)

we can now read off our components by taking dot products to
yield

Ju,
O =—p+ 2]4?, (B.17a)
dup 1du, ugp
Org = M (Eﬂr+r8¢_r>’ (B.17b)

Ju, Ju,
Opz = U < 5 + 82) . (B.17¢)
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B.3.2 Azimuthal normal f = ¢.

Our directional derivative component for a ¢ normal direction will
have some cross terms since both t and ¢ are functions of ¢

2(¢ - Viu= %a¢ (Buy + Ppuy +2u;)
= - (f'a(pl/lr + (i)atpl/lq; + 2a¢uz + (8¢f)ur + (84,(?))%) (BI8)

S I

(f(aqbur - M¢) + 4)(84,144; + M,z) + ia¢uz)
Projecting our curl bivector onto the (i) direction we have
A Ay A 1
(VAw)-¢p=@ENg) ¢ (aru¢— ra¢”r+ur¢)

+(PpA2)- @ <18¢uz — azu¢>
+(@ A @ (0u, — Oyu)
. 1 Ugp (1
=t <aru¢ — ;ad,ur + r) —2 (ra(puz — 82u¢)

Putting things together we have

(B.19)

2, A A
2e43 = ; (1‘(84,14, — M‘P) + ¢(8¢u¢ + Mr) + za¢uz)

1 u
+7 (aﬂ/l(l; — ;B(I,u, + 7’4)>

1
-z (raq,uz — azu(p>

(B.20)
For our stress tensor
0h=—p+2uey, (B.21)

so we can now read off our components by taking dot products to
yield

1du Uy
Tpp = —p + 21 (raq;P + r) , (B.22a)

2. 1
t <1a¢ur - ? + aru4>> + =@ (dpug +ur) +2 (ra(p”z + az%) :
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10u, duy
Opz = H (r o9 + az) , (B.22b)
3 1ou, uy Juy
Tpr = (r 3 el B (B.22¢)

B.3.3 Longitudinal normal fi = Z.

Like the # normal direction, our directional derivative component
for a Z normal direction will not have any cross terms

2(2- V)u=0; (fur+ puy +2u:)

. . . (B.23)
= 10U, + POy Uy + 20, U;.
Projecting our curl bivector onto the Z direction we have
~ n ~ “ 1 M¢
(VAu)-p=FANP) 2 (0uy— ;8¢u,+7
+(PpNZ)-2 <18 Uy — 0,U )
g T (B.24)

+ (2 /\ f) N 2 (azu;f - aruz)
/1 X
=¢ (ra¢uz — azu4,> — £ (0zur — druz) .

Putting things together we have

A . (1
2e; = 280Uy + 2¢p0; 1y + 220U + P (ra(,,uz — azu¢> — 1 (0zuy — 9yutz)

£ (20,1, — 021y + Oytiz) + P (282144, + %atpuz — azu¢> +2 (20,u;)

£ (0,u, +0rutz) + @ <azu¢ + 164,142) +2 (20,u;) .

For our stress tensor

0y = —pzZ+2ue;, (B.26)
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we can now read off our components by taking dot products to
yield

ou

U= —p+ Zya—;, (B.27a)
e s
Ozp = 1 (aau; 18(—;;;) (B.27¢)
B.3.4 Summary.
O =—p+ 2],1%, (B.28a)
Opp = —P + 20 C %L;f . ) , (B.28b)
Oz =—p+ ZVa;;Z, (B.28¢)
Orp = W (a;:l) + 188:;: - Lj) p (B.28d)
Opz = U (i?;l(; + a;;) , (B.28e)

O = U <au, + auz) . (B.28f)
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B.4 SPHERICAL STRAIN TENSOR.

Having done a first order cylindrical derivation of the strain tensor,
let us also do the spherical case for completeness. Would this have
much utility in fluids? Perhaps for flow over a spherical barrier? We
need the gradient in spherical coordinates. Recall that our spherical
coordinate velocity was

;l: = 17 + 8(rf) + ¢(r sin 6¢h), (B.29)

and our gradient mirrors this structure

8A18A18

o %0t (B:30)

Referring back to eq. (A.51) where we noted that the unit vector
differentials were

di = ¢ sin 0d¢ + 846, (B.31a)
d0 = ¢ cos0d¢ — id6, (B.31b)
dg = —(¥sin 6 + B cos H)dg, (B.31¢)

and can use those to read off the partials of all the unit vectors

ot
36,67 =1{0,8, psinb}

00
316,07 = {0, —t, ¢ cos 0} (B.32)
a{rag’(p} {0,0, —tsin® — Hcosh}.

Finally, our velocity in spherical coordinates is just

u = tu, + Oug + Puy, (B.33)
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from which we can now compute the curl, and the directional
derivative. Starting with the curl we have

10 . 1 0 . A n
~ 59 > A (Rur + Oug + uuy)

V/\u:(r 789+¢rsin9$

R 1
=fA0O <ar1/19 — ragu,>

1
dotty rsin 98¢u9>

N a(Pur - aru¢)

-1 0
1, N -
+ ;6/\ u9+u¢

¢ cos 6

Lo a0 o
SRR :
* rsin9¢ u9+u¢m

—#sinf — Otos o

so we have

B.4.1  Outwards radial normal fi = t.

The directional derivative portion of our strain is

2k - V)u = 20, (1, + Oug + puy) (B.36)
= 2(f'arur + éarue + &aru‘P) ;
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The other portion of our strain tensor is

(V/\u)-f=(f/\@)) <8u9—89uy L;9>

A oA (1 ugy cot 0
+(6/\¢)-r(89 (P_VS 984;149 )
+(PAD) -1 L Aty — 2 (B.37)

PAT) T rsin@ plir r 37

Putting these together we find
2e; =2(t- V)u+(V Au) -t
= 2201y + 00,19 + POrup) — <8 Ug — fagur Lf)

~ 1 Ugp
9 <rsin98¢ur ity r> (B.38)

] 1
=t (23rur) +0 (ZBrug — arue + ;aeur — 1/:9)

¢ <28 Ugp + 1 98¢u, 8ru¢ — Lf) ,

which gives

N 1
2ef =7 (2arur) +0 (Brug + ;agur — Lf)
1 ” (B.39)
+ ¢ (aru4, + maqﬂly — 1’) .
For our stress tensor
o = —pt+2ue;. (B.40)

We can now read off our components by taking dot products

ou,
O =—p+ Zyg, (B.g1a)



Trg = %+
R N P
ou,

au¢ 1
Tro =1\ o rsinQ%_

B4 SPHERICAL STRAIN TENSOR.

(B.41b)

(B.41¢)

Uy
o)

This is consistent with (15.20) from [12] (after adjusting for minor

notational differences).

N

B.4.2 Polar normal fi = 6.

Now let us do the 8 direction. The directional derivative portion of
our strain will be a bit more work to compute because we have 6

variation of the unit vectors

6-V)u
%ag(rur +0uy + ¢u¢)
1 1 A n
; (ragur + 6891/{9 + ¢89u¢) ; ((agf)u, + (896)1/19 + (89¢)u¢)
1 1 ..
== (£9gu, + 00119 + POguig) + - (Ou, — tuy) ,
(B.42)
so we have
N 2, 2. 2.,
2(6 : V)u = ;r(égur — Mg) + ;6(89149 + Mr) + ;(Paguq,, (843)

and can move on to projecting our

curl bivector onto the § direction.

