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1 Motivation.

My first attempt at the probability current calculation for this while doing the
chapter 11 problems of [Bohm(1989)] led to (algebraic) trouble.

Here’s a new try from scratch.
There’s very little physics here, just a lot of algebra, but let’s try to get all

this algebra correct this time.

2 Wave functions. Find the coefficients.

The potential is taken to be zero everywhere except x ∈ [0, a], where it is V.
This divides the problem into three regions, I, II, and III, for before (x < 0), in
and after the barrier, and the wave functions for the E < V case are respectively

ψ =


Aeikx + Be−ikx if x < 0
Ceβ(x−a) + De−β(x−a) if x ∈ [0, a]
E0eik(x−a) if x > 0

(1)

Following [McMahon(2005)] the wave functions have been written in terms
of wave number k =

√
2mE0/h̄, and β =

√
2m(V − E0)/h̄. Unfortunately

the [McMahon(2005)] has too many typos to attempt to follow directly.
Unlike Bohm or QMD wave functions expressed using functions of x − a

are used here since a first attempt at solution indicated this would be natural.

2.1 Equality at x = a

Equality of the wave functions and derivatives at x = a gives

C + D = E

C− D =
ik
β

E

which has solutions

C =
E
2

(1 + ik/β)

D =
E
2

(1− ik/β)

Two of the free variables of the wave equation are now eliminated, and the
wave function in the barrier region can now be written as

ψ =
E
2

((
1 +

ik
β

)
eβ(x−a) +

(
1− ik

β

)
e−β(x−a)

)
(2)
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2.2 Equality at x = 0

Equating values and first derivatives at x = 0 we have

A + B =
E
2

((
1 +

ik
β

)
e−βa +

(
1− ik

β

)
eβa
)

A− B =
βE
2ik

((
1 +

ik
β

)
e−βa −

(
1− ik

β

)
eβa
)

Taking sums and differences we have

A =
E
4

((
1 +

β

ik

)(
1 +

ik
β

)
e−βa +

(
1− β

ik

)(
1− ik

β

)
eβa
)

B =
E
4

((
1− β

ik

)(
1 +

ik
β

)
e−βa +

(
1 +

β

ik

)(
1− ik

β

)
eβa
)

Expanding the products first for B

B =
E
4

((
−β

ik
+

ik
β

)
e−βa +

(
β

ik
− ik

β

)
eβa
)

=
iE
4

((
β

k
+

k
β

)
e−βa −

(
β

k
+

k
β

)
eβa
)

=
iE
4

(
β

k
+

k
β

)(
e−βa − eβa

)
=
−iE

2

(
β

k
+

k
β

)
sinh (βa)

Now for A we have

A =
E
4

((
2 +

β

ik
+

ik
β

)
e−βa +

(
2− β

ik
− ik

β

)
eβa
)

The factor of exponentials are complex conjugates and can be put into polar
form to simplify. Writing

γ = 2 +
β

ik
+

ik
β

= 2 + i
(

k
β
− β

k

)
= µeiθ
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Where

µ2 = 4 +
(

k
β
− β

k

)2
(3)

θ = atan
(

1
2

(
k
β
− β

k

))
(4)

We have

A =
µE
4

(
eiθ−βa + e−(iθ−βa)

)
=

µE
2

cosh (iθ − βa)

For notational consistency it looks desirable to write something like

ν = −i
(

β

k
+

k
β

)
(5)

Which leaves us with the wave function in the x < 0 region as

ψ =
µE
2

cosh (iθ − βa) eikx +
νE
2

sinh (βa) e−ikx (6)

Observed later (after trying to sum the transmission and reflection coeffi-
cients) is the fact that we can actually write

µ2 = |ν|2

So an additional simplification of this wave function is possible.

ψ =
E
2

(
β

k
+

k
β

)(
cosh (iθ − βa) eikx − i sinh (βa) e−ikx

)
(7)

2.3 (Aside) Barrier wave function in polar form.

Having seen how the polar form simplifies the final expression of the first re-
gion wave function, it can be seen that something similar can be done in the
barrier region.

