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1 Motivation.

In [Jackson(1975)] the macroscopic Maxwell’s equations are given as

∇ · D = 4πρ (1)

∇× H − 1
c

∂D
∂t

=
4π

c
J (2)

∇× E +
1
c

∂B
∂t

= 0 (3)

∇ · B = 0 (4)

The H and D fields are then defined in terms of dipole, and quadrupole
fields

Dα = Eα + 4π

(
Pα −∑

β

∂Q′
αβ

∂xβ
+ · · ·

)
(5)

Hα = Bα − 4π (Mα + · · · ) (6)

Can this be put into the Geometric Algebra formulation that works so nicely
for microscopic Maxwell’s equations, and if so what will it look like?
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2 Consolidation attempt.

Let’s try this, writing

P = σα

(
Pα −∑

β

∂Q′
αβ

∂xβ
+ · · ·

)
(7)

M = σα (Mα + · · · ) (8)

We can then express the E, B in terms of the derived fields

E = D − 4πP (9)
B = H + 4πM (10)

and in turn can write the macroscopic Maxwell equations 1 in terms of just
the derived fields, the material properties, and the charges and currents

∇ · D = 4πρ

∇× H − 1
c

∂D
∂t

=
4π

c
J

∇× D +
1
c

∂H
∂t

= 4π∇× P +
4π

c
∂M
∂t

∇ · H = −4π∇ · M

Now, using a × b = −i(a ∧ b), we have

∇ · D = 4πρ

i∇ ∧ H +
1
c

∂D
∂t

= −4π

c
J

∇ ∧ D +
1
c

∂iH
∂t

= 4πi∇× P +
4π

c
∂iM
∂t

i∇ · H = −4πi∇ · M

Summing these in pairs with ∇a = ∇ · a + ∇∧ a, and writing ∂/∂(ct) = ∂0
we have

∇D + ∂0iH = 4πρ + 4π∇ ∧ P + 4π∂0iM

i∇H + ∂0D = −4π

c
J − 4πi∇ · M
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Note that while had i∇ · a 6= ∇ · (ia), and i∇ ∧ a 6= ∇ ∧ (ia) (instead
i∇ · a = ∇ ∧ (ia), and i∇ ∧ a = ∇ · (ia)), but now that these are summed
we can take advantage of the fact that the pseudoscalar i commutes with all
vectors (such as ∇). So, summing once again we have

(∂0 + ∇)(D + iH) =
4π

c
(cρ − J) + 4π (∇ ∧ P + ∂0iM −∇ ∧ (iM))

Finally, premultiplication by γ0, where J = σk Jk = γkγ0 Jk, and ∇ =
∑k γkγ0∂k we have

γµ∂µ(D + iH) =
4π

c

(
cργ0 + Jkγk

)
+ 4πγ0 (∇ ∧ P + ∂0iM −∇ ∧ (iM))

(11)

With

J0 = cρ (12)
J = γµ Jµ (13)

∇ = γµ∂µ (14)

F = D + iH (15)

For the remaining terms we have ∇ ∧ P, iM ∈ span{γaγb}, and γ0∇ ∧
(iM) ∈ span γ1γ2γ3, so between the three of these we have a (Dirac) trivector,
so it would be reasonable to write

T = γ0 (∇ ∧ P + ∂0iM −∇ ∧ (iM)) ∈ span{γµ ∧ γν ∧ γσ} (16)

Putting things back together we have

∇F =
4π

c
J + 4πT (17)

This has a nice symmetry, almost nicer than the original microscopic ver-
sion of Maxwell’s equation since we now have matched grades (vector plus
trivector in the Dirac vector space) on both sides of the equation.

2.1 Continuity equation.

Also observe that interestingly we still have the same continuity equation as
in the microscopic case. Application of another spacetime gradient and then
selecting scalar grades we have
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〈∇∇F〉 = 4π

〈
∇
(

J
c

+ T
)〉

∇2〈F〉 =

=
4π

c
〈J〉

=
4π

c
∂µ Jµ

Since F is a Dirac bivector it has no scalar part, so this whole thing is zero
by the grade selection on the LHS. So, from the RHS we have

0 = ∂µ Jµ

=
1
c

∂cρ

∂t
+ ∂k Jk

=
∂ρ

∂t
+ ∇ · J

Despite the new trivector term in the equation due to the matter properties!
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