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1. Motivation, some notation, and review.

Adjusting to Jackson’s of CGS ([1]) and Maxwell’s equations in matter takes some work. A
first pass at a GA form was assembled in ([2]), based on what was in the introduction chapter for
media that includes P, and M properties. He later changes conventions, and also assumes linear
media in most cases, so we want something different than what was previously derived.

The non-covariant form of Maxwell’s equation in absence of current and charge has been con-
venient to use in some initial attempts to look at wave propagation. That was

F=E+IB//ji€ (1)
0= (V + /ji€do)F )

To examine the energy momentum tensor, it is desirable to express this in a fashion that has
no such explicit spacetime dependence. This suggests a spacetime gradient definition that varies
throughout the media.

V = 9" + V17 d0 (3)

Observe that this spacetime gradient is adjusted by the speed of light in the media, and isn’t
one that is naturally relativistic. Even though the differential form of Maxwell’s equation is im-
plicitly defined only in a neighborhood of the point it is evaluated at, we now have a reason to say
this explicitly, because this non-isotropic condition is now hiding in the (perhaps poor) notation
for the operator. Ignoring the obscuring nature of this operator, and working with it, we can can
that Maxwell’s equation in the neighborhood (where e is “fixed”) is

VF=0 (4)

We also want a variant of this that includes the charge and current terms.
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2. Linear media.

Lets pick Jackson’s equation (6.70) as the starting point. A partial translation to GA form, with
D = ¢€E,and B = yH, and 9y = d/dct is

V-B=0 (5)
V -€E = 4mp (6)
—IVAE+9B=0 (7)
—IV AB/u—0doeE = 477-[] (8)
Scaling and adding we have
47p
VE +9yIB = — )
VB — [9ojicE = @] (10)

Once last scaling prepares for addition of these last two equations

VE + \/ji€doIB/ /i€ = 4? (11)
VIB/ /i€ + 90 /i€E — — 71 (12)
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This gives us a non-covariant assembly of Maxwell’s equations in linear media

<V+¢WMP=?(f—¢@) (13)

Premultiplication by <9, and utilizing the definition of (3) we have

_4m [ p Hom
vE=" Ggm+V:I%O (14)

We can then define

7= Loo [ (15)

and are left with an expression of Maxwell’s equation that puts space and time on a similar
footing. It’s probably not really right to call this a covariant expression since it isn’t naturally
relativistic.

vE =7 (16)



3. Energy momentum tensor.

My main goal was to find the GA form of the stress energy tensor in media. With the require-
ment for both an alternate spacetime gradient and the inclusion of the scaling factors for the media
it is not obviously clear to me how to do translate from the vacuum expression in SI units to the
CGS in media form. It makes sense to step back to see how the divergence conservation equation
translates with both of these changes. In SI units our tensor (a four vector parametrized by another
direction vector a) was

T(a) = Z_EiFaF (17)

Ignoring units temporarily, let’s calculate the media-spacetime divergence of —FaF /2. That is

We want the T*Y components of the tensor T (o). Noting the anticommutation relation for the
pseudoscalar Iyg = —7o!, and the anticommutation behavior for spatial vectors such as Eyy =
—o we have

5B+ 1B/ i) yo(E+ 1B/ ji€) = 12(E — 1B/ /jie) (E + 1B/ /pe)

= ((F 4 B/ pe) 4 1 (EB - b))
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Calculating the divergence of this using the media spacetime gradient we have
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Multiplying this by (c¢/4m)+/€/p, we have

c € 01 c
V'(‘m\/u””) = a2 (BDTBH TV (ExH)
€
= JS(ED)
y( )70

Now expand the RHS. We have

\/5(1:'])' ((E+IB/\ﬁ) <W70+]m7m>>'70

= (ETgv0]" Ym0)
—E-J

Assembling results the energy conservation relation, first in covariant form is

Cc € €
V- (—&T\/;PQP> :—\/;(F-])-a (18)

and the same with an explicit spacetime split in vector quantities is

01
§§<E D+B-H)+ V- —(EXH) -E-J (19)
The first of these two is what I was after for application to optics where the radiation
field in media can be expressed directly in terms of F instead of E and B. The second sets the
dimensions appropriately and provides some confidence in the result since we can compare to the
well known Poynting results in these units.
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