In equation 2, we can utilize polar form for the 1 + ik/β constant and its
conjugate. Writing
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tan φ =
k
β

=

√
E0

V − E0
(8)

we then have

ψ =
E
2

√
1 +

k2

β2

(
eiφeβ(x−a) + e−iφe−β(x−a)

)
=

E
2

√
V

V − E0

(
eiφeβ(x−a) + e−iφe−β(x−a)

)

So we have in the x ∈ [0, a] region

ψ = E

√
1 +

k2

β2 cosh (iφ + β(x− a)) (9)

Or in terms of energies

ψ = E

√
V

V − E0
cosh (iφ + β(x− a)) (10)

Utilizing 9 should produce the same result for x < 0. Equality at x = 0 then
gives

A + B = E

√
1 +

k2

β2 cosh (iφ− βa)

A− B = E
iβ
k

√
1 +

k2

β2 sinh (iφ− βa)

Or

A =
E
2

√
1 +

k2

β2

(
cosh (iφ− βa) +

iβ
k

sinh (iφ− βa)
)

B =
E
2

√
1 +

k2

β2

(
cosh (iφ− βa)− iβ

k
sinh (iφ− βa)

)

This produces values for both A, B very directly, but this form of solution
in the x < 0 region begs for some additional reduction. Let’s defer trying that
until after the T, and R computations.
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3 Probability currents and densities.

3.1 Probability densities.

3.1.1 Barrier region probability density.

Using 9 we have for the barrier region

ρ = ψψ∗

= |E|2
(

1 +
k2

β2

)
|cosh (iφ + β(x− a))|2

Utilizing the identities 25 27 26, we have

ρ =
1
2
|E|2

(
1 +

k2

β2

)
(cosh(2β(x− a)) + cos(2φ))

=
1
2
|E|2

(
1 +

k2

β2

)(
(2 sinh2(β(x− a)) + 1) +

1− k2/β2

1 + k2/β2

)
=

1
2
|E|2

((
1 +

k2

β2

)
(2 sinh2(β(x− a)) + 1) + 1− k2

β2

)

This is

ρ = |E|2
(

1 +
(

1 +
k2

β2

)
sinh2(β(x− a))

)
(11)

Or

ρ = |E|2
(

1 +
V

V − E0
sinh2(β(x− a))

)
(12)

In particular observe that at x = a we have ρ =
∣∣E2
∣∣ the expected probabil-

ity density for the entirety of the x > a transmission region.

3.1.2 Total probability density in the incident region.

To calculate the current in the potential free region x < 0, write for short

ψ = ueikx + ve−ikx = uε + vε∗ (13)

The probability density is
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ρ = (u∗ε∗ + v∗ε)(uε + vε∗)

= |u|2 + |v|2 + u∗v(ε∗)2 + v∗uε2

= |u|2 + |v|2 + +2<(v∗uε2)

Putting back in the factors from 7 we have

ρ =
|E|2

4

(
β

k
+

k
β

)2 (
|cosh (iθ − βa)|2 + sinh2 (βa) + 2<

(
i sinh(βa) cosh(iθ − βa)e2ikx

))
Now this can likely be reduced further without too much trouble but doing

so doesn’t seem terribly interesting.

3.2 Probability current densities.

3.2.1 Current densities outside of the barrier region.

We want to calculate the probability currents in each of the regions, taking the
x components of the vector probability current

J =
h̄

2mi
(ψ∗∇ψ− ψ∇ψ∗) (14)

In the x < 0 region we can calculate the incident, reflected, and the total
currents. For the incident current we have

Ji =
h̄

2mi

(
A∗e−ikx(ik)Aeikx − Aeikx(−ik)A∗e−ikx

)

which reduces to just

Ji =
h̄k|A|2

m
(15)

by comparison we then also have for the reflected and transmitted currents,
respectively

Jr =
h̄k|B|2

m
(16)

Jt =
h̄k|E|2

m
(17)

That leaves only the current in the barrier region.
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3.2.2 Current densities in the barrier region.

Starting from 2, writing a = 1 + ik/β, and b = eβ(x−a) we have

ψ =
E
2

(ab + a∗/b)

For the current we then have

1
β

(
ψ∗ψ′ − ψ(ψ∗)′

)
=
|E|2

4
((a∗b + a/b)(ab− a∗/b)− (ab + a∗/b)(a∗b− a/b))

=
|E|2

2

(
a2 − (a∗)2

)
=
|E|2

2

(
(1 + ik/β)2 − (1− ik/β)2

)
= |E|2 2ik

β

So we have in the barrier

Jb =
h̄k|E|2

m

So despite the probability density itself varying with position once into and
past the barrier, the current density itself retains this constant value.