That portion of our strain tensor is
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(B.44)
Putting these together we find
2e,=2(0- V)u+(V Au)-0
2, 24 2.
= ;r(agu, — 1/[9) + ;9(89149 + Mr) + ;(Pagu(p
+7 <8ru9 — lagur + Mg) (845)
r r
. (1 1 ugp cott
—¢ (raeu(l’ B rsin98¢u0 " > '
Which gives
1 A2 2
289 =t (E)gur + arug — ng) +6 (agug + Mr)
r r r r (B.46)
+ ¢ léu +71 Opll _ Upcotb
¢ r 0T ging 00 '
For our stress tensor
oy = —pb+2uep, (B.47)

so we can now read off our components by taking dot products

20ug 2
1duy 1 odup ugpcotd
”9¢—”(ra9+rsin9a¢‘ ’ ) (B.48b)
3 10u, Jduy 1y
0'9,,—‘M<r 5 + » r)’ (B.48¢)

This again is consistent with (15.20) from [12].
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B.4.3 Azimuthal normal f = ¢.

Finally, let us do the ¢ direction. This directional derivative portion
of our strain will also be a bit more work to compute because we
have ¢ variation of the unit vectors

(¢ V)u

1 A A A
= rsin68¢(rur + Oug + puy)

1 A A A A ~ A
= m(razpur + eazpue + ¢a¢u¢ + (a(pl')ur + (84;6)1/{9 + (84,4))144,)

1 /. R
= rsin® (r8¢u, + 984)119

+ @Opliy + @ sin Ou, + ¢ cos Oug
— (#sin @ + 6 cos 9)u¢> ,

so we have
~ n 1 Ugp A 1 1
2(¢ . V)u = 2f <rsmea¢ur — }"> + 260 <rsin98¢u9 ; cot GM(P)

. 1 1 1
- =~ cotd
+2¢ <rsin98¢u¢+rur+rco u9>,

(B.50)

and can move on to projecting our curl bivector onto the ¢ direc-
tion. That portion of our strain tensor is

(VAW-§=Gnd)- ¢ (arue—i%wuf)

1 1 uy cot 6
0
rsing ?" T >

u
———0glUy — Orllp — ;P) (B.51)

Uy coto
sttt
r

1 u
" a¢ur — aruq] — (P> .
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Putting these together we find

Zeg,
=2(¢-V)u+(V Au)- ¢

7 1 Uy - 1 1
=2t <rsin68¢u’ r) +20 (rsinea"’u" rcot6u¢>

N 1 1 1
z - (B.52)
+2¢ (rsinf)a"’u(” ot cot9u9>
A~ (1 1 Uy cotd
—dglly — d
6 (r oty rsinf oo~ r )

N 1 M¢
- (rsin()a"]ur — Oty — r) !

which gives

dpl u ~ ( Opl Upcotd dgu
2e5 =1 “f’—l’+aru¢ Lo Cotte ROtV Yoty
¢ rsin@ r rsin@ r r
. [ OpUp U, cotBug
2 — .
t2e <rsin6 " r " 7 )
(B.53)
For our stress tensor
T = PP +2pey, (B.54)

so we can now read off our components by taking dot products

1 Jdup u, cotbuy
%o = PH2H (rsin98g1>+r+ : ) (B-552)
3 1 du, wuy Oduy
=i (ramody 2t 5 ) (B:550)
3 1 oJupy ugpcotd 1duy
“¢9—P‘(rsmea¢ o trae ) (B.55¢)

This again is consistent with (15.20) from [12].
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B.4.4 Summary.

ou,
O = —p+205 5, (B.56a)

10u
Ogg = —p+2u (r 899 > (B.56b)

1 Jdup u, cotbuy
04747 =—pP+t 2]4 (TSI]’I9 a(P +— r + r > ’ (BS6C)
dug 1ou, uy

_ o 2T %6 B.

o6 y(&r Y. r) (B.56d)
1 Bug M(P cotf 1 8u¢

_ 70 B.

Top = H (r sinf d¢ r Ty r a0 (B-56¢)

B 1 du, wuy Oduy
”W—P‘(rsmea(p‘r*ar ' (B.560)






POISSON’S RATIO, SHEAR MODULUS.

Young’s modulus is given in eq. (3.55) (equation (43) in the Profes-
sor’s notes) as
2
g G20 (C.1)
A+
and for Poisson’s ratio eq. (3.60) (equation (46) in the Professor’s
notes) we have

€22 _ A

ern 2A+p)

(C.2)

Let us derive the other stated relationships (equation (47) in the
Professor’s notes). I get

20+ uv=A
- (C.3)
A2v —1) = —2uv,
or

- 2uv

1 (€4

For substitution into the Young’s modulus equation calculate

2uv
1-2v

= 2v +1
I C3)
2v+1—-2v

1—-2v
__H
1-2v’

A+u=

tH
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and

3A+2y=31f2V—y

_ 3—-(1-2)
B 1—2v
3 2+2v (C.6)
M
1+v
=2

Putting these together we find

U(BA +2u)
E=——-
A+
3 1+v 1—2v (C.7)
—]/12}41_21/ U
=2u(l+v).

Rearranging we have

E
= ) C.8
P= o1+ €8
This matches (5.9) in the text (where ¢ is used instead of v). We
also find
_ 2uv
1-2v

P (C9)

T1—2vl+v




SURFACES.

D.I NORMALS AND TANGENTS.

Consider a surface with some variation as in fig. D.1 We can

Figure D.1: Variable surface geometries.

construct an equation for the surface

z =h(x,t), (D.1)
or equivalently

¢=z—h(x,t)=0. (D.2)

If d is the average height, with the 7(x, t) the variation of the height
from this average, we can also write

h=d+n(x,t), (D.3)
and for the surface
$p=d—n(xt)=0. (D.g)

We can generalize this and define a surface function as one that
satisfies

¢ =d —n(x,t) = constant. (D.5)

Consider a small section of a 2D surface as in fig. D.2 With ¢ =
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Figure D.2: A vector differential element.

constant on the surface, we have for ¢ = ¢(x, y, z)
dp =0, (D.6)

or, in coordinates

dp = 4)dx + ai)dy + BLP (D)
=V¢-dr.

