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1 Bohm Chapter 10 problems.

Problems and additional details from reading of [Bohm(1989)], chapter 10.
Differing from the text, the notation 〈O〉 has been used instead Ō mostly

due to not knowing how to format the a wide overbar, and getting peculiar
looking results.

1.1 P1. Uncertainty calculations.

Calculate ∆x∆p for a few wave functions

1.1.1 Gaussian wave function.

ψ = α1e−αx2/2

Normalization

1 = |α1|2
∫

e−αx2
dx

Position expectation is zero, since it is odd:

〈x〉 ∝
∫

xe−αx2
dx = 0

And the second power

〈x2〉 = |α1|2
∫

x2e−αx2
dx

= |α1|2
∫

x(e−αx2
/− 2α)′dx

= |α1|2
∫

(e−αx2
/2α)dx

=
1

2α
|α1|2

∫
e−αx2

dx︸ ︷︷ ︸
=1

=
1

2α

For the first momentum expectation, we have zero again since we end up
with an odd integral:
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〈p〉 = −ih̄|α1|2
∫

e−αx2/2 d
dx

e−αx2/2dx

= −ih̄|α1|2
∫

e−αx2/2(−αx)e−αx2/2dx

= 0

And for the second power

〈p2〉 = −h̄2|α1|2
∫

e−αx2/2 d
dx

((−αx)e−αx2/2)dx

= h̄2|α1|2α
∫

e−αx2/2 d
dx

(xe−αx2/2)dx

= −h̄2|α1|2α
∫ ( d

dx
e−αx2/2

)
(xe−αx2/2)dx

= h̄2α2 |α1|2
∫

x2e−αx2
dx︸ ︷︷ ︸

〈x2〉=1/2α

= h̄2α
1
2

Assembling results

∆x∆p =

√
h̄2α

1
2

1
2α

=

√
h̄2 1

4

=
h̄
2

This is the expected result since equality with h̄/2 occurs only with the
Gaussian.

1.1.2 Absolute valued exponential wave function.

ψ = α2e−α|x|

Normalization

1 = 2|α2|2
∫ ∞

0
e−2αxdx

= 2|α2|2
e−2αx

−2α

∣∣∣∣∞
0

= 2|α2|2
1

2α
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〈x〉 = 0

(odd).

〈x2〉 = 2|α2|2
∫ ∞

0
x2e−2αxdx

= |α2|2
1

2α3

For the momentum we need derivatives

d
dx

e−α|x| =
{ d

dx (e−αx x > 0
d

dx (eαx x < 0

=
{
−α(e−αx x > 0
α(eαx x < 0

= −α sgn(x)e−α|x|

〈p〉 = ih̄|α2|2α
∫

sgn(x)e−2α|x|dx

= 0

(odd)

〈p2〉 = (−ih̄)2|α2|2α2
∫

(sgn(x))2e−2α|x|dx

= −2(h̄)2|α2|2α2
∫ ∞

0
e−2α|x|dx

= 2(h̄)2|α2|2α2 1
2α

= (h̄)2|α2|2α

Putting results together we have

〈p2〉〈x2〉 = (h̄)2α4
2

1
2α2

= (h̄)2/2

Same as in the Gaussian.
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1.1.3 Squared polynomial.

ψ =
α3

(α2 + x2)2

For this one, the integrals were evaluated with Mathematica online integra-
tor, where the contributions at ∞ were scaled arctan(x/α) values.

1 = |α3|2
∫ dx

(α2 + x2)4

= |α3|2
15π

48α7

〈x〉 = 0

〈x2〉 = |α3|2
∫ x2dx

(α2 + x2)4

= |α3|2
3π

48α5

〈p〉 = −ih̄|α3|2
∫ dx

(α2 + x2)2
d

dx
1

(α2 + x2)2

= −ih̄|α3|2
∫ dx

(α2 + x2)2
−4x

(α2 + x2)2

= 0

〈p2〉 = (−ih̄)2|α3|2
∫ dx

(α2 + x2)2
d2

dx2
1

(α2 + x2)2

= 4h̄2|α3|2
∫ dx

(α2 + x2)2
d

dx
x

(α2 + x2)3

= 4h̄2|α3|2
∫

dx
(

1
(α2 + x2)5

x(−3)(2x)
(α2 + x2)6

)
= 4h̄2|α3|2

∫
dx

α2 − 5x2

(α2 + x2)6

= 4h̄2|α3|2
105π

960α9
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Assembling

〈p2〉〈x2〉 = 4h̄2α4
3

105π

960α9
3π

48α5

= h̄2 7
25

For

∆p∆x = h̄
√

7
5

≈ 0.52h̄
> h̄/2

1.2 P2. Correlation coefficients.

It is noted that a classical correlation coefficient for random variables x, and p
has the form