3.2.3 Total current density in the incident region.

As above for the density using the shorthand of 13, the total current is

J =
h̄

2mi
((u∗ε∗ + v∗ε)(ik)(uε− vε∗)− (uε + vε∗)(ik)(−u∗ε∗ + v∗ε))

=
h̄k
m

(
|u|2 − |v|2

)
Putting back in the factors from 7 we have

J =
h̄k
m

(
|u|2 − |v|2

)
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J =
h̄k
m
|E|2

4

(
β

k
+

k
β

)2 (
|cosh (iθ − βa)|2 − sinh2 (βa)

)
=

h̄k
m
|E|2

4

(
β

k
+

k
β

)2 (1
2

cosh(2βa) +
1
2

cos(2θ)− sinh2(βa)
)

=
h̄k
m
|E|2

8

(
β

k
+

k
β

)2

(1 + cos(2θ))

=
h̄k
m
|E|2

8

(
β

k
+

k
β

)2
1 +

1− 1
4

(
k
β −

β
k

)2

1 + 1
4

(
k
β −

β
k

)2


=

h̄k
m
|E|2

8

((
β

k
+

k
β

)2
+ 4−

(
k
β
− β

k

)2
)

=
h̄k
m
|E|2

So we have

J =
h̄k
m
|E|2 = Jb = Jt (18)

The total probability current density equals the barrier probability current
density and also the transmitted probability current density. For this problem,
with steady state flow we have conservation of total probability current density
in all regions despite the fact that the probability density itself varies both in
the region and before it.

3.3 Transmission and reflection coefficients.

3.3.1 Transmission coefficient.

From 6 we can calculate the transmission coefficient

T =
∣∣∣∣ Jt

Ji

∣∣∣∣
=
|E|2

|A|2

=
∣∣∣∣ 2
µ cosh (iθ − βa)

∣∣∣∣2
=

4(
4 +

(
k
β −

β
k

)2
)
|cosh (iθ − βa)|2
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Utilizing equation 25 puts us a bit closer to a fully reduced expression for T

T =
8(

4 +
(

k
β −

β
k

)2
)

(cosh(2βa) + cos(2θ))

To eliminate the θ we use 26 with α = (k/β− β/k)/2, for

cos(2θ) =
1−

(
1
2

(
k
β −

β
k

))2

1 +
(

1
2

(
k
β −

β
k

))2

So, finally we have

T =
8(

4 +
(

k
β −

β
k

)2
)

cosh(2βa) + 4−
(

k
β −

β
k

)2
(19)

3.3.2 Reflection coefficient.

The reflection coefficient is

R =
∣∣∣∣ Jr

Ji

∣∣∣∣
=
|B|2

|A|2

=
∣∣∣∣ ν sinh (βa)
µ cosh (iθ − βa)

∣∣∣∣2
=

2|ν|2 sinh2(βa)(
4 +

(
k
β −

β
k

)2
)

cosh(2βa) + 4−
(

k
β −

β
k

)2

So we have

R =
2
(

β
k + k

β

)2
sinh2(βa)(

4 +
(

k
β −

β
k

)2
)

cosh(2βa) + 4−
(

k
β −

β
k

)2
(20)

3.3.3 Summing the Transmission and Reflection coefficients.

The expectation is for the sum of the Transmission and Reflection coefficients
to be unity.
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Employing 27 we have

T + R =
8 + 2

(
β
k + k

β

)2 1
2 (cosh(2βa)− 1)(

4 +
(

k
β −

β
k

)2
)

cosh(2βa) + 4−
(

k
β −

β
k

)2

=

(
β
k + k

β

)2
cosh(2βa) + 8−

(
β
k + k

β

)2(
4 +

(
k
β −

β
k

)2
)

cosh(2βa) + 4−
(

k
β −

β
k

)2

Expanding out each of these four β, and k terms and comparing shows that
we indeed have T + R = 1. This also shows that we can write the denominator
for both of these in a slightly tidier form

