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1. Vector Stokes Theorem

I found my self forgetting stokes theorem once again. Redo this for the simplest case of a parallelogram
area element.

What I recall is that we have on one side the curl dotted into the plane of the surface area element

∫
(∇∧ A) · d2x (1)

and on the other side a loop integral

�
A · dx (2)

Comparing the two we should end up with the same form and thus determine the form of the grade two
Stokes equation (i.e. for curl of a vector).

1.1. Bivector product part.

(∇∧ A) · d2x = (∇∧ A) ·
(
∂x
∂α
∧
∂x
∂β

)
dαdβ

= ∂µAν
∂xσ

∂α

∂xε

∂β
(γµ ∧ γν) · (γσ ∧ γε)dαdβ

= ∂µAν
∂xσ

∂α

∂xε

∂β
(δµεδνσ − δµσδνε)dαdβ

= ∂µAν
(
∂xν

∂α

∂xµ

∂β
−
∂xµ

∂α

∂xν

∂β

)
dαdβ

1



So we have

(∇∧ A) · d2x = −∂µAν
∂(xµ, xν)
∂(α, β)

dαdβ (3)

1.2. Loop integral part.

Integrating around a parallelogram spacetime area element with sides dα∂x/∂α and dβ∂x/∂β, as de-
picted in figure (1), we have

Figure 1: Surface area element

�
A · dx =

∫
A|β=β0 ·

∂x
∂α

dα+ A|α=α1 ·
∂x
∂β

dβ+ A|β=β1 ·

(
−
∂x
∂α

dα
)
+ A|α=α0 ·

(
−
∂x
∂β

dβ
)

=
∫

(A|α=α1 − A|α=α0) ·
∂x
∂β

dβ −
(
A|β=β1 − A|β=β0

)
·
∂x
∂α

dα

=
∫
∂A
∂α
·
∂x
∂β

dαdβ −
∂A
∂β
·
∂x
∂α

dβdα

Expanding the derivatives in terms of coordinates we have

∂A
∂σ

=
∂Aµ
∂σ
γµ

=
∂Aµ
∂xν
∂xν

∂σ
γµ

= ∂νAµ
∂xν

∂σ
γµ
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and

∂x
∂σ

=
∂xν

∂σ
γν

Assembling we have �
A · dx =

∫
∂νAµ

(
∂xν

∂α

∂xµ

∂β
−
∂xν

∂β

∂xµ

∂α

)
dαdβ

In terms of the Jacobian used in (3) we have

�
A · dx =

∫
∂µAν

∂(xµ, xν)
∂(α, β)

dαdβ

Comparing the two we have only a sign difference so the conclusion is that Stokes for a vector field
(considering only a flat parallelogram area element) is

∫
(∇∧ A) · d2x =


A · dx (4)

Observe that there’s an implied orientation of the area element on the LHS, required to match up with
the orientation of the RHS integral.

2. Bivector Stokes Theorem

A parallelepiped volume element is depicted in figure (2). Three parameters α, β, σ generate a set of
differential vector displacements spanning the three dimensional subspace

Writing the displacements

dxα =
∂x
∂α

dα

dxβ =
∂x
∂β

dβ

dxσ =
∂x
∂σ

dσ

We have for the front, right and top face area elements

dAF = dxα ∧ dxβ
dAR = dxβ ∧ dxσ
dAT = dxσ ∧ dxα

These are the surfaces of constant parametrization, respectively, σ = σ1, α = α1, and β = β1. For a
bivector, the flux through the surface is therefore
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Figure 2: Differential volume element

∫
B · dA = (Bσ1 · dAF − Bσ0 · dAP) + (Bα1 · dAR − Bα0 · dAL) + (Bβ1 · dAT − Bβ0 · dAB)

= dσ
∂B
∂σ
· (dxα ∧ dxβ) + dα

∂B
∂α
· (dxβ ∧ dxσ) + dβ

∂B
∂β
· (dxσ ∧ dxα)

Written out in full this is a bit of a mess∫
B · dA = dαdβdσ∂µB ·

((
−
∂xµ

∂σ

∂xν

∂β

∂xε

∂α
+
∂xµ

∂α

∂xν

∂β

∂xε

∂σ
+
∂xµ

∂β

∂xν

∂σ

∂xε

∂α

)
(γν ∧ γε)

)
(5)

It should equal, at least up to a sign,
∫
(∇ ∧ B) · d3x. Expanding the latter is probably easier than

regrouping the mess, and doing so we have
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(∇∧ B) · d3x = dαdβdσ(γµ ∧ ∂µB) ·
(
∂x
∂α
∧
∂x
∂β
∧
∂x
∂σ

)
= dαdβdσ

1
2
(γµ∂µB + ∂µBγµ) ·

(
∂x
∂α
∧
∂x
∂β
∧
∂x
∂σ

)
= dαdβdσ

1
2

〈
(γµ∂µB + ∂µBγµ)

(
∂x
∂α
∧
∂x
∂β
∧
∂x
∂σ

)〉
= dαdβdσ

1
2
∂µB ·

〈(
∂x
∂α
∧
∂x
∂β
∧
∂x
∂σ

)
γµ + γµ

(
∂x
∂α
∧
∂x
∂β
∧
∂x
∂σ

)〉
2

= dαdβdσ∂µB ·
((
∂x
∂α
∧
∂x
∂β
∧
∂x
∂σ

)
· γµ

)

Expanding just that trivector-vector dot product

(
∂x
∂α
∧
∂x
∂β
∧
∂x
∂σ

)
· γµ =

∂xλ

∂α

∂xν

∂β

∂xε

∂σ
(γλ ∧ γν ∧ γε) · γµ

=
∂xλ

∂α

∂xν

∂β

∂xε

∂σ
(γλ ∧ γνδεµ − γλ ∧ γεδνµ + γν ∧ γεδλµ)

So we have

(∇∧ B) · d3x = dαdβdσ
∂xλ

∂α

∂xν

∂β

∂xε

∂σ
∂µB · (γλ ∧ γνδεµ − γλ ∧ γεδνµ + γν ∧ γεδλµ)

= dαdβdσ∂µB ·
(
∂xλ

∂α

∂xν

∂β

∂xµ

∂σ
γλ ∧ γν +

∂xλ

∂α

∂xµ

∂β

∂xε

∂σ
γε ∧ γλ +

∂xµ

∂α

∂xν

∂β

∂xε

∂σ
γν ∧ γε

)
= dαdβdσ∂µB ·

((
∂xν

∂α

∂xε

∂β

∂xµ

∂σ
+
∂xε

∂α

∂xµ

∂β

∂xν

∂σ
+
∂xµ

∂α

∂xν

∂β

∂xε

∂σ

)
γν ∧ γε

)

Noting that an ε, ν interchange in the first term inverts the sign, we have an exact match with (5), thus
fixing the sign for the bivector form of Stokes theorem for the orientation picked in this diagram

∫
(∇∧ B) · d3x =

∫
B · d2x (6)

Like the vector case, there is a requirement to be very specific about the meaning given to the oriented
surfaces, and the corresponding oriented volume element (which could be a volume subspace of a greater
than three dimensional space).
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