Pictorially we see that dr is tangential to the surface, but since we
also have

V¢ -dr=0, (D.8)

the implication is that the gradient is normal to the surface

dr L V¢. (D.9)
We can therefore construct the unit normal by scaling the gradient
V¢
fi=———, (D.10)
V¢l

since the direction of fi is V¢. For example, in our case where
¢ =y — h(x,t), we have

oh
V¢ =x <_ax> +y. (D.11)

This has norm

on\?
(Vo[ =14/1+ (89() , (D.12)



D.2 REVIEW. SURFACES.

and our unit normal is
o oh N
X <—ﬁ) + y
=
oh
1+ <$>

By inspection we can also express the unit tangent, and we have
for both

PO S (_ah 1)
2 ox’
()

S )
1+<%)2 dx

D.2 REVIEW. SURFACES.

fi = (D.13)

(D.14)

N
Il

We are considering a surface as depicted in fig. D.3 With the surface

Figure D.3: Variable surface geometries.

height given by
z = h(x, t), (D.15)
where this describes the interface. Taking the difference
¢p=z—h(xt)=0, (D.16)

we define a surface. We considered a small displacement as in
fig. D.4. Recall that if ¢ is a constant, then V¢ is a normal to the
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Figure D.4: A vector differential element.

surface. We showed this by considering the differential

0=d¢
_9%9, 99, 0P
= axdx+ aydy+ 52 dz (D.17)
=(V¢)-dr.

We can construct the unit normal by scaling. For our 1D example
we have

V¢
IVl

_ 1 (% 39
‘\V4>|<axay>

so that our unit normal is

ﬁ =
(D.18)

o oh
RN TNy <_8x’1> (19

A unit tangent can also be constructed by inspection

L 1 oh
T= \/ﬁ <1, 8x> . (D.20)



IDENTITIES AND PROOFS.

E.1 ERROR FUNCTION PROPERTIES.

Let us verify the value of erf(co). In the square that is

4/ e’szds/ e tdt

T Jo 0

1 [® _o» ® _p

—/ e ds/ e " dt

7T —00 —00

127t/ e " rdr (E.1)
7T 0

0

/ e

=1.

(erf(oo))2

E.2 A FOURIER SERIES REFRESHER.

Here is a quick re-derivation of how to obtain the Fourier coeffi-
cients for a trigonometric Fourier series in exponential form. This
is performed over an arbitrary interval to make it easy to apply to
more specific problems.

Suppose we have a function that is defined in terms of a trigono-
metric Fourier sum

P(x) = Y cre't, (E.2)

where the domain of interest is x € [a,b]. Stating the problem
this way avoids any issue of existence. We know ¢, exists, but just
want to find what they are given some other representation of the
function.
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Multiplying and integrating over our domain we have

b . b .
/ (P(x)e—zwmxdx _ ch/ elu)(k—m)xdx
! ’ piwk—m)b _ yiw(k—m)a (E.3)
=cnb—a)+ )

k#m

iw(k — m)

We want all the terms in the sum to be be zero, requiring equality
of the exponentials, or

eiw(kfm)(bfa) =1, (E4)
or

w =

. E.
- (E5)
This fixes our Fourier coefficients
1 b -
Cm = b—/ qb(x)e_zm’”x/(b_“)dx. (E.6)
—a Jg

So, for example, if we wished for the correct (but unnormalized)
Fourier basis for a [0, 1] interval, we see that we use the functions
e2™* or the sine and cosine equivalents, as our basis elements.

E.3 VECTOR IDENTITIES.

1 1
<V2u2 +(V xu) x u) = aiiujuj + 0aUpEprUs€rs

1

= ujaiu]- + aaubuségfl’] (E7)
= ujaiu]- + Llsasui — usaius
=(u-V)u),.

Also observe that our claim that u - (u x (Vu)) = 0 follows easily
after expansion in coordinates

u- (ux (V xu)) = ujus(dsu; — d;us). (E.8)

We have got a symmetric and antisymmetric factor in the summa-
tion, so the end result is zero.



GENERAL INCLINED FLOW PROBLEM.

F1 MOTIVATION.

In an informal discussion after class, it was claimed that the steady
state flow down a plane would have constant height, unless you
bring surface tension effects into the mix. Part of that statement just
does not make sense to me. Consider the forces acting on the fluid
in the fig. F.1 In the inclined reference frame we have a component

iy

Figure F.1: Gravitational force components acting on fluid flowing down
a plane.

of the force acting downwards (in the negative y-axis direction),
and have a component directed down the x-axis. Would not this
act to both push the fluid down the plane and push part of the
fluid downwards? I had expect this to introduce some vorticity as
depicted.

While we are just about to start covered surface tension, perhaps
this is just allowing the surface to vary, and then solving the Navier-
Stokes equations that result. Let us try setting up the Navier-Stokes
equation for steady state viscous flow down a plane without any
assumption that the height is constant and see how far we can get.
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F2 EQUATIONS OF MOTION.

We will use the same coordinates as before, with the directions
given as in fig. F.2. However, this time, we let the height h(x) of the
fluid at any distance x down the plane from the initial point vary.
For viscous incompressible flow down the plane our equations of

y

Figure F.2: Diagram of coordinates for inclined flow problem.

motion are

p?; +p(u0x + 00y )u = —0xp + i (dxx +dyy ) u +pgsina, (F.1a)

%

e p(udx +0v0y)v = —dyp + i (Oxx +dyy) v — pgcosa, (F.1b)

0=—0.p, (F.1c)

0 = 0yu +9y0. (F.1d)

Now, can we kill the time dependent term? Even allowing for u
to vary with x and introducing a non-horizontal flow component,
I think that we can. If the flow at x = 0 is constant, not varying
at all with time, I think it makes sense that we will have no time
dependence in the flow for x # 0. So, I believe that our starting
point is as above, but with the time derivatives killed off. That is

P(udx + 00y )u = —0xp + i (Oxx + 0y ) U+ pgsina, (F.2a)



F3 BOUNDARY VALUE CONSTRAINTS.

P(udx +v0y)v = —yp + i (Oxx + dyy) U — pg COS A, (F.2b)
0=—0.p, (F.2¢)
0 = 0dyu +9y0. (F.2d)

These do not look particularly easy to solve, and we have not even
set up the boundary value constraints yet. Let us do that next.

FE.3 BOUNDARY VALUE CONSTRAINTS.

One of out constraints is the no-slip condition for the velocity
components at the base of the slope

| u(x,0)=0(x,0)=0. | (E3)

We should also have a zero tangential component to the traction
vector at the interface. We need to consider some geometry, and
refer to fig. F.3 A position vector on the surface has the value
i
dr
g h(x)

Figure F.3: Differential vector element.

r=xX+hy (F.g)

so that a differential element on the surface, tangential to the
surface is proportional to

., dh
dr = (x + dxy> dx, (E5)
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so our unit tangent vector in the direction depicted in the figure is

1 /
e )

The outwards facing normal has a value, up to a factor of plus or
minus one, of

1w

We can fix the orientation by considering the unit bivector

= (E6)

-1). (F.7)

fi =

. 1
TANO= m (1/h/) AN (hI, _1)
1 W
Woo—1

= (=1 —(H))erer.

_ (E.8)

€1€ep

So we really want the other orientation
# (_ h’, 1) .
V1+(H)?

Our traction vector relative to the normal fi is

n=

(F9)

t= e,-Tijn]-
=€ (_péij + ‘ueij) 71]' (F.IO)
= —ph + peje;in;.