(
4 +

(
k
β
− β

k

)2
)

cosh(2βa) + 4−
(

k
β
− β

k

)2

=
(

k
β

+
β

k

)2
cosh(2βa) + 4−

(
k
β
− β

k

)2

=
(

k
β

+
β

k

)2
cosh(2βa) + 8−

(
k
β

+
β

k

)2

=
(

k
β

+
β

k

)2 (
2 sinh2(aβ) + 1

)
+ 8−

(
k
β

+
β

k

)2

= 2
(

k
β

+
β

k

)2
sinh2(aβ) + 8

So finally from 19 and 20 we have

T =
4(

k
β + β

k

)2
sinh2(aβ) + 4

(21)

R =

(
β
k + k

β

)2
sinh2(βa)(

k
β + β

k

)2
sinh2(aβ) + 4

(22)

In this form demonstrating that T + R = 1 becomes trivial!
The last desirable substitution to make is to express the k, and β quotients

in terms of E0 and V. This is

11



(
k
β

+
β

k

)2
=

(√
2mE

2m(V − E0)
+

√
2m(V − E0)

2mE

)2

=
E0

V − E0
+

V − E0

E0
+ 2

=
E2

0 + (V − E0)2

E0(V − E0)
+ 2

=
2E2

0 +−2E0V + V2

E0(V − E0)
+ 2

=
2E0V − 2E2

0 + 2E2
0 +−2E0V + V2

E0(V − E0)

=
V2

E0(V − E0)

So, after masses and masses of algebra we have a result that is consistent
with that of the wiki tunneling article

T =
1

V2

4E(V−E0)
sinh2(aβ) + 1

(23)

R =
1

4V(V−E0)
V2 sinh2(aβ)

+ 1
(24)

4 Appendix. Messy trig stuff, and rough notes.

4.1 Complex cosh absolute square expansion.

Expanding the cosh term we have

|cosh (iθ − βa)|2 =
1
4

(
eiθ−βa + e−iθ+βa

) (
e−iθ−βa + eiθ+βa

)
=

1
4

(
e2βa + e−2βa + e2iθ + e−2iθ

)

So we have

|cosh (iθ − βa)|2 =
1
2

(cosh(2βa) + cos(2θ)) (25)

12
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4.2 Cosine of twice arctan.

cos(2 atan(α)) = 2 cos2 (atan(α))− 1

Now let atan(α) = u. So we have

α2 = tan2(u)

=
sin2(u)
cos2(u)

=
1− cos2(u)

cos2(u)

Or

cos2(u)α2 = 1− cos2(u)

=⇒ cos2(u)(α2 + 1) = 1

For

cos(2 atan(α)) = 2 cos2(u)− 1

= 2
1

1 + α2 − 1

cos(2 atan(α)) =
1− α2

1 + α2 (26)

4.3 Hyperbolic sine squared.

sinh2(u) =
1
4
(eu − e−u)(eu − e−u)

=
1
4

(
e2u + e−2u − 2

)

sinh2(u) =
1
2

(cosh(2u)− 1) (27)
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4.4 Verify correctness of barrier solution.

If we want to verify that 9 does still match both value and derivative to the
x > a wave function showing both of the following is required

1 =

√
1 +

k2

β2 cos (atan(k/β))

ik =

√
1 +

k2

β2 β sinh (i atan(k/β))

This last is

k/β =

√
1 +

k2

β2 sin (atan(k/β))

But these are just the identities

sin (atan(u)) =
u√

1 + u2

cos (atan(u)) =
1√

1 + u2

4.5 Consistency check. Current densities in the barrier region.

Initially attempted to calculate the barrier current density using using 9, but
got it wrong. Found the mistake only later, and this calculation should provide
a consistency check.

Jb =
h̄β|E|2

2mi

(
1 +

k2

β2

)
( cosh (−iφ + β(x− a)) sinh (iφ + β(x− a))

− cosh (iφ + β(x− a)) sinh (−iφ + β(x− a)))

Writing z = β(x− a) + iφ, the hyperbolic products above are

cosh z∗ sinh z− cosh z sinh z∗ =
1
4

(
(ez∗ + e−z∗)(ez − e−z)− (ez + e−z)(ez∗ − e−z∗)

)
Write a = ez we have
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(ez∗ + e−z∗)(ez − e−z)− (ez + e−z)(ez∗ − e−z∗) = (a∗ + 1/a∗)(a− 1/a)− (a + 1/a)(a∗ − 1/a∗)

= 2
(

a
a∗
− a∗

a

)
=

2

|a|2
(

a2 − a∗2
)

=
4=(a2)
|a|2

= 4i sin(2φ)
= 8i sin(φ) cos(φ)

= 8i
k/β

1 + (k/β)2

which gives

Jb =
h̄k|E|2

m

In the initial incorrect calculation I got zero, which would imply that the
result of 11 is also suspect. However, repeating the calculation for ρ in the
barrier region directly from 2 produces the same result.

