Spherical harmonic Eigenfunctions by application of the raising
operator.
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1. Motivation

In Bohm'’s QT ([1], the following spherical harmonic eigenfunctions of the raising operator are
found
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This (unnormalized) result (with { = cos#6) is valid for s € [0,1]. As an exersize do this by

applying the raising operator to ¥, !. This should help verify the result (unproven or unclear if
proven) that the ¢]" and ¢, ™ eigenfunctions differ only by a sign in the ¢ phase term.

2. Guts

The staring point, with C for cos and S for sin, will be equations (15) from the text

L./h = —id,
Lx/h = 1(54,89 -+ cot 9C¢8¢)
Ly/h = —Z(C(Pag — cot GS¢B¢)

From these the raising and lowering operators (setting 71 = 1) are respectively

Lx + ZLy = 1(5¢89 + cot 9C¢8¢) + (C¢89 — cot 95¢8¢)
= ¢*9(£0q + i cot 60,)

So, if we are after solutions to

(Ly £iLy)yi¥ =0 ()

and require of these 1plil = TP flil (0), then we want solutions of

(£0p £l cotd) f;i =0 3)



or
+(dp — I cot) f =0 (4)

What I wanted to demonstrate to myself, that the 6 dependence is the same for ;" as it is for
¢, " is therefore true from @) for the first case with m = [. We’ll need to apply the raising operator
to ! to verify that this is the case for the rest of the indexes .

To continue we need to integrate for flil
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Which integrates to

In(f) = IIn(sin @) + In(x)

Exponentiating we have

f = x(sin@)’

and have

¥ = e*1?(sin0)’ (5)
Now are now set to apply the raising operator to ;" L
(Ly +iLy)y; " = e¥(9g +icot0dy) ;!

= ¢ (dg +icotO(—il))yp,”
= ¢'(dg + 1 cot0)y; !

Now comes the sneaky trick from the text used in the lowering application argument. I'm not
sure how to guess this one, but playing it backwards we find the differential operator above
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That gives the sneaky identity
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Backsubstution gives

w1
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For
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For a second raising operator application we have

(Lx +iLy) ;' = €9(9g + i cot 0y )y !
= ¢'9(9p +icotf(—i)(1— 1))y}
=99+ (1—1) cot9)llJllfl

A second application of the sneaky identity (6) gives us
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This gives

IPZ—I — ei(Z—l)(,b 1 1 i ? (Sine)Zl (8)
! (sinf)!=2 \ sin6 96

A comparison with qbll_l from @) shows that the induction hypothosis is

lps_l — ei(s—l)¢ 1 1 i ’ (sine)Zl (9)
! (sinf)!=s \ sin6 060

2.1. The induction.

The induction, starting with cut-and-paste-regex replacement,



(Li-+iL,)gi 1 = @y +icotedy)yi !
= ¢ (99 +icotO(—i)(I — (s — 1))y !
= (@ + (I — (s — 1)) cotO) ;" "

A second application of the sneaky identity (6) gives us
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This completes the induction arriving at the negative index equivalent of Bohm’s equation
(46), and as claimed in the text this differs only by sign of the ¢ exponential

lps—l — ei(S—l)¢ 1 1 i ° (sjn())zz (10)
! (sin@)!=s \ sin6 00
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