So the component in the tangential direction is

t-T = —ph—T+pee;n;tau;

- 1+P(lhf)z’ 1wl [en 612] [_ﬂ

€21 €22

N [1 h’} —Her + e (F11)
—h/€21 + €22

= (—hlell + e + hl(—h/b’zl + 622))

= —"—— (W(ex — enn) + ern(1 — (H)?)) .



F3 BOUNDARY VALUE CONSTRAINTS.

Our strain tensor components, for a general 2D flow, are

o
1= 9x

dv
€0 = @ (F.12)

. 1 /ov . ou

272 \ox "oy )
So, a zero tangential traction vector component at the interface
requires

0= h, al — al + 1 87’0 + al

- dy odx) 2\ox ay
What is the normal component of the traction vector at the inter-
face? We can calculate

) 1= H)). | (F13)

y=h

t-f=—ph- A+ pee;nmn,
H —hey +emn
= 1N+ — _hl 1
’ L+ (') [ } [_h/eﬂ +€22] E
;/l !/ !/ / ( 14)
= P17 7 (=K' (=Hei1 +e12) — h'ex +ex)
=—p+ ﬁ (—2]’1’612 + (h')2611 + 622) .

So this component of the traction vector is

P L v (U B L
t-fi= p+1+(h,)2< h<ax+8y>+(h)ax+ay . (E15)

For the purely recilinear flow, with // = 0 and v = 0, as a a
consequence of Navier-Stokes and our assumptions, all but the
pressure portion of this component of the traction vector was zero.
The force balance equation for the interface was therefore just a
matching of the pressure with the external (ie: air) pressure.

In this more general case we have the same thing, but the non-
pressure portions of the traction vector are all zero in the medium.
Outside of the fluid (in the air say), we have assumed no motion,
so this force balance condition becomes

t'ﬁ|ﬂuid = t'ﬁ‘air' (F.16)
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Again assuming no motion of the air, with air pressure py4, this is

= _pA'

) i (3,00, gepdt 30
p(x. )+ 1+(h’)2< h <8x+ay)+(h) 8x+8y yeh

(F17)

Observe that for the horizontal flow problem, where /' = 0 and
v = 0, this would have been nothing more than a requirement that
p(h) = pa, but now that we introduce downwards motion and
allow the height to vary, the pressure matching condition becomes
a much more complex beastie.

F.4 LAPLACIAN OF PRESSURE AND VORTICITY.

Supposing that we are neglecting the non-linear term of the Navier-
Stokes equation. For incompressible steady state flow, without any
external forces, we would then have

0=—-Vp+uViy, (F.18a)

0=V u (F.18b)

How do we actually solve this beastie?

F.4.1 Separation of variables?

Considering this in 2D, assuming no z-dependence, with u =
u(x,y) = (u,v) we have
0= —0xp+ u(Qxx + dyy)u
0= —0dyp + p(dxx + dyy)0 (F.19)
0 = dyu +9y0.

Attempting separation of variables seems like something reason-
able to try. With

u=XxY(y)
v = R(x)S(y) (F.20)
p = P(x)Q(y)



F4 LAPLACIAN OF PRESSURE AND VORTICITY.

we get

0=—-PQ+uX"Y+XY")
0=—PQ +u(R"S+RS") (F.21)
0=X'Y+RS.

I could not find a way to substitute any of these into the other that

would allow me to separate them, but perhaps I was not clever
enough.

F.4.2 In terms of vorticity?

The idea of substituting the zero divergence equation V - u will
clearly lead to something a bit simpler. Treating the Laplacian as a
geometric (Clifford) product of two gradients we have

0=—-Vp+uViu
=—-Vp+uV(Vu)
=—-Vp+uVNV~u+V Au) (F.22)
=—Vp+uV(V Au)
=V (—p+uV Au).

Writing out the vorticity (bivector) in component form, and writing
i = e A\ ey =ejey for the 2D pseudoscalar , we have

V Au = (e10y +e2dy) A (eru + exv)
= elez(axv - ayu) (F.23)

It seems natural to write

O = 0,0 — Iy, (F.24)
so that Navier-Stokes takes the form

0=V (—p+iu®). (F.25)

Operating on this from the left with another gradient we find
that this combination of pressure and vorticity must satisfy the
following multivector Laplacian equation

0=V (—p+iu®). (F.26)
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However, note that V? is a scalar operator, and this zero iden-
tity has both scalar and pure bivector components. Both must
separately equal zero

0= VZp, (F.27a)

0=V?0. (F.27b)

Note that we can obtain eq. (F.27) much more directly, if we know
that is what we want to do. Just operate on eq. (F.18a) with the
gradient from the left right off the bat. We find

0=—-V?p+uViu
= —V?p+uV?*(Vu) (F.28)
= —V?*p+uV3(V Au).

Again, we have a multivector equation scalar and bivector parts,
that must separately equal zero. With the magnitude of the vorticity
© given by eq. (F.24), we once again obtain eq. (F.27). This can be
done in plain old vector algebra as well by operating on the left not
by the gradient, but separately with a divergence and curl operator.

E.4.3 Pressure and vorticity equations with the non-linear term retained.

If we add back in our body force, and assume that it is constant
(i.e. gravity), then this this will get killed with the application of
the gradient. We will still end up with one Laplacian for pressure,
and one for vorticity. That is not the case for the inertial (u - V)u
term of Navier-Stokes. Let us take the divergence and curl of this
and see how we have to modify the Laplacian equations above.

Starting with the divergence, with summation implied over re-
peated indices, we have

V- ((u-V)u) = d(u- Viy)
= O (9 iy)
= (Otm)(Omi) + UpmOn kil

= E(akuk)z + E(akum)(amuk) +(u- V)(V -u).
3 km
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(F29)

So we have

V- ((w-V)u) =Y @) +2 Y @ttn)@mite) + (u- VY(V - ).
k k<m
(F30)

We are working with the V - u = 0 incompressibility assumption
so we Kkill off the last term. Our velocity ends up introducing a
non-homogeneous forcing term to the Laplacian pressure equation
and we have got something trickier to solve

0 Y @xtt)? +20 Y Oxttn)@murx) = —V2p. (F:31)
k

k<m

Now let us see how our vorticity Laplacian needs to be modified.

Taking the curl of the impulsive term we have

V A((u-V)u) = edp A (Up0piine;,)
= (ex A e,)0k(UmOmin)
(F32)
= (ex Ney) ((akum)(amun) + umamakun)
= (ex A ey) ((Okttm)(Omttn) + (u - V)Oguty) -

So we have

V A(u-V)u)=(Vuy) A @puu)+ (- V)V Au). (F.33)
Putting things back together, our vorticity equation is

(Vi) A @mu) +p(u- V)V Au) = uVA(V Au). (F.34)
Or, with

Q=VAu, (F35)

this is

(Vity) A @mu) + (u- V)Q = 1vV3Q. (F.36)

It is this and eq. (F.31) that we really have to solve. Before moving
on, let us write out all the non-boundary condition equations in
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coordinate form for the 2D case that we are interested in here. We

have
u\E(u\E joude) o (E372)
P\\ax) "\ay) "ayax) =V 77
oudv dvav 0 0 o
2 (axay+8xay) + <uax+vay> ®=vV-0, (E37b)
Jdv  du
=% 3y (F370)

Our solution has to satisfy these equations, as well as still satisfy-
ing the original Navier-Stokes system eq. (F.2) that includes our
gravitational term, and also has to satisfy both of our boundary
value constraints eq. (F.13), eq. (F.17), and have u(x,0) = v(x,0) = 0.
Wow, what a mess! And this is all just the steady state problem.
Imagine adding time into the mix too!

