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1. Motivation.

In [1] was a Geometric Algebra derivation of the 2D polar Laplacian by squaring the gradient.
In [2] was a factorization of the spherical polar unit vectors in a tidy compact form. Here both
these ideas are utilized to derive the spherical polar form for the Laplacian, an operation that is
strictly algebraic (squaring the gradient) provided we operate on the unit vectors correctly.

2. Our rotation multivector.

Our starting point is a pair of rotations. We rotate first in the x, y plane by ¢

x —x = R~¢XR¢ (1a)
i =e1e (1b)
Ry =e/? (1)

Then apply a rotation in the e3 A (Rye1Rg) = Rypesei Ry plane

x' = x"" = Ryx'Ry (2a)
RG — €1€¢e3e1R¢9/2 — R~¢ee3e19/2R¢ (Zb)

The composition of rotations now gives us

x — x"" = RgRpxRyRy = RxR
R = R(/>R9 — ee3e19/26e1e2¢/2‘



3. Expressions for the unit vectors.

The unit vectors in the rotated frame can now be calculated. With I = e e,e3 we can calculate

$ = REZR (3a)
? — ResR (3b)
6 = Re1R (3¢)

Performing these we get

¢ — e—e1e2<p/2€—e3e19/2e26e3e19/2€e1e2¢/2
= 82814),
and
§ = e—ele24)/2€—e3e16/2e3€e3e19/2€e1e2¢/2

= ¢7®1929/2 (@3 c0s 0 + e sin §)ec1€2#/2
= e3cos 0 + ej sin fe®182¢
= e3(cos 6 + eseq sin He®12?)

= e3el4’9,

and

é — e—elez(p/Ze—e3e16/2e16e3e1€/2€e1e2(p/2

= ¢7®1%29/2 (e cos 0 — e3 sin §)ec1e2/2
= eq cos 0e®1®29/2 _ e;sin 6

= i¢p cosf — e3sin O

= ip(cos O + piessinf)
— igpe!¥?.
Summarizing these are
¢ = e’ (4a)
t = egel¥? (4b)
0 = ige!??. (40)

4. Derivatives of the unit vectors.

We'll need the partials. Most of these can be computed from 4 by inspection, and are



9,9 =0
oF=0
3,0=0
dep =0
dot = t1
090 = 01
Ipp = i
Iyt = ¢ sin6
9p0 = ¢ cos 6

5. Expanding the Laplacian.

(5a)
(5b)
(5¢)
(5d)
(5e)
(5f)
(GI9)
(5h)
(51)

We note that the line element is ds = dr + rdf + r sin 0d¢, so our gradient in spherical coordi-

nates is

A

]
= 10 -0 .
v rr—i_r 9+rsin9 ¢

We can now evaluate the Laplacian

A

¢

7 sin

¢

V2= (far + %9+
r 6

0

Evaluating these one set at a time we have

~

]
far-(far+89+ ¢ a(p>:arr/
r rsinf
and
1, o 0 é s o 1, . .
;689 . <1‘a,, + ;89 + rsin98¢> = T<6 <1‘I¢ar + tdg, + ;899 + ;614)89 + (Pag
1 1
= 29+ 59,
and
¢ . (. .0 ¢
rsinea‘l7 I‘ar—i_1fa(H_rsinQa¢
= L4 ($sin6d, + 5y + peost oy + Qo+ pi 3+ ¢
~ rsin6 ¢ \ P by + 10yr + ¢ cos po0 090 ('blrsinG‘P ¢
1 cotf 1
_;ar—i— ) 89+rzsin2684,¢

rsin 0 ¢

a).

1

rsm

6

L

rsin 6

")

%))

(6)

)



Summing these we have

2 1 cotd 1
V2 =0+ 20, + 000 + —5 09 +

0 8
r2sin2@ 77 ®

This is often written with a chain rule trick to consolidate the r and 6 partials

89 (sin 9891]?) + #awyff (9)

1 1

2

Y= -0, (r¥) + -
v p rr(r ) + Zsi 2 Sil’lz 0

in 6

It’s simple to verify that this is identical to 8.
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