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Dirac delta function potential

Q:Dirac delta function potential Problem 2.24/2.25 [1] introduces a Dirac delta function potential

(1.1)H =
p2

2m
− V0δ(x),

which vanishes after t = 0. Solve for the bound state for t < 0 and then the time evolution after
that.

A: The first part of this problem was assigned back in phy356, where we solved this for a rectan-
gular potential that had the limiting form of a delta function potential. However, this problem can
be solved directly by considering the |x| > 0 and x = 0 regions separately.

For |x| > 0 Schrödinger’s equation takes the form

(1.2)Eψ = − h̄2

2m
d2ψ

dx2 .

With

(1.3)κ =
√
−2mE

h̄
,

this has solutions

(1.4)ψ = e±κx.

For x > 0 we must have
(1.5)ψ = ae−κx,

and for x < 0
(1.6)ψ = beκx.

requiring that ψ is continuous at x = 0 means a = b, or

(1.7)ψ = ψ(0)e−κ|x|.

For the x = 0 region, consider an interval [−ε, ε] region around the origin. We must have
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(1.8)E
∫ ε

−ε
ψ(x)dx =

−h̄2

2m

∫ ε

−ε

d2ψ

dx2 dx − V0

∫ ε

−ε
δ(x)ψ(x)dx.

The RHS is zero

(1.9)E
∫ ε

−ε
ψ(x)dx = E

e−κ(ε) − 1
−κ

− E
1− eκ(−ε)

κ
→ 0.

That leaves

(1.10)

V0

∫ ε

−ε
δ(x)ψ(x)dx =

−h̄2

2m

∫ ε

−ε

d2ψ

dx2 dx

=
−h̄2

2m
dψ

dx

∣∣∣∣ε
−ε

=
−h̄2

2m
ψ(0)

(
−κe−κ(ε) − κeκ(−ε)

)
.

In the ε→ 0 limit this gives

(1.11)V0 =
h̄2κ

m
.

Equating relations for κ we have

κ =
mV0

h̄2 =
√
−2mE

h̄
, (1.12)

or

E = − 1
2m

(
mV0

h̄

)2

, (1.13)

with

ψ(x, t < 0) = C exp (−iEt/h̄− κ|x|) . (1.14)

The normalization requires

(1.15)

1 = 2|C|2
∫ ∞

0
e−2κxdx

= 2|C|2 e−2κx

−2κ

∣∣∣∣∞
0

=
|C|2

κ
,

so

ψ(x, t < 0) =
1√
κ

exp (−iEt/h̄− κ|x|) . (1.16)
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There is only one bound state for such a potential. After turning off the potential, any plane wave

ψ(x, t) = eikx−iE(k)t/h̄, (1.17)

where

k =

√
2mE
h̄

, (1.18)

is a solution. In particular, at t = 0, the wave packet

ψ(x, 0) =
1√
2π

∫ ∞

−∞
eikx A(k)dk, (1.19)

is a solution. To solve for A(k), we require

(1.20)
1√
2π

∫ ∞

−∞
eikx A(k)dk =

1√
κ

e−κ|x|,

or

A(k) =
1√
2πκ

∫ ∞

−∞
e−ikxe−mV0|x|/h̄2

dx. (1.21)

The initial time state established by the delta function potential evolves as

ψ(x, t > 0) =
1√
2π

∫ ∞

−∞
eikx−ih̄k2t/2m A(k)dk. (1.22)
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