F.4.4 Reworking slightly.

In §40-2 [4], the identity
(u-Viu=(V xu)xu+ %V(u -u), (E.38)

is used to put the vorticity equation into a form with one additional
portion expressed as a gradient. This is a superior way to handle
the inertial term because the curl of that gradient is then killed off.

I have expressed the curl as a wedge product, and not a cross
product (either works since they related by a constant duality
transformation). With the wedge product the identity eq. (F.38) has
different signs. That is

u-(VAuw=@u-Viu—V'(@u u)
(F.39)
=(u-V)u-— %V(u -u).
Here I have used the Hestenes overdot notation [8] to mark the op-
erational range of the gradient V (i.e. indicating that the gradient
acts only on one of the u terms initially). That gives us

(u-Viu=u-(VAu+ %V(u -u). (F.40)
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Navier-Stokes (for incompressible flows) now takes the form

Ju

o +u-(VAu=-V (Z + 1112 +4)> +vV2y, (Fg1)

2

where in our problem we have killed the time dependence and
have

¢ = —g(xsina, —y cos ). (F42)

The divergence of u - (V A u) unfortunately is not zero. For exposi-
tion purposes, let us write this out explicitly as a function of the
vorticity components

Oy = dyuiy — Oty (F.43)
Expanding out that divergence we have

V-(u-(VAw)=V - (u0sure, - (es \ei))
=V. (urasut((srset - 5rtes))

E
= ak (urasukérs - urakutfsrt)) ( 44)
= Jk (ur (aruk - akur)) ’
or
V(- (VA w) = 3 (4,00) (F.45)

Let us also, for exposition, expand out the curl of this remaining
non-linear term in coordinates. Being a bit smarter this time, we
can avoid expressing () in terms of V and u and leave it as a
bivector explicitly. We have

1
1
= 5V A U Qup(Gaey — Snven)) (F.46)
1
= EV A (anabeb - Manbea)
=VA (uaﬂabeb)'
This is

V A@[-Q)=0,(u,Qy)e; N eg. (E47)
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The Navier-Stokes equations are now recast in terms of vorticity as

V. uAQ)=—V? <Z+;u2+q§), (F.482)
aa? +VA@u-Q)=vViQ, (F.48b)
QO=VAu, (F.48¢)
V.-u=0, (F.48d)

Having restated things with the Vu? term moved to the RHS, let
us also now write out eq. (F.482a) and eq. (F.48b) in coordinate form
(we want this for the 2D case). This is

1
A (1, Qyp) = — V2 (Z + 5“2 + 47> , (F.49a)
a(;:m + 0 (s Oan) — 0 (UaQam) = VV Q. (F.49b)

For our problem where we have only u; and u; components, and
any d3 operations are zero, we find
9p (UaQap) = 02(u1Q12) + 91 (U2)z1)
= (dau1 — d1u2)N2 + u102Qd1p — 12010y

(F.50)
= — %, + (U102 — 1201) Q12
= —Q%z —1i- (u A V)le,
and
01(1a0a2) — (1 1) = 91(1012) — 2 (1221)
= 91 (u1012) + 2(u2012)
(F.51)

= (d1us—+03112) Q1o + (1101 + 1202)12
= (ll : V)Q]z.



F5 Now wHAT?

So we have
Q%z +i-(uAV)Qpp = V2 <Z + %uz + qb) , (F.52a)
Q)
St (- V) = vV, (F.52b)

Here I have used i = eje; again, so that the pair of differential
operators on the LHS of the respective equations above are

i-(WAV)=—u10r +u0q

E
u-V-= u181 + Mzaz. ( 53)

Note that since V2¢ could equal zero (as in our problem) we will
likely have additional work to ensure that any solution that we
find to this set of equations is also still a solution to our original
tirst order Navier-Stokes equation.

F.5 NOW WHAT?

The strategy that I had thought to attempt to tackle this problem,
when I had left it like eq. (F.37) was something along the following
lines

e First ignore the non-linear terms. Find solutions for the ho-
mogeneous vorticity and pressure Laplacian equations that
satisfy our boundary value conditions, and use that to find a
first solution for h(x).

e Use this to solve for u and v from the vorticity.

However, after reworking it using the identity found in Feynman’s
dry water chapter, I think it is best not to try to solve it yet, and
study some more first. I have a feeling that there are likely more
such techniques that have been developed that will be useful to
know before I try to plow my way through things.

Regardless, it is interesting to see just how tricky the equations of
motion become when one does not make unrealistic assumptions.
I have a feeling that to actually attempt this specific problem, I may
very well need a computer and numerical techniques.
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INFINITE STIRRED COFFEE.

G.1 MOTIVATION.

Having tackled the problem of the spin down of a bottomless cup
of coffee, lets try setting up the harder problem with a non-infinite
cup. It turns out that this is a lot harder. Even the steady state
solution requires a superposition of Bessel functions (whereas we
only had that in the bottomless problem when we tried to find the
time evolution after ceasing the stirring).

I can find the form of the solution, but do not know how to
actually apply the boundary value constraints. I also find the no-
slip constraints themselves become problematic, because they lead
to an inconsistency at the point of contact of a moving and a static
interface. Before continuing, I need to find out how to deal with
that inconsistency.

G.2 NAVIER-STOKES FOR THE PROBLEM.

Working in cylindrical coordinates is the only sensible option. Let
us look first at the steady state problem, with the cup being stirred
at at constant rate with the unrealistic rotating cylinder stir stick
used previously. We will assume an azimuthal velocity profile

u =u(r,z, ). (G.1)

Let us first verify that this satisfies our incompressible condition

V.ou-= (fa, . %a(p ; zaz> ()

=P, u + ¢ (uogpp + &M) +2-¢o.u.

r

(G.2)
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The only term that survives is the dp¢p = —% but that is perpendic-
ular to ¢ so we have 0 = V - u as desired. This leaves us with

E84,(14?)) _ ! (Aar + %4) + zaz> p
' A G3)
+v <rar(r8r) + ﬁa¢¢ + azz> up +g.
Splitting into ¢, t, 2 coordinates respectively we have
1 1 u
0= _aa‘l’p v (rar(raru) 2 + azzu> , (G.ga)
u? 1
TP (G.4b)
1
0= —Eazp -8 (G.40)

Demanding a symmetrical solution kills off the pressure term in
eq. (G.4a), and we can proceed with separation of variables to
find the allowable solutions for the velocity before imposing our
boundary value conditions. With u = R(r)Z(z) we have

1, /) 1 z" 11

rR(R +rR") il e (G.5)
Should we pick a negative or a positive constant here (ie: trig or
hyperbolic functions for Z)? Allowing for both temporarily, we
find for R