Cn,m = 〈xn pm〉 − 〈xn〉〈pm〉

However, for operator expectation values and average of both orderings is
more reasonable

Cn,m =
1
2

(〈xn pm〉 − 〈xn〉〈pm〉+ 〈pmxn〉 − 〈pm〉〈xn〉)

=
1
2

(〈xn pm〉+ 〈pmxn〉)− 〈xn〉〈pm〉

With the operator substitution p → −ih̄d/dx this provides equation (7) in
the text.

1.2.1 first correlations.

Calculate C1,1, and C2,2 for

ψ = αe−αx2/2

First the normalization and first and second order expectations.

1 = α2
∫

e−αx2
dx

= α2
√

π/α

=⇒
α = π1/3
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〈x〉 = 0

〈p〉 = 0

And in particular

〈p〉〈x〉 = 0

1.2.2 second correlations.

〈x2〉 = α2
∫

x2e−αx2
dx

= α2
∫

xxe−αx2
dx

= α2
∫

x(e−αx2
/− α)′dx

= α2
∫

e−αx2
/αdx

= α
∫

e−αx2
dx

= α
√

π/α

=
√

απ

= π2/3
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〈p2〉 = −α2h̄2
∫

e−αx2/2 d2

dx2 e−αx2/2dx

= α2h̄2
∫ d

dx
e−αx2/2 d

dx
e−αx2/2dx

= α2h̄2
∫

(−αx)2e−αx2
dx

= α4h̄2
∫

x2e−αx2
dx

= α4h̄2
∫

xxe−αx2
dx

= α4h̄2
∫

x(e−αx2
/− α)′dx

= α3h̄2
∫

e−αx2
dx

= α3h̄2 1
2α

= α2h̄2

= π2/3h̄2

〈p2〉〈x2〉 = h̄2π4/3

For the first terms we want

1
2

(
〈x2 p2〉+ 〈p2x2〉

)
=
−h̄2α2

2

∫ (
e−αx2/2x2 d2

dx2 (e−αx2/2) + e−αx2/2 d2

dx2 (x2e−αx2/2)
)

dx

=
−h̄2α2

2

∫ ( d2

dx2 (e−αx2/2x2)e−αx2/2 + e−αx2/2 d2

dx2 (x2e−αx2/2)
)

dx

= −h̄2α2
∫

e−αx2/2 d2

dx2 (e−αx2/2x2)dx

= h̄2α2
∫ ( d

dx
e−αx2/2

)(
d

dx
(e−αx2/2x2)

)
dx

= h̄2α2
∫

(−αx)e−αx2
(2x + x2(−αx))dx

= h̄2α3
∫

x2e−αx2
(−2 + x2α)dx

= −h̄2α2
√

π/α

= −h̄2π

This leaves

8



C2,2 = −h̄2
(

π + π2/3
)

1.3 P3. First correlations zero for real wave function.

Show that the first correlation coefficient is zero for any real wave function.

C1,1 =
1
2

(〈xp〉+ 〈px〉)− 〈x〉〈p〉

Calculate instead the equivalent problem

2C1,1/(−ih̄) =
(
〈x d

dx
〉+ 〈 d

dx
x〉
)
− 2〈x〉〈 d

dx
〉

For the anti-commutator part we have

〈x d
dx
〉+ 〈 d

dx
x〉 =

∫
ψxψ′ + ψ(xψ)′

=
∫

ψxψ′ − ψ′xψ

= 0

and for the remainder if one is zero then the sum is. In particular

〈 d
dx
〉 =

∫ ∞

−∞
dxψψ′

=
1
2

∫ ∞

−∞
dx(ψ2)′

=
1
2

ψ2
∣∣∣∞
−∞

Provided the wave function vanishes in the square at±∞, then we are done.

1.4 P4.

1.5 P5.

1.6 P6.

The phase space text on this page is not clear to me. Revisit after study of phase
space, Poisson brackets, and Liouville’s theorem in a classical context.
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1.7 P7. wave function for the position and momentum opera-
tors for the equality uncertainty case.

