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1 Wave packet examples.

In [Bohm(1989)], chapter 3, a couple explicit wave packet examples are given.
Some of this is a little hard to follow in the small set font of the text, and some
details are missing. Here the integrals are performed in detail.

1.1 Unweighted example. Equation 1.

Summing plane waves over a small range of frequencies

Ez(x) =
∫ k0−∆k

k0−∆k
dkeik(x−x0)

=
eik(x−x0)

i(x− x0)

∣∣∣∣∣
k0−∆k

k0−∆k

=
ei(k0+∆k)(x−x0)

i(x− x0)
− ei(k0−∆k)(x−x0)

i(x− x0)

= 2eik0(x−x0) ei∆k(x−x0) − e−i∆k(x−x0)

2i(x− x0)

Which is Bohm’s equation 1.

Ez(x) = 2eik0(x−x0) sin(∆k(x− x0))
x− x0

1.2 Gaussian weighting example. Equation 4.

Next example, also chosen for simplicity, uses a Gaussian weighting function

ψ =
∫ ∞

∞
exp

(
− (k− k0)2

2(∆k)2

)
exp (ik(x− x0)) dk
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Next, is the sneaky/clever step of adding and subtracting ik0(x− x0)− (x−
x0)2(∆k)2/2 to the exponentials, which gives

ψ = exp
(

ik0(x− x0)−
(x− x0)2

2
(∆k)2

)
∫ ∞

∞
exp

(
− (k− k0)2

2(∆k)2 + i(k− k0)(x− x0) +
(x− x0)2

2
(∆k)2

)
dk

Looking at just the remaining integral part, say I, we have

I =
∫ ∞

∞
exp

(
1
2

(
i2

(k− k0)2

(∆k)2 + 2i(k− k0)(x− x0) + (x− x0)2(∆k)2
))

dk

=
∫ ∞

∞
exp

(
1
2

(
i
k− k0

∆k
+ (x− x0)∆k

)2
)

dk

=
∫ ∞

∞
exp

(
−1

2

(
k− k0

∆k
− i(x− x0)∆k

)2
)

dk

A change of variables u = (k− k0)/∆k− i(x− x0)∆k, du = dk/∆k gives

I = ∆k
∫ ∞

∞
e−u2/2du

=
√

2π∆k

Which gives

ψ(x) =
√

2π∆k exp
(

ik0(x− x0)−
(x− x0)2

2
(∆k)2

)

Off by a factor of
√

∆k compared to the text? Typo in the book or a mistake
above?

1.3 Gaussian weighting with angular velocity and accelera-
tion.

Next covered is a wave packet where the angular frequency is a function of the
wave number, as in equation 8

E(x, t) =
∫ ∞

−∞
f (k− k0) exp (ik(x− x0)− iω(k)t) dk
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With a taylor series expansion of the frequency about k0

ω(k) = ω(k0) +
(

∂ω

∂k

)
k=k0

(k− k0) +
(

∂2ω

∂k2

)
k=k0

(k− k0)2

2
+ · · ·

= ω0 + Vg(k− k0) + α
(k− k0)2

2
+ · · ·

Here Vg, and α are the group velocity and accelerations respectively. Now,
I’d never seen the group velocity expressed this way, which seems a particu-
larily simple way of putting it. The example of how ω = 2πc/λn(λ) can vary
with index of refraction and wavelength is also nice. I imagine a light wave go-
ing through a water oil air transition and the angular frequency in each region
causing dispersion and reflection and path alteration effects.

Back to the second order approximation of the frequency, substituting back
into the wave packet integral one has

E(x, t) ≈
∫ ∞

−∞
f (k− k0) exp

(
ik(x− x0)− i

(
ω0 + Vg(k− k0) + α

(k− k0)2

2

)
t
)

dk

With κ = k− k0, ∆x = x− x0 and the gaussian weighting f (κ) = e−κ2/2(∆k)2

this is

exp(ik0(x− x0))
∫ ∞

−∞
exp

(
− κ2

2(∆k)2 + iκ(x− x0)− i
(

ω0 + Vgκ + α
κ2

2

)
t
)

dk

= exp(ik0∆x− iω0t)
∫ ∞

−∞
exp

(
iκ(∆x−Vgt)− κ2

2

(
1

(∆k)2 + iαt
))

dκ

With a = ∆x−Vgt and b = 1
(∆k)2 + iαt, the exponential in the integral takes

the form

exp
(

iκa− κ2 b
2

)
= exp

(
− b

2

(
−2iκ

a
b

+ κ2
))

= exp

(
− b

2

(
κ − i

a
b

)2
+

b
2

(
ia
b

)2
)

= exp
(
− b

2

(
κ − i

a
b

)2
− a2

2b

)

Our wave packet is now
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E(x, t) = exp

(
ik0∆x− iω0t−

(∆x−Vgt)2(∆k)2

2(1 + iαt(∆k)2)

) ∫ ∞

−∞
exp

(
− b

2

(
κ − i

a
b

)2
)

dκ

A change of vars u =
√

b(κ − ia/b) gives

E(x, t) = exp

(
ik0∆x− iω0t−

(∆x−Vgt)2(∆k)2

2(1 + iαt(∆k)2)

)
∆k√

1 + iαt(∆k)2

∫ ∞

−∞
exp

(
−u2

2

)
dκ

= exp

(
ik0∆x− iω0t−

(∆x−Vgt)2(∆k)2

2(1 + iαt(∆k)2)

) √
2π∆k√

1 + iαt(∆k)2

=
√

2π∆k√
1 + iαt(∆k)2

exp

(
i

(
k0∆x−ω0t + αt(∆k)2 (∆x−Vgt)2(∆k)2

2(1 + α2t2(∆k)4)

))
×

exp

(
−

(∆x−Vgt)2(∆k)2

2(1 + α2t2(∆k)4)

)

This is consistent with the result in the text and with α = 0 confirms that
equation 4 did have a typo (irrevalent to the intensity discussion).
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