2

0=rR' +r’R" +R <—1 + ;) ’ (G.6a)
1,2

0=rR +r*R"+R <—1 - b2> : (G.6b)

Using Mathematica ( coffeeCupWithBottom.cdf ) to look up the
solutions, we find that this was a Bessel equation with solutions

R(r) € span{]Ji(r/a), Y1(r/a)}, (G.7a)
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R(r) € span{J;(ir/b), Y1(ir/b)}. (G.7b)

However, the second set are not real valued for » > 0. This means
we want the hyperbolic solutions for Z. Because we also have a
boundary value constrain of # = 0 on the bottom of the cup, we can
pick only hyperbolic sine solutions. As before, we will “stir” the
coffee with a cylinder at radius s (with cup radius R), our solution
has the form

u(r,z,0) = sQ Y. CoJ1(r/a) sinh(z/a) r<s
T sQL (Dh/a) + Evir/a) sinhz/a) 7 €[5, RL
(G.8)

Observe that, regardless of a we have (0, z, 0) = 0 because J1(0) = 0.
We also can not scale a as A;/s (where A; are the zeros of J;) when
the stirring is not at the edge since we need u(s, z,0) = Qs. That
suggests that we probably want to write our system as

4 2,0) = { sQ Y CiJ1(Air/R) sinh(A;z/R) L
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sQQ Yy (Dih(/\ﬂ’/R) + Ein(/\ﬂ’/R)) sinh()tiz/R) r € [s, R].

(G.9)

The boundary value constraints of u(r =s) = Qs and u(r = R) =0
require the solution of

1= ZC,'h(/\is/R) sinh(A;z/R), (G.10a)

1= Z (Di]l ()\ZS/R) + EiYI (AZS/R)) Sil’lh()\iZ/R), (GIOb)

0= Z E;Y1(A;) sinh(A;z/R). (G.100)

We know how to solve a system like eq. (G.10a) if we did not
have the sinh term in the mix. Can we look for a numerical (least
squares?) solution to this more general problem. Will it be possible
to find something that is a good fit regardless of the value of z?
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We have other troubles too. We can not simultaneously satisfy
the boundary value condition of u(s,z) = Qs and also u(s,0) = 0.
Should we attempt something like a least squares solution and
start going near z = 0 the small sinh values near there will start
forcing the C;’s arbitrarily high.

We have to somehow modify the no-slip condition so that when
we have a moving interface in contact with a static interface we
somehow deal with the fact that the no-slip constraints cannot
simultaneously require the velocity to match both the moving and
static interfaces at that point of contact.

G.3 BASE OF CUP NO-SLIP TROUBLES.

We have just found the functional form for an azimuthal flow that
has z-axis dependence. Attempting to apply the no-slip boundary
value condition for our mixing device got us into trouble, since
this simultaneously require zero and non-zero velocity at the point
of contact of the mixing interface and the bottom of the vessel
(i.e. where the stir stick contacts the bottom of the cup). We can
avoid this issue by constraining the mixing to only occur above
the bottom of the cup, and then look at the flow that this induces
below the mixing point.

Let us attempt to solve this new simpler boundary value problem.
We will position the mixing cylinder at a height 4 above the bottom
of the cup, and set the radius of that inner cylinder to s as before,
with the mixing occurring at an angular velocity of (). We now
want apply these boundary value constrains to the velocity function
we have found for the steady state problem. Provided z < d, this
will have the form

u(r,z,0) =sQ) Z CiJ1(Air/R) sinh(A;z/R), (G.11)

where A; are the zeros of the order one Bessel function [;. Observe
that our boundary value conditions of (R, z,0) = 0 and u(r,0,0) =
0 are automatically satisfied. Note that because of the u(R, z,0) = 0
equality here, this form of solution is no good if we are mixing at
the edge of the cup, so we require s # R.
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Our remaining boundary value condition u(s, d, 0) = s{), means
that we have to solve

1=) CiJi(Ais/R)sinh(A;d/R). (G.12)

Having had the same sort of problem in our steady state bottomless
coffee problem, we know how to solve this

fol w]i(A;w)dw

C;sinh(A,d/R) = .
Sinh(A:d/R) fol w3 (Aw)dw

(G.13)

So we find that below the point of stirring (z = d), our steady state
solution for the velocity should be

o 1 ) . '
u(r,2,0) = 50§ 3 o WNAD Ly SihAZ/R) -y

i=1 W sinh(A;d/R)

For a cup size of R = 5cm, stir radius of s = 3cm, stir depth
d = 2cm, and angular velocity () = 27rad/s, we can compute (
coffeeCupWithBottom.cdf ) some terms of this series

u(r, z,0) = 27.1119]; (7.66341r) sinh(7.66341z)
— 3.42819];(14.0312r) sinh(14.0312z) (G.15)
+4.97807]1(20.3469r) sinh(20.3469z)
— 1.53542]1(26.6474r) sinh(26.6474z) + - - -

We can plot this velocity field as in fig. G.1, but it is hard to see
the radial dependence. The radial dependence of the magnitude
of the velocity can be seen in fig. G.2, which plots u(r,d, 0). We see
the zero velocity at the edges of the cup as expected, and once we
hit the stir height, matching of stir velocity. An animation showing
the variation of the radial velocity profile at various depths up

to the stir height is available at http://youtu.be/BS8XQdXIjSk.

Observing this we see that the velocity is dominated by the first
term in the Bessel series, essentially just scaled by the hyperbolic
sine that multiplies it. It is not clear to me how to compute the
velocity profile above the point of lowest stir depth. Let us ignore
that for now, and think a bit about the spin down problem.
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-0.5

Figure G.1: Vector field plot of the velocity field below the stir depth.

0.0 L " 1
0.0 0.l 0.2 0.3 0.4 0.5

Figure G.z2: Radial velocity dependence at the stir height.
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G.4 SPIN DOWN BELOW THE STIR POINT.

Let us now consider the time evolution problem when we stop
the stirring abruptly at t = 0. The ¢ component of Navier-Stokes
becomes

?;; < d,(ro,u) — +azzu> (G.16)
with u = R(r)Z(z)T(t) we find

T o? 1 N 170

T = —Vﬁ =V <1"I{(VR) — 1’7 + Z) . (G17)
We have immediately

T o e~ VI/R? (G.18)

and can insist that we also have
2
A

7R(r — 7= Ry (G.19a)
7 A2 42
7 = Rizz — ﬁ. (G19b)

Our time dependent solution below the point of stirring is therefore
of the form

u(rz, ) =50 Y cai(Ar/R)sinh (W/R) o/

A2>n2

+50 Y digJ1(Air/R)sin <\/ﬂZ/R> ot /R:

A2<a?

(G.20)

with a boundary value condition

w]1(Ajw)dw sinh(A;z/R)

fO 1
2, 1(A —
S wA(Aw )dw]( '/ R)smh()ud/R)

= ¥ cuhihr/Rysinh (/A2 — a%2/R) (G.21)

/\2>042

+ Y disJi(Ajr/R)sin (,/ch—)\]zz/R>.