Note that in the definitions of α and β right before equation (25) in the text, the
symbols are reversed. For consistency with condition (1) this should be

β = (x − x̄)
α = (p− p̄)

Where condition (1) for equality in the Schwartz inequality for this gener-
alized uncertainty principle is

αψ = Cβψ

Putting the two together for this problem one has

(p− p̄)ψ = C(x − x̄)ψ

=⇒
pψ = p̄ψ + C(x − x̄)ψ

or
h̄
i

dψ

dx
= p̄ψ + C(x − x̄)ψ

Integrating, as was done in the x̄ = p̄ = 0 case in the text, one has

ln ψ =
i
h̄
( p̄x + C(x − x̄)2/2) + ln D

or

ψ = Dei p̄x/h̄eiC(x−x̄)2/2h̄

Note that this shows there is a typo in equation (26) in the text too (i p̄x
needs the 1/h̄ factor). References to C in the text preceding this should be C/h̄
in a few cases too.

It was shown above that real wave functions have the vanishing C1,1 coef-
ficient required for uncorrelated operators, and if that’s the case iC/h̄, must be
a real negative constant. Denoting that as −a as in the text one has

ψ ∝ ei p̄x/h̄e−a(x−x̄)2/2
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1.8 P8. Calculate uncertainty for the initially Gaussian wave
function.

Wave function for the problem is

ψ = α exp
(
−(A− iB)

x2

2

)
A =

(∆k)2

1 + h̄2t2

m2 (∆k)4

B = (∆k)4 h̄t
m

1

1 + h̄2t2

m2 (∆k)4

The normalization is

1 = |α|2
∫

exp
(
−Ax2

)
= |α|2

√
π

A

First moment

〈x〉 = 0

Second moment

〈x2〉 = |α|2
∫

x2 exp
(
−Ax2

)
= |α|2

∫
x(exp

(
−Ax2

)
/(−2A))′

= |α|2
∫

exp
(
−Ax2

)
/2A

= |α|2 1
2A

√
π

A

=
1

2A

=
1
2

1 + h̄2t2

m2 (∆k)4

(∆k)2

=
1
2

(
1

(∆k)2 +
h̄2t2

m2 (∆k)2

)

For the momentum expectation
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〈p〉/(−ih̄|α|2) =
∫

dx exp
(
−(A + iB)

x2

2

)
d

dx
exp

(
−(A− iB)

x2

2

)
=
∫

dx exp
(
−(A + iB)

x2

2

)
(−(A− iB)x) exp

(
−(A− iB)

x2

2

)
= −(A− iB)

∫
x exp

(
−Ax2

)
dx

= 0

Second moment

〈p2〉/((−ih̄)2|α|2) =
∫

dx exp
(
−(A + iB)

x2

2

)
d

dx
(−(A− iB)x) exp

(
−(A− iB)

x2

2

)
= −

∫
dx(−(A− iB)x) exp

(
−(A− iB)

x2

2

)
d

dx
exp

(
−(A + iB)

x2

2

)
= −

∫
dx(−(A− iB)x) exp

(
−(A− iB)

x2

2

)
(−(A + iB)x) exp

(
−(A− iB)

x2

2

)
= −

∫
x2dx(A2 + B2) exp

(
−(A− iB)

x2

2

)
exp

(
−(A− iB)

x2

2

)
= −

∫
x2dx(A2 + B2) exp

(
−Ax2

)
= −(A2 + B2)

∫
x(exp

(
−Ax2

)
/(−2A))′

= −A2 + B2

2A

∫
exp

(
−Ax2

)

So we have

〈p2〉 = h̄2 A2 + B2

2A

But

A2 + B2 =
1

(1 + h̄2t2

m2 (∆k)4)2
((∆k)4 + (∆k)8

(
h̄t
m

)2
)

=
1

(1 + h̄2t2

m2 (∆k)4)2
(∆k)4(1 + (∆k)4

(
h̄t
m

)2
)

=
(∆k)4

1 + h̄2t2

m2 (∆k)4

= (∆k)2 A
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So we have the constant second moment as desired

〈p2〉 = h̄2(∆k)2/2

(∆x∆p)2 = h̄2 (∆k)2

4

(
1

(∆k)2 +
h̄2t2

m2 (∆k)2

)

=
(

h̄
2

)2
(

1 +
h̄2t2

m2 (∆k)4

)

This matches all the expectations. At t = 0 we have equality for the mini-
mum uncertainty, and it grows as time increases.

