Wave equation form of Maxwell’s equations
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1. Motivation.

In ([1]), on plane waves, he writes “we find easily...” to show that the wave equation for each
of the components of E, and B in the absence of current and charge satisfy the wave equation. Do
this calculation.

2. Vacuum case.

Avoiding the non-vacuum medium temporarily, Maxwell’s vacuum equations (in SI units) are

V-E=0 (1)
V-B=0 )
1 OE
VXB_C7§ (3)
oB
V><E——E 4)

The last two curl equations can be decoupled by once more calculating the curl. Illustrating by
example
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Digging out vector identities and utilizing the zero divergence we have

V x (V xE)=V(V-E) - V?E = —V’E (6)
Putting (5), and (6) together provides a wave equation for the electric field vector
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Operating with curl on the remaining Maxwell equation similarly produces a wave equation
for the magnetic field vector

This is really six wave equations, one for each of the field coordinates.

3. With Geometric Algebra.

Arriving at @, and (8) is much easier using the GA formalism of ([2]).
Pre or post multiplication of the gradient with the observer frame time basis unit vector 7o has
a conjugate like action

Vo = Y° 7090 + Y700k
— -V

(where as usual our spatial basis is 0 = Y,70).
Similarly

YV =0 +V

For the vacuum Maxwell’s equation is just
VF=V(E+1IcB)=0

With nothing more than an algebraic operation we have

0=V VF
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This equality is true independently for each of the components of E and B, so we have as before
These wave equations are still subject to the constraints of the original Maxwell equations.
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4. Tensor approach?
In both the traditional vector and the GA form one can derive the wave equation relations of
. (8). One can obviously summarize these in tensor form as
9, 0" F*f =0 ©9)
working backwards from the vector or GA result. In this notation, the coupling constraint
would be that the field variables F*f are subject to the Maxwell divergence equation (name?)
9, F'"" =0 (10)

and also the dual tensor relation

"9, Fp =0 (11)

I cannot seem to figure out how to derive (9) starting from these tensor relations?
This probably has something to do with the fact that we require both the divergence and the
dual relations (10}, expressed together to do this.

5. Electromagnetic waves in media.

Jackson lists the Macroscopic Maxwell equations in (6.70) as
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(for this note this means unfortunately a switch from SI to CGS midstream)
For vacuum (p = 0, and J = 0), plus B = yH, and D = €E, we can assemble these into his (7.1)
equations
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In this macroscopic form, it isn’t obvious how to assemble the equations into a nice tidy GA
form. A compromise is

VE+0d(IB) =0 (12)
V (IB) + eudpE = 0 (13)

Although not as pretty, we can at least derive the wave equations from these. For example for
E, we apply one additional spatial gradient

0= V?E + d(VIB)
= V2E + 9o(—eudgE)

For B we get the same, and have two wave equations
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The wave velocity is thus not ¢, but instead the reduced speed of ¢/, /ji€.

The fact that it is possible to assemble wave equations of this form means that there must also
be a simpler form than (12). The reduced velocity is the clue, and that can be used to refactor the
constants
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These can now be added

(V + /7€) (E + \;%) ~0 (16)



This allows for the one liner derivation of by premultiplying by the conjugate operator
—V + \/1€dy

0= (—V + ji€do) (V + \/1€dy) <E * é%)
e

Using the same hint, and doing some rearrangement, we can write Jackson’s equations (6.70)
as

(V + /€0 (E + \j%) = 4?” (p - \/CPT":J> (17)
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