)\]2<0c2
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I had like to go back and understand the Sturm Liouville theory in
[14] that I used the result from to solve the steady state problem.
Thinking about what I have been using, we basically been using
a weighted inner product, so that if we are looking for a fit for
x €[0,1] of

P(x) = Zcijl(/\ix)/ (G.22)

we have been utilizing a weighted inner product relation of the
form

1 1
/0 Xh(AhOdx = 8 | xR (G.23)

Suppose that we drop the hyperbolic terms above, and insist that
ocz—)\z-£=27r' (G.24)
] R ]/ ‘ 4
or
a? 42 j2 )\]2

leaving us with the hope that we can find d; = dj, so that for
x,y € [0,1] we have

w]i(Ajw)dw sinh(A;yd/R) &

fo . .
Ji(Aix)— =Y d;[;(A;x)sin (27T7y) .
; L w2(Aw)dw M) Sinh(Ad/R) ]g il1(Ajx) sin (271]y)
(G.26)
Observing that
T o 1
/0 sin(27tjy) sin(2tky)dy = Eéjk, (G.27)

We can multiply both sides by xJ1(A,x) sin(27tmy) and integrating
over the unit square we have

Efo wl(Aw)dw
i-1 J, wlF(Aw)dw

(G.28)
1
-y 4, /0 *hA) s (Ax)dx /O sin(27my) sin (272jy) dy.
j=1
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Applying the orthogonality relations we have

fo wh(Aw)dw sinh(A;yd/R)
Aix)0; o g7
> Ow]l(/\w)dw/ st s LGS

1
]:

(G.29)
or
1 L nh(Ayd/R) 1
/Owh()tkw)dw/o sin(27tky )W fdk/ x]f(/\kx)dx.
(G.30)

We have got the same Bessel integral on both sides leaving us with

; dA
sinh(1yy/R) 4T D" sinh (%)
sinh(Akd/R) - 42 )‘k A2 .

(G.31)

Putting all the pieces together we have for the spin down of the
fluid below the stir height for t > 0.

o0 j dA A2
u(r,z,f) = Z V”W‘“’“‘h < R]> exp <_ (1{12
+ 72

=1
4R? 7r2

+ 47;]2> > J1 ( r) sin (272j2> .
(G.32)

It is interesting that we end up with products of the orthonormal
Bessel and trig functions when we started with a requirement
for Bessel times hyperbolic trig functions. We can likely utilize a
similar Fourier decomposition of the hyperbolic trig functions to
solve the steady state problem above the stir point, then solve for
all our Fourier coefficients using this technique. That will obviously

1
dp=2 / sin(27tky)
0

be a harder problem, but one that looks at least feasible. Regardless,

we have to start at the bottom of the cup and work our boundary
value conditions up from there.
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We have a result that appears to validate the claim in [2] about
the importance of the bottom of the cup in this problem. Let us
look at the magnitude of the viscous boundary layer term and see
if we can estimate approximately when the spin down is mostly
complete.

Let us also plot this function and see that it matches up with
what is we have previously computed for the steady state problem.

Plotting this gave me something that looked completely bogus.
Going back and looking where things went wrong, I see that
even my steady state “solution” is wrong. The problems start at
eq. (G.12) where we have matched values at a single point r = s,
and then integrated over s as if it was a variable. Also later in my
spin down work, I think I am too loose with my deltas, and that is
probably wrong too. Back to the drawing board.

NOTE: constructing the Fourier fit for a sinh curve I see that
sine, cosine and a constant term is required. Have to rework with
this in mind. Can not just pick the sine function so that we match
u = 0 at z = 0, but need to match at all z. Is that constant term
going to be trouble?



MATHEMATICA NOTEBOOKS.

These Mathematica notebooks, some just trivial ones used to gener-
ate figures, others more elaborate, and perhaps some even polished,
can be found in
https:/ /github.com/peeterjoot/ mathematica/tree /master/phy454/.
The free Wolfram CDF player, is capable of read-only viewing
these notebooks to some extent.
Files saved explicitly as CDF have interactive content that can be
explored with the CDF player.

e Jan 17, 2012 strainTensorCylindrical.cdf

Compute the cylindrical strain tensor components to second
order.

Using the notation package for the first time to get results
that make the mathematica notebook text intelligible as well
as the final result.

Also use the Collect[] function for the first time to group the
results according to the differential products of interest.

e Jan 17, 2012 strainTensorSpherical ColumnVectors.cdf

Same as strainTensorSpherical, but I didn’t pre-compute the
line element differentials myself, instead letting mathematica
do the grunt work.

Note that in this version, I specified the definitions of rcap,
thetacap, and phicap manually, but had some commented
out code to verify that I had this right.

This notebook was left using Collect instead of coefficient, so
the collected factors do not match the text equation results
without additional manual comparison work.

Also use this to output the column matrices for rcap, thetacap
and phicap and drcap/dt.


https://github.com/peeterjoot/mathematica/tree/master/phy454/
http://www.wolfram.com/cdf-player/
https://raw.github.com/peeterjoot/mathematica/master/phy454/strainTensorCylindrical.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/strainTensorSphericalColumnVectors.cdf
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e Jan 21, 2012 strainTensorSpherical.cdf

Like strainTensorCylindrical but for spherical coordinates.
Here I used Coefficient instead of Collect so that I could factor
out the additional portions of the area element differentials
for constancy and comparison with the Landau and Lifshitz
equation.

Feb 3, 2012 continuumProblemSet1Q1.cdf

PHY454. Problem set 1.

Final grunt calculation.

Mathematica features used: 3x3 matrix, IdentityMatrix, Tr
(trace), MatrixForm, evaluate last expression.

Feb 4, 2012 continuumProblemSet1Q2.cdf

PHY454 Problem set 1. Q2.

Confirm the characteristic equation calculated manually.
Find the root, by solving the characteristic equation.

Find the eigenvalues and normalized eigenvectors.
Interesting mathematica functions used: Map which applies
operation to list, Normalize, Solve, Table, Total — adding all
elements in a list.

Feb 5, 2012 continuumProblemSet1Q3.cdf

PHY454 Problem set 1. Q3.

Confirm some manual matrix calculations.

Used Cross product function, and Orthogonalize for Gram-
Schmidt like expansion.

Feb 8, 2012 continuumProblemSet1Q2animated.cdf

PHY454 Problem set 1. Q2.

Animate the stress tensor associated with the problem, for
different points and values of Poisson’s ratio.

This generalizes the solution of the problem since answers
visually whether the point is under expansion (blue arrow)
or under compression (red arrow) at each point in space.


https://raw.github.com/peeterjoot/mathematica/master/phy454/strainTensorSpherical.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumProblemSet1Q1.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumProblemSet1Q2.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumProblemSet1Q3.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumProblemSet1Q2animated.cdf
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Mathematica manipulate sliders are used to select the spatial
points and the value of Poisson’s ratio.

Used a number of new (for me) mathematica features: Table,
Arrow, If, Part, multiple colors in Graphics3D, DiagonalMa-
trix, Diagonal (select diagonal into list), Tr (not Trace!), Map,
Eigenvalues, Eigenvectors, and in a later version Eigensystem
to replace the last two.