1.9 P9. (first P9 of the chapter.)

if ψA(x1) and ψB(x2) are independent, then the probability integral over all
space is

∫
P(x1, x2)dx1dx2 =

∫∫
ψA(x1)ψB(x2)dx1dx2

=
∫

ψA(x1)dx1

∫
ψB(x2)dx2

So, if they are also separately normalized then so is this one.

1.10 P9. (second P9 of the chapter.)

Prove, “It may be shown that if ψ is not an eigenfunction of the operator O
must show some fluctuation.”

By fluctuation, I assume he means deviation of the moments, as in the vari-
ational differences

〈On〉 − (〈O〉)n

How to prove this? Suppose that the wave function is almost an eigenfunc-
tion differing by a bit

Oψ = λψ + ε

Then we have for the moments
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〈O〉 =
∫

ψ∗Oψ

=
∫

ψ∗(λψ + ε)

= λ +
∫

ψ∗ε

〈O2〉 =
∫

ψ∗O2ψ

=
∫

ψ∗O (λψ + ε)

= λ〈O〉+
∫

ψ∗Oε

= λ〈O〉+
∫

ε∗Oψ

= λ〈O〉+
∫

ε∗ (λψ + ε)

=
(
〈O〉 −

∫
ψ∗ε

)
〈O〉+ λ

∫
ε∗ψ +

∫
ε∗ε

= 〈O〉2 −
∫

ψ∗ε〈O〉+
(∫

ψ∗ε− 〈O〉
) ∫

ε∗ψ +
∫

ε∗ε

= 〈O〉2 − 〈O〉
(∫

ε∗ψ +
∫

ψ∗ε

)
+
∣∣∣∣∫ ψ∗ε

∣∣∣∣2 +
∫

ε∗ε

So we have

〈O2〉 − 〈O〉2 =
∣∣∣∣∫ ψ∗ε

∣∣∣∣2 +
∫

ε∗ε− 2〈O〉<
∫

ε∗ψ

There’s no good reason to assume that this RHS should be zero in general,
so at least for the second order moment this shows that we have the fluctuation
when the wave function isn’t an eigenfunction.

1.11 P10.

ψ =
A

(x − x0)2 + (∆x)2
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Normalizing, picking the upper plane contour around i∆x, we have

1 =
∫

ψ∗ψ

= A2
∫ ∞

−∞

dx
(x − x0)2 + (∆x)2

= A2
∫ ∞

−∞

dx
x2 + (∆x)2

= A2
∫ ∞

−∞

dx
(x + i∆x)(x − i∆x)

= A2 2πi
2i∆x

= A2 π

∆x

So we have the desired normalization

A =

√
∆x
π

So how do you show that the now normalized wave function is an eigen-
function of x

ψ =

√
∆x
π

1
(x − x0)2 + (∆x)2

Would a calculation of the expectation value for the position operator be
sufficient? That is

〈x〉 = A2
∫ ∞

−∞

xdx
(x − x0)2 + (∆x)2

= A2
∫ ∞

−∞

(u + x0)du
u2 + (∆x)2

= x0 + A2
∫ ∞

−∞

udu
u2 + (∆x)2

Now u/(u2 + α2) has antiderivative ln(x2 + α2)/2, so the PV value of this
integral for ∆x 6= 0 is
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PVA2
∫ ∞

−∞

udu
u2 + (∆x)2 PV

∆x
π

∫ ∞

−∞

udu
u2 + (∆x)2 =

1
2

lim
R→∞

∆x
π

ln
(

R2 + (∆x)2

(−R)2 + (∆x)2

)
= 0

So, for all ∆x 6= 0 (where that PV integral goes messy), we have

〈x〉 = x0

Is this sufficient to show that this wave function approaches an eigenfunc-
tion as ∆x → 0. I suppose that one could loosely argue that the A2 term kills
off the log term at the limit of ∆x = 0 (if you are careful in the argument about
how exactly ∆x → 0 with R → ∞).

1.12 P11. Delta function example as limit.

1.12.1 The problem.

Show that for

δε(x − x0) =
A

(x − x0)2 + ε2

The limit has a delta function action

δ(x − x0) = lim
ε→0

δε(x − x0)

Calculate A, and explain why it’s different than A in problem 10.

