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2D SHO xy perturbation

Exercise 1.1 2D SHO xy perturbation. ([1] pr. 5.4)

Given a 2D SHO with Hamiltonian

_ 1 AL
HO_%<px+py)+ 5 (2 +y7), (1.1)

1. What are the energies and degeneracies of the three lowest states?
2. With perturbation
V= mwzxy, (1.2)

calculate the first order energy perturbations and the zeroth order perturbed states.
3. Solve the Hp + JV problem exactly, and compare.

Answer for Exercise 1.1
Part 1. Recall that we have
H|ny,ny) = hw (ng +np + 1) [nq, na), (1.3)

So the three lowest energy states are |0,0),|1,0),|0,1) with energies fiw, 2hiw, 2liw respectively
(with a two fold degeneracy for the second two energy eigenkets).

Part 2. Consider the action of xy on the g = {|0,0),1,0),]0,1)} subspace. Those are

x/|0,0) = ng (a ¥ a*) (b + b*) 10,0)

- ng (b + b*) 11,0) (1.4)
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(a + a*) <b + b*) 1,0)

(a +a+> I1,1) (1.5)
@@+ﬁmn»

(a + a*) (b + b*) |0,1)

(b+0") 1,1) (1.6)
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The matrix representation of mw?xy with respect to the subspace spanned by basis 8 above is

1 0 00
Xy ~ Ehw 0 0 1]. (1.7)
010
This diagonalizes with
1 0
U= [O CI] (1.8a)
~ 1 (1 1
= i [1 _J (1.8b)
1 0 0 O
D= Ehw 01 0 (1.8¢)
0 0 —1
xy =UDU" = UDU. (1.8d)
The unperturbed Hamiltonian in the original basis is
1 0
Hy = hw [0 21] , (1.9)
So the transformation to the diagonal xy basis leaves the initial Hamiltonian unaltered
Hjy = U"HoU
~ e 1 0
B 0 21U (1.10)
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Now we can compute the first order energy shifts almost by inspection. Writing the new basis as
B’ = {|0),]1),]2)} those energy shifts are just the diagonal elements from the xy operators matrix

representation
EQ = (0] v]0) =0
EW = (1 V1) = %hw
EV = 2|V 2) = —%hw.
The new energies are

Ey — hw
Ey — fiw (2+6/2)
E, — hiw (2 —6/2).

(1.11)

(1.12)

Part 3. For the exact solution, it’s possible to rotate the coordinate system in a way that kills the
explicit xy term of the perturbation. That we could do this for x,y operators wasn’t obvious to me,
but after doing so (and rotating the momentum operators the same way) the new operators still have

the required commutators. Let

u| | cos sinf| |[x

v|  |—sin® cosf] |y
| xcos@ +ysinf
~ |—xsinf+ycosf|’

Similarly, for the momentum operators, let
pu| _ | cos® sin@| |px
Po| |—sinf cosf| |py

_ | pxcost+py,sint
| —pxsinf+p,cosf|’

For the commutators of the new operators we have

[u, pu] = [xcos O +ysinb, p,cosf + p, sinb)]

[x, px] cos® 0 + [y, py| sin 6
= ili (cos” 0 + sin? 0)
=ifi.

[0, po] = [—xsin® +ycosB, —p,sinb + p, cos 6]
=[x, px] sin® 6 + v, py] cos? 0
= ifi.

(1.13)

(1.14)

(1.15)

(1.16)



(1, po] = [xcosB +ysinb, —pysin6 + p, cos ]
=cosOsin6 (— [x, px] + [y, pp])

(1.17)

[0, pu] = [—xsinf + y cos b, px cos 6 + py sin 6]
= cos0sin6 (— [x, px] + [y, pp])

(1.18)

We see that the new operators are canonical conjugate as required. For this problem, we just want
a 45 degree rotation, with

X = 1 (u+0)
12 (1.19)
=—(u—v
y=—5 -0
We have
X+t = % ((u +0)* + (u — v)%)
1.20
% (2u? +20% + 2uv — 2uv) (120)
=u? + 0%,
1
pJZC + P; 2 ((Pu + pv)z + (Pu - Pv)z)
1 1.21
) (Zpu + va +2pupo — ZPuPU) (121)
=P+ P
and
xy = 5 @+ 0)(u o)
. % (1.22)
=5 (u? —0%).
The perturbed Hamiltonian is
Ho+6V = Lm (pa+p3) + %mwz (u? + 0% + 6u® — 60%)
1 1
= 5 (Pa+pg) + 5mew? (W' (1+0) + v*(1-9)). (1.23)

In this coordinate system, the corresponding eigensystem is



H |nq,n2) = hw (1 +mV1+6+nvV1 — (5) |nq1, na) .

For small 6

1 1
n1\/1+5+n2\/1—5%n1+n2+§n15— Enzé,

SO

1 1
H |nqy,np) ~ hw <1 +1y +ny+ =116 — n25> |1, ny) .

2 2
The lowest order perturbed energy levels are

10,0) — hiw

11,0) = Faw <z+ ;5>

0,1) — hiw (z - ;(5>

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

The degeneracy of the |0,1),|1,0) states has been split, and to first order match the zeroth order

perturbation result.
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