The code has links to various stackexchange questions for this
notebook. There’s an answer on scaling that’s incorporated
into the Graphics3D options. One more mathematica stack-
exchange question answered on this little notebook which
motivated the Dynamic and DynamicModule calls now here,
and one more that drove the change to use Eigensystem.

e Feb 12, 2012 partErrorTestStandalone2D.cdf

Based on phy454continuumProblemSet1Q2animated.cdf, with
most stuff stripped out to ask about the errors on initial load
in mathematica.stackexchange question.

e Mar 3, 2012 twoLayerInclinedFlowDifferentDensities.cdf

Plug in some numbers for the viscosities and densities for the
inclined fluid flow down a plane problem. Insertion of an air
layer above the water ends up with the air speed humongous!
Steady state not realistic? What are the length scales required
for steady state?

New mathematica functions used: WolframAlpha, Chemical-
Data.

e Mar 4, 2012 twoLayerInclinedFlowDifferentDensitiesTheCal-
culation.cdf

Redo the hand calculation in twoLayerInclinedFlowDiffer-
entDensities.tex completely in mathematica and verify the
results. I did it right.

Notable mathematica functions used: Do, Solve, Collect, Ex-
pandAll

e Mar 13, 2012 continuumProblemSet2Figir2.cdf


https://raw.github.com/peeterjoot/mathematica/master/phy454/partErrorTestStandalone2D.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/twoLayerInclinedFlowDifferentDensities.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/twoLayerInclinedFlowDifferentDensitiesTheCalculation.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/twoLayerInclinedFlowDifferentDensitiesTheCalculation.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumProblemSet2Fig1r2.cdf
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Generate figures for continuum mechanics problem set II
figure 1. Using Show and ParametericPlot for the first time.
First version used Wacom tablet and graphics drawing op-
tions to put in arrows. Text labels later added with Inkscape
latex-pdf. Later version used Array of Arrows to draw vector
field. Looks much better.

Mar 14, 2012 continuumProblemSet2Fig3.cdf

Figure3 for continuum mechanics problem set II. Used Chem-
icalData again and used Piecewise.

Mar 14, 2012 problemSetlIQ3exactSolution.cdf

Exact solution to Q3 velocities. Return to this and plot it later.

Mar 16, 2012 continuumL17Figures.cdf

erf Plot. Using AxesLabel

Mar 22, 2012 problemSetlIQ3PlotWithManipulate.cdf

Plotting the two layer constant pressure gradient solution.

Mar 29, 2012 continuumL20Figures.cdf

Generate figures for lecture 20 notes.

Mar 31, 2012 channelFlowWithStepPressureGradient.cdf

Animation for the time evolution of a channel flow due to
constant pressure gradient turned on at an initial time for
fluid at rest before that.

Apr 4, 2012 continuumL22Figures.cdf

Figure for last lecture. Defined a rectGraphic function, just
to create a drawing area. Toss that in a mathematica module
file to learn how to make one.

Apr 11, 2012 couetteFlow.cdf

Plot the Couette flow solutions. This is by far my coolest
attempt to use Mathematica to do visualization so far. The
velocity field is plotted in the appropriate circular contours,
albeit without arrows and without an envelope with the con-
tours of the field profile. New tricks learned for this notebook


https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumProblemSet2Fig3.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/problemSetIIQ3exactSolution.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumL17Figures.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/problemSetIIQ3PlotWithManipulate.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumL20Figures.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/channelFlowWithStepPressureGradient.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumL22Figures.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/couetteFlow.cdf
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include the use of Slider, Dynamic, and RadioButtonBar. Row
and Column were used to group the sliders and labels and
resulting plots. I coded up a really cool viscosity and density
selector too, but that did not get used here so I commented
it out and disabled the initialization cell that I had put in
for the ChemicalData lookup. Things were also coded in a
nice clean fashion so that I could use one helper function
to generate both the Manipulate like controls and also the
table that I used to save an animation for my pdf file with
the original calculations.

Apr 14, 2012 twoCylinders.cdf

Plot the flow between two infinite cylinders. Mathematica
coding style is getting nicer. This has no prologue attempting
to be self contained with a nice text description ... too much
work to do that in Mathematica instead of Latex. Used Ma-
nipulate to generate an animation that includes the sliders.
Tried embedding this in the associated pdf, but ffmpeg cant
handle it, and I do not know how to coerce it to do so.

Apr 15, 2012 twoCylinders3D.cdf

Take the previous calculation and display and do it in 3D
instead. Very cool.

Apr 15, 2012 demoTemplateTwoCylinders3D.nb

Add some explanatory text, and put in the format required
for the wolfram demo upload page.

Apr 25, 2012 bottomlessCoffee.cdf

Plot the Bessel function fitting for the spin down of a bot-
tomless coffee cup. Also animate the time evolution of the
spin down with a Manipulate slider. As mentioned in the
text, this does not match reality too well.

Apr 25, 2012 continuumFluidsReview.cdf

The integral for chapter 7, problem 2 of Landau’s fluids.
Curve for a fluid meniscus up a wall.

Apr 27, 2012 coffeeCupWithBottom.cdf
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https://raw.github.com/peeterjoot/mathematica/master/phy454/twoCylinders.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/twoCylinders3D.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/demoTemplateTwoCylinders3D.nb
https://raw.github.com/peeterjoot/mathematica/master/phy454/bottomlessCoffee.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/continuumFluidsReview.cdf
https://raw.github.com/peeterjoot/mathematica/master/phy454/coffeeCupWithBottom.cdf
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Solving the PDE for the non-bottomless coffee cup problem.
Find Bessel functions of order 1. Find the fitting coefficients
for stirring above the bottom, in the layer of fluid lower than
the stirring. Plot this function, and verify against boundary
condition.



INDEX

Bernoulli’s equation, 161
biaxial stress, 24, 26
bivector, 302

boundary layer, 198, 215
buoyancy force, 156

Cauchy tetrahedron, 28
characteristic length, 179
characteristic velocity, 179
compatibility condition, 10
constitutive relation, 2, 33, 67
curl, 51

cylindrical coordinates, 10, 15,

257

diagonalization, 27
dimensionless form, 184
displacement, 63

elastic displacement, 54
elastic wave, 47, 52

fluid interface, 73
Fourier coefficient, 297

geometric product, 305
gradient, 51

Mathematica, 323
multivector, 305

Newtonian fluid, 2, 67
Newtonian material, 31
no slip, 316

normal, 73

p-wave, 48, 54

phasor, 52

pressure, 175
pressure gradient, 158
pseudoscalar, 305

radius of curvature, 175
rectilinear flow, 190
Reynold’s number, 184

s-wave, 50, 55
scaling, 179, 183
strain, 2, 10, 15

strain tensor, 257, 277
stress, 2

surface tension, 175

tangent, 73
traction vector, 30, 95, 171

uniaxial stress, 23, 26, 33

vector displacement, 92
viscosity, 198

volume element, 8
vorticity, 158, 311

wedge product, 276, 305
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