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Determining the rotation angle and normal for a rotation through Euler
angles

Exercise 1.1 Rotation angle and normal for a rotation through Euler angles ([1] pr. 3.9)

Determine the total rotation angle for a set of Euler rotations given by

(1.1)D1/2(α, β, γ) =

[
e−i(α+γ)/2 cos β

2 −e−i(α−γ)/2 sin β
2

ei(α−γ)/2 sin β
2 ei(α+γ)/2 cos β

2

]
.

Answer for Exercise 1.1
Compare this to the matrix for a rotation (again double sided) about a normal, given by

(1.2)
R = e−iσ·n̂θ/2

= cos
θ

2
I − iσ · n̂ sin

θ

2
.

With n̂ = (sin Θ cos Φ, sin Θ sin Φ, cos Θ), the normal direction in its Pauli basis is

(1.3)
σ · n̂ =

[
cos Θ sin Θ cos Φ − i sin Θ sin Φ

sin Θ cos Φ + i sin Θ sin Φ − cos Θ

]
=
[

cos Θ sin Θe−iΦ

sin ΘeiΦ − cos Θ

]
,

so

(1.4)R =
[

cos θ
2 − i sin θ

2 cos Θ −i sin Θe−iΦ sin θ
2

−i sin ΘeiΦ sin θ
2 cos θ

2 + i sin θ
2 cos Θ

]
.

It’s not obvious how to put this into correspondence with the matrix for the Euler rotations. Doing
so certainly doesn’t look fun. To solve this problem, let’s go the opposite direction, and put the matrix
for the Euler rotations into the form of eq. (1.2).
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That is

(1.5)

D1/2(α, β, γ) =

[
e−i(α+γ)/2 cos β

2 −e−i(α−γ)/2 sin β
2

ei(α−γ)/2 sin β
2 ei(α+γ)/2 cos β

2

]

=

[
cos α+γ

2 cos β
2 − cos α−γ

2 sin β
2

cos α−γ
2 sin β

2 cos α+γ
2 cos β

2

]

+ i

[
− sin α+γ

2 cos β
2 sin α−γ

2 sin β
2

sin α−γ
2 sin β

2 sin α+γ
2 cos β

2

]

= cos
α + γ

2
cos

β

2
+ i sin

α − γ

2
sin

β

2
σx − i cos

α − γ

2
sin

β

2
σy − i sin

α + γ

2
cos

β

2
σz

,

This gives us

cos
θ

2
= cos

α + γ

2
cos

β

2

n̂ sin
θ

2
=
(
− sin

α− γ

2
sin

β

2
, cos

α− γ

2
sin

β

2
, sin

α + γ

2
cos

β

2

)
.

(1.6)

The angle is

(1.7)θ = 2 atan

√
sin2 β

2 + sin2 α+γ
2 cos2 β

2

cos α+γ
2 cos β

2

,

or

θ = 2 atan

√
tan2 β

2 + sin2 α+γ
2

cos α+γ
2

, (1.8)

and the normal direction is

n̂ =
1√

1− cos2 α+γ
2 cos2 β

2

(
− sin

α− γ

2
sin

β

2
, cos

α− γ

2
sin

β

2
, sin

α + γ

2
cos

β

2

)
. (1.9)
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