
Schrödinger equation probability
conservation.

Peeter Joot

Jan 11, 2009. Last Revision: Date : 2009/02/0715 : 20 : 07

1 Motivation.

In [McMahon(2005)] is a one dimensional probability conservation derivation
from Schrödinger’s equation. Do this for the three dimensional case.
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Consider the time rate of change of the probability as expressed in terms of the
wave function
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This can be calculated from Schrödinger’s equation and its complex conju-
gate
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Multiplying by the conjugate wave functions and adding we have
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So we have the following conservation law

∂ρ

∂t
+

h̄
2mi

(
ψ∗∇2ψ − ψ∇2ψ∗

)
= 0 (1)

The text indicates that the second order terms here can be written as a di-
vergence. Somewhat loosely, by treating ψ as a scalar field one can show that
this is the case

∇ · (ψ∗∇ψ − ψ∇ψ∗) = 〈∇ (ψ∗∇ψ − ψ∇ψ∗)〉

=
〈
(∇ψ∗)(∇ψ)− (∇ψ)(∇ψ∗) + ψ∗∇2ψ − ψ∇2ψ∗

〉
=

〈
2(∇ψ∗) ∧ (∇ψ) + ψ∗∇2ψ − ψ∇2ψ∗

〉
= ψ∗∇2ψ − ψ∇2ψ∗

Assuming that this procedure is justified. equation 1 therefore can be writ-
ten in terms of a probability current very reminicent of the current density
vector of electrodynamics

J =
h̄

2mi
(ψ∗∇ψ − ψ∇ψ∗) (2)

0 =
∂ρ

∂t
+ ∇ · J (3)

Regarding justification, this should be revisited. It appears to give the right
answer, despite the fact that ψ is a complex (mixed grade) object, which likely
has some additional significance.
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Now, having calculated the probability conservation equation 2, it is interesting
to note the similarity to the relativistic spacetime divergence from Maxwell’s
equation.

We can write

0 =
∂ρ

∂t
+ ∇ · J = ∇ · (cργ0 + Jγ0)

and form something that has the appearance of a relativistic four vector,
re-writing the conservation equation as

J = cργ0 + Jγ0

0 = ∇ · J
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Expanding this four component vector shows an interesting form:

J = cργ0 +
h̄

2mi
(ψ∗∇ψ − ψ∇ψ∗) γ0

Now, if one assumes the wave function can be represented as a even grade
object with the following complex structure

ψ = α + γm ∧ γnβmn

then γ0 will commute with ψ. Noting that ∇γ0 = ∑k γk∂k = −γk∂k, we
have

mJ = mcψ∗ψγ0 +
ih̄
2

(
ψ∗γk∂kψ − ψγk∂kψ∗

)
Now, this is an interesting form. In particular compare this to the Dirac

Lagrangian, as given in the wikipedia Dirac equation article.

L = mcψ̄ψ − ih̄
2

(ψ̄γµ(∂µψ)− (∂µψ̄)γµψ)

Although the Schrödinger equation is a non-relativistic equation, it appears
that the probability current, when we add the γ0∂0 term required to put this
into a covariant form, is in fact the Lagrangian density for the Dirac equation
(when scaled by mass).

I don’t know enough yet about QM to see what exactly the implications of
this are, but I suspect that there is something of some interesting significance
to this particular observation.

4 On the grades of the QM complex numbers.

To get to equation 1, no assumptions about the representation of the field vari-
able ψ were required. However, to make the identification

ψ∗∇2ψ − ψ∇2ψ∗ = ∇ ·
(

ψ∗∇2ψ − ψ∇2ψ∗
)

we need some knowledge or assumptions about the representation. The as-
sumption made initially was that we could treat ψ as a scalar, but then we later
see there is value trying to switch to the Dirac representation (which appears
to be the logical way to relativistically extend the probability current).

For example, with a geometric algebra multivector representation we have
many ways to construct complex quantities. Assuming a Euclidian basis we
can construct a complex number we can factor out one of the basis vectors
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http://en.wikipedia.org/wiki/Dirac_equation#Adjoint_equation_and_Dirac_current


σ1x1 + σ2x2 = σ1(x1 + σ1σ2x2)

However, this isn’t going to commute with vectors (ie: such as the gradi-
ent), unless that vector is perpendicular to the plane spanned by this vector. As
an example

i = σ1σ2

iσ1 = −σ1i
iσ2 = −σ2i
iσ3 = σ3i

What would work is a complex representation using the R3 pseudoscalar
(aka the Dirac pseudoscalar).

ψ = α + σ1σ2σ3β = α + γ0γ1γ2γ3β
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