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1 Motivation.

Reading of the proof of chapter 3, equation 12.7, in [Pauli(2000)], that the anti-
commutator

{F, G} = FG + GF

is Hermitian, is unclear to me. Fill in the missing details. Also prove 12.8,
that

i [F, G] = i(FG − GF)

is Hermitian.
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2 Hermitian operator examples.

2.1 Hermitian definition.

Pauli defines Hermitian in terms of the operator expectation value. An opera-
tor H is Hermitian if

〈H〉 =
∫

ψ∗(Hψ)d3x =
∫

ψ(Hψ)∗d3x (1)

Or

0 = 〈H〉 − 〈H〉∗ =
∫

d3x (ψ∗(Hψ)− ψ(Hψ)∗) (2)

2.2 Two operator form.

For completeness, let’s derive the two wave function form of the Hermitian
operator definition in full detail (omitted from the text). With ψ = ψ1 + ψ2 2
becomes

〈H〉 − 〈H〉∗ =
∫

(ψ1 + ψ2)∗(H(ψ1 + ψ2))d3x −
∫

(ψ1 + ψ2)(H(ψ1 + ψ2))∗d3x

=
∫

d3x

ψ∗
1 (Hψ1)− ψ1(Hψ1)∗ + ψ∗

1 (Hψ2)− ψ1(Hψ2)∗

+ ψ∗
2 (Hψ2)− ψ2(Hψ2)∗ + ψ∗

2 (Hψ1)− ψ2(Hψ1)∗

=
∫

d3x (ψ∗
1 (Hψ2)− ψ1(Hψ2)∗ + ψ∗

2 (Hψ1)− ψ2(Hψ1)∗)

Grouping terms, we have

∫
d3x (ψ∗

1 (Hψ2)− ψ2(Hψ1)∗) =
∫

d3x (ψ1(Hψ2)∗ − ψ∗
2 (Hψ1))

This is quite a bit different than both sides being separately zero, and the
key to that further statement (as pointed out in 9.17 in [Bohm(1989)]) is that
this is also true if the two wave function are adjusted by constant phase factors
ψ1 → ψ1eia, ψ2 → ψ2eib. Doing so we have

ei(a−b)
∫

d3x (ψ∗
1 (Hψ2)− ψ2(Hψ1)∗) = ei(b−a)

∫
d3x (ψ1(Hψ2)∗ − ψ∗

2 (Hψ1))

For this to hold for any a, b both sides of the equation must separately equal
zero, and we have

∫
d3xψ∗

1 (Hψ2) =
∫

d3xψ2(Hψ1)∗ (3)
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2.3 Lemma for repeated operators.

Next, examine the reversion behavior of repeated operators. This appears to
be used in the text (or is proved implicitly via some other operation not ex-
plained).

Given an pair of Hermitian operators, H1, and H2,

∫
d3xψ∗

1 (H1H2ψ2)

what do we get by reversing the operator action? With the introduction
of a couple of helper wave function variables, ε = H2ψ2, and β = H1ψ1, this
becomes straight forward to determine

∫
d3xψ∗

1 (H1ε) =
∫

d3xε(H1ψ1)∗

=
∫

d3x(H2ψ2)(H1ψ1)∗

=
∫

d3xβ∗(H2ψ2)

=
∫

d3xψ2(H2β)∗

So we have ∫
d3xψ∗

1 (H1H2ψ2) =
∫

d3xψ2(H2H1ψ1)∗ (4)

2.4 Anti-commutator.

The statement that the anti-commutator is Hermitian means that we have

∫
d3xψ∗

2 ({F, G}ψ1) =
∫

d3xψ1 ({F, G}ψ2)
∗

or∫
d3xψ∗

2 ((FG + GF)ψ1) =
∫

d3xψ1 ((FG + GF)ψ2)
∗

Let’s expand the right hand side and see if we can get back the LHS Or∫
d3xψ1 ({F, G}ψ2)

∗ =
∫

d3xψ1 ((FG + GF)ψ2)
∗

=
∫

d3xψ∗
2 ((GF + FG)ψ1) (applying 4 twice)

=
∫

d3xψ∗
2 ({F, G}ψ1)
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Hmm. That’s the Hermitian identity of equation 3, so we are done. Not at
all complicated after all (albeit less general than the text where a result for a
more general pair of operators was given).

2.5 Commutator.

Now, how about the (imaginary scaled) commutator case?

∫
d3xψ∗

2 (i [F, G] ψ1) =
∫

d3xψ1 (i [F, G] ψ2)
∗

or∫
d3xψ∗

2 (i(FG − GF)ψ1) =
∫

d3xψ1 (i(FG − GF)ψ2)
∗

Again, let’s try just expanding out the RHS

∫
d3xψ1 (i [F, G] ψ2)

∗ =
∫

d3xψ1 (i(FG − GF)ψ2)
∗

= −i
∫

d3xψ1 ((FG − GF)ψ2)
∗

= −i
∫

d3xψ∗
2 ((GF − FG)ψ1)

=
∫

d3xψ∗
2 (i(FG − GF)ψ1)

=
∫

d3xψ∗
2 (i [F, G] ψ1)

QED.

3 Future: Relation to Clifford product.

For vector spaces, as noted in [Joot()], we can write the Clifford product of two
RN vectors in terms of commutators and anti-commutators

fg =
1
2

({f, g}+ i [f, g])

where i is the pseudoscalar for the space. So, while FG isn’t necessarily
Hermitian, it is interesting that the composite operator {F, G}+ i [F, G], which
is so close to the product operator of Euclidean vector spaces, is Hermitian.
Explore this geometric analogy later.
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