1.12.2 Normalization.

First for the constant

1 =
∫ ∞

−∞
dxδε(x − x0)

= A
∫ ∞

−∞

dx
x2 + ε2

= A
∫ ∞

−∞

dx
(x + iε)(x − iε)

= A
2πi
2iε

= A
π

ε
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So we have

A =
ε

π

This constant is necessarily different from the eigenfunction normalization,
since that involved normalization in the square. The resulting nascent delta
function is

δε(x − x0) =
ε

π

1
(x − x0)2 + ε2

1.12.3 Delta function action.

How do we show that δε behaves as a delta function in the limit? The delta
function is really defined by how it acts on a test function in an integration
operation, so let’s calculate

∫ ∞

−∞
δε(x − x0) f (x)dx =

ε

π

∫ ∞

−∞

f (x)dx
(x − x0)2 + ε2

=
ε

π

∫ ∞

−∞

f (u + x0)du
u2 + ε2

=
ε

π

∫ ∞

−∞

f (u + x0)du
(u + iε)(u− iε)

An upper half plane contour, assuming that f (x0 + iε) is a regular point
(and that f(z) has no poles in the upper half plane) gives us

∫ ∞

−∞
δε(x − x0) f (x)dx =

ε

π
2πi

f (iε + x0)
2iε

= f (iε + x0)

So in the limit if f (x) is regular all the way down the x0 + iε trajectory, we
have

lim
ε→0

∫ ∞

−∞
δε(x − x0) f (x)dx = f (x0)

which is precisely the operational definition of the delta function.
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1.13 P12. Delta function differentiation.

Prove by successive differentiation that

dn f (x)
dxn =

∫ ∞

−∞
δ(x − x0)

dn f (x0)
dx0

dx0

Doing the integration by parts, and change of variables for the delta func-
tion derivatives:

dn f (x)
dxn =

∫ ∞

−∞

dnδ(x − x0)
dxn f (x0)dx0

=
∫ ∞

−∞

dnδ(x − x0)
dx0

n (−1)n f (x0)dx0

= −(−1)n
∫ ∞

−∞

dn−1δ(x − x0)
dxn−1

0

d f (x0)
dx0

dx0

= (−1)2(−1)n
∫ ∞

−∞

dn−2δ(x − x0)
dxn−2

0

d2 f (x0)
dx2

0
dx0

= · · ·

= (−1)n−1(−1)n
∫ ∞

−∞

dn−(n−1)δ(x − x0)

dxn−(n−1)
0

dn−1 f (x0)
dxn−1

0

dx0

= (−1)n−1(−1)n
∫ ∞

−∞

dδ(x − x0)
dx0

dn−1 f (x0)
dxn−1

0

dx0

= (−1)n(−1)n
∫ ∞

−∞
δ(x − x0)

dn f (x0)
dx0

dx0

=
∫ ∞

−∞
δ(x − x0)

dn f (x0)
dx0

dx0

1.14 P13. Eigenfunctions for particle in one dimensional box.

Box of side L. Eigenfunction of p are given as exponentials in the problem.
Stepping back slightly to see where these come from consider the operator
eigenvalue statement itself. This will in fact indirectly solve the problem

λψ = pψλ

=
(
−ih̄

∂

∂x

)
ψλ

18



This can be integrated

(ln ψλ)′ = iλ/h̄
=⇒

ln ψλ =
iλx
h̄

+ ln A

=⇒

ψλ = A exp
(

iλx
h̄

)

Considering two such eigenfunctions (normalization omitted) with an or-
thogonality requirement in the [0, L] interval we have for λ 6= µ

∫ L

0
(ψµ)∗ψλdx =

∫ L

0
exp

(
−iµx

h̄

)
exp

(
iλx
h̄

)
=
∫ L

0
exp

(
i(λ− µ)x

h̄

)
=

1
i(λ− µ)/h̄

exp
(

i(λ− µ)x
h̄

)∣∣∣∣L
0

=
1

i(λ− µ)/h̄

(
exp

(
i(λ− µ)L

h̄

)
− 1
)

So, for orthogonality we need λL/h̄ = 2πnλ, or more simply

ψn =
1√
L

exp
(

2πinx
L

)

It is interesting to see that the one dimensional particle in a box can be
reduced to a first order differential equation or eigenvalue problem, instead of
looking for solutions to the energy operator equation (p2/2m)ψ = Eψ.

1.15 P14. Fourier series representation of delta function.

TODO.

1.16 P15.

This one has a prereq on the ch3 problems, which I didn’t do. Revisit.
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