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Plane wave solution directly from Maxwell’s equations

Here’s a problem that I thought was fun, an exercise for the reader to show that the plane wave
solution to Maxwell’s equations can be found with ease directly from Maxwell’s equations. This is
in contrast to the what seems like the usual method of first showing that Maxwell’s equations imply
wave equations for the fields, and then solving those wave equations.

Exercise 1.1 x̂ oriented plane wave electric field ([1] ex. 4.1)

A uniform plane wave having only an x component of the electric field is traveling in the +z direc-
tion in an unbounded lossless, source-0free region. Using Maxwell’s equations write expressions for
the electric and corresponding magnetic field intensities.

Answer for Exercise 1.1
The phasor form of Maxwell’s equations for a source free region are

∇× E = −jωB (1.1a)

∇× H = jωD (1.1b)

∇ · D = 0 (1.1c)

∇ · B = 0. (1.1d)

Since E = x̂E(z), the magnetic field follows from eq. (1.1a)

(1.2)

−jωB = ∇ × E

=

∣∣∣∣∣∣
x̂ ŷ ẑ
∂x ∂y ∂z
E 0 0

∣∣∣∣∣∣
= ŷ∂zE(z) − ẑ����∂yE(z),

or

(1.3)B = − 1
jω

∂zE.

This is constrained by eq. (1.1b)
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(1.4)

jωεx̂E =
1
µ
∇ × B

= − 1
µjω

∣∣∣∣∣∣
x̂ ŷ ẑ
∂x ∂y ∂z
0 ∂zE 0

∣∣∣∣∣∣
= − 1

µjω
(−x̂∂zzE + ẑ∂x∂zE)

Since ∂x∂zE = ∂z (∂xE) = ∂z
1
ε∇ · D = ∂z0, this means

∂zzE = −ω2εµE = −k2E. (1.5)

This is the usual starting place that we use to show that the plane wave has an exponential form

E(z) = x̂
(

E+e−jkz + E−ejkz
)

. (1.6)

The magnetic field from eq. (1.3) is

(1.7)
B =

j
ω

(
−jkE+e−jkz + jkE−ejkz

)
=

1
c

(
E+e−jkz − E−ejkz

)
,

or

(1.8)
H =

1
µc

(
E+e−jkz − E−ejkz

)
=

1
η

(
E+e−jkz − E−ejkz

)
.

A solution requires zero divergence for the magnetic field, but that can be seen to be the case by
inspection.
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