Writing,

ψ =
E
2

((
1 +

ik
β

)
eβ(x−a) +

(
1− ik

β

)
e−β(x−a)

)
=

E
2

(µα + µ∗/α)

the density is
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ρ = ψψ∗

=
|E|2

4
(µα + µ∗/α) (µ∗α + µ/α)

=
|E|2

4

(
|µ|2

(
α2 +

1
α2

)
+ µ2 + µ∗2

)
=
|E|2

2

((
1 +

k2

β2

)
e2β(x−a) + e−2β(x−a)

2
+

1
2

(
1 + 2ik/β− k2/β21− 2ik/β− k2/β2

))

=
|E|2

2

((
1 +

k2

β2

)
cosh(2β(x− a)) +

(
1− k2/β2

))
=
|E|2

2

((
1 +

k2

β2

)(
2 sinh2(β(x− a)) + 1

)
+
(

1− k2/β2
))

= |E|2
((

1 +
k2

β2

)
sinh2(β(x− a)) + 1

)

which is exactly 11.

4.6 Verify continuity of simplified region I wave function.

The wave function 7 should match the barrier wave function in value and
derivative at x = 0. Let’s verify this and ensure all the algebra worked out.

At x = 0 we have for the x < 0 wave function value

ψ =
E
2

(
β

k
+

k
β

)
(cosh (iθ − βa)− i sinh (βa))

Let’s expand the trig part of this

cosh (iθ − βa)− i sinh (βa) = cos(θ) cosh(βa)− i sin(θ) sinh(βa)− i sinh(βa)
= cos(θ) cosh(βa)− i sinh(βa)(1 + sin(θ))

Since we have

θ = atan
(

1
2

(
k
β
− β

k

))
cos(atan(u)) =

1√
1 + u2

sin(atan(u)) =
u√

1 + u2

16



So we have

cosh (iθ − βa)− i sinh (βa) =
1√

1 + 1
4

(
k
β −

β
k

)2

(
cosh(βa)− i

1
2

(
k
β
− β

k

)
sinh(βa)

)
− i sinh(βa)

=
2

k
β + β

k

(
cosh(βa)− i

1
2

(
k
β
− β

k

)
sinh(βa)

)
− i sinh(βa)

=
2 cosh(βa)

k
β + β

k

− i sinh(βa)

1 +
k
β −

β
k

k
β + β

k


=

2
k
β + β

k

(
cosh(βa)− i

k
β

sinh(βa)
)

and finally, after too much messy algebra, from the region I wave function
at x = 0 we have

ψ(0) = E
(

cosh(βa)− i
k
β

sinh(βa)
)

Now compare to the barrier wave function 9 at x = 0

ψ(0) = E

√
1 +

k2

β2 cosh (i atan(k/β)− βa)

= E

√
1 +

k2

β2 (cos(atan(k/β)) cosh(βa)− i sin(atan(k/β)) sinh(βa))

= E
(

cosh(βa)− i
k
β

sinh(βa)
)

Good. First consistency check is done. Now for equality of derivatives.
For 7, the derivative at x = 0 is

ψ′ =
E
2

(
β

k
+

k
β

)
(ik) (cosh (iθ − βa) + i sinh (βa))

=
E
2

(
β

k
+

k
β

)
(ik)

2 cosh(βa)
k
β + β

k

− i sinh(βa)

−1 +
k
β −

β
k

k
β + β

k


= ikE

(
cosh(βa) + i

β

k
sinh(βa)

)
= E (ik cosh(βa)− β sinh(βa))
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Comparing to the derivative of the barrier wave function 9 at x = 0

ψ′(0) = E

√
1 +

k2

β2 β sinh (iφ− βa)

= Eβ

√
1 +

k2

β2 (i sin(φ) cosh(βa)− cos(φ) sinh(βa))

= Eβ

(
i
k
β

cosh(βa)− sinh(βa)
)

= E (ik cosh(βa)− β sinh(βa))
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