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Free particle propagator

Exercise 1.1 Free particle propagator ([1] pr. 2.31)

Derive the free particle propagator in one and three dimensions.

Answer for Exercise 1.1
I found the description in the text confusing, so let’s start from scratch with the definition of the

propagator. This is the kernel of the spatial convolution integral that encodes time evolution, and can
be expressed by expanding a general time state with two sets of identity operators. Let the position
relative state at time t, relative to an initial time t0 be given by 〈x|α, t; t0〉, and expand this in terms of
a complete basis of energy eigenstates |a′〉 and the time evolution operator

(1.1)

〈
x′′
∣∣α, t; t0

〉
=
〈
x′′
∣∣U |α, t0〉

=
〈
x′′
∣∣ e−iH(t−t0)/h̄ |α, t0〉

=
〈
x′′
∣∣ e−iH(t−t0)/h̄

(
∑
a′

∣∣a′〉 〈a′
∣∣) |α, t0〉

=
〈
x′′
∣∣∑

a′
e−iEa′ (t−t0)/h̄ ∣∣a′〉 〈a′

∣∣α, t0
〉

=
〈
x′′
∣∣∑

a′
e−iEa′ (t−t0)/h̄ ∣∣a′〉 〈a′

∣∣ (∫ d3x′
∣∣x′〉 〈x′∣∣) |α, t0〉

=
∫

d3x′
(〈

x′′
∣∣∑

a′
e−iEa′ (t−t0)/h̄ ∣∣a′〉 〈a′

∣∣x′〉) 〈x′∣∣α, t0
〉

=
∫

d3x′K(x′′, t; x′, t0)
〈
x′
∣∣α, t0

〉
,

where

(1.2)K(x′′, t; x′, t0) = ∑
a′

〈
x′′
∣∣a′〉 〈a′

∣∣x′〉 e−iEa′ (t−t0)/h̄,

the propagator, is the kernel of the convolution integral that takes the state |α, t0〉 to state |α, t; t0〉.
Evaluating this over the momentum states (where integration and not plain summation is required),
we have
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(1.3)

K(x′′, t; x′, t0) =
∫

d3p′
〈
x′′
∣∣p′〉 〈p′∣∣x′〉 e−iEp′ (t−t0)/h̄

=
∫

d3p′
〈
x′′
∣∣p′〉 〈p′∣∣x′〉 exp

(
−i

(p′)2(t − t0)
2mh̄

)
=
∫

d3p′
eix′′·p′/h̄

(
√

2πh̄)3

e−ix′·p′/h̄

(
√

2πh̄)3
exp

(
−i

(p′)2(t − t0)
2mh̄

)
=

1
(2πh̄)3

∫
d3p′ei(x′′−x′)·p′/h̄ exp

(
−i

(p′)2(t − t0)
2mh̄

)
=

1
2πh̄

∫ ∞

−∞
dp′1ei(x′′1−x′1)p′1/h̄ exp

(
−i

(p′1)2(t − t0)
2mh̄

)
×

1
2πh̄

∫ ∞

−∞
dp′2ei(x′′2−x′2)p′2/h̄ exp

(
−i

(p′2)2(t − t0)
2mh̄

)
×

1
2πh̄

∫ ∞

−∞
dp′3ei(x′′3−x′3)p′3/h̄ exp

(
−i

(p′3)2(t − t0)
2mh̄

)
With a = (t− t0)/2mh̄, each of these three integral factors is of the form

(1.4)

1
2πh̄

∫ ∞

−∞
dpei∆xp/h̄ exp

(
−iap2) =

1
2πh̄
√

a

∫ ∞

−∞
duei∆xu/(

√
ah̄) exp

(
−iu2)

=
1

2πh̄
√

a

∫ ∞

−∞
duei∆xu/(

√
ah̄) exp

(
−i(u − ∆x/(2

√
ah̄))2 + i(∆x/(2

√
ah̄))2)

=
1

2πh̄
√

a
exp

(
i(∆x)22mh̄
4(t − t0)h̄2

) ∫ ∞

−∞
dze−iz2

=

√
−iπ2mh̄

4π2h̄2(t − t0)
exp

(
i(∆x)2m

2(t − t0)h̄

)
=
√

m
2πih̄(t − t0)

exp
(

i(∆x)2m
2(t − t0)h̄

)
.

Note that the integral above has value
√
−iπ which can be found by integrating over the contour

of fig. 1.1, letting R→ ∞.
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Figure 1.1: Integration contour for
∫

e−iz2

Multiplying out each of the spatial direction factors gives the propagator in its closed form

K(x′′, t; x′, t0) =
(√

m
2πih̄(t− t0)

)3

exp
(

i(x′′ − x′)2m
2(t− t0)h̄

)
. (1.5)

In one or two dimensions the exponential power 3 need only be adjusted appropriately.

Exercise 1.2 Momentum space free particle propagator ([1] pr. 2.33)

Derive the free particle propagator in momentum space.

Answer for Exercise 1.2
The momentum space propagator follows in the same fashion as the spatial propagator

(1.6)

〈
p′′
∣∣α, t; t0

〉
=
〈
p′′
∣∣U |α, t0〉

=
〈
p′′
∣∣ e−iH(t−t0)/h̄ |α, t0〉

=
〈
p′′
∣∣ e−iH(t−t0)/h̄

(
∑
a′

∣∣a′〉 〈a′
∣∣) |α, t0〉

=
〈
p′′
∣∣∑

a′
e−iEa′ (t−t0)/h̄ ∣∣a′〉 〈a′

∣∣α, t0
〉

=
〈
p′′
∣∣∑

a′
e−iEa′ (t−t0)/h̄ ∣∣a′〉 〈a′

∣∣ (∫ d3p′
∣∣p′〉 〈p′∣∣) |α, t0〉

=
∫

d3p′
(〈

p′′
∣∣∑

a′
e−iEa′ (t−t0)/h̄ ∣∣a′〉 〈a′

∣∣p′〉) 〈p′∣∣α, t0
〉

=
∫

d3p′K(p′′, t; p′, t0)
〈
p′
∣∣α, t0

〉
,
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so

(1.7)K(p′′, t; p′, t0) = ∑
a′

〈
p′′
∣∣a′〉 〈a′

∣∣p′〉 e−iEa′ (t−t0)/h̄.

For the free particle Hamiltonian, this can be evaluated over a momentum space basis

(1.8)

K(p′′, t; p′, t0) =
∫

d3p′′′
〈
p′′
∣∣p′′′〉 〈p′′′∣∣p′〉 e−iEp′′′ (t−t0)/h̄

=
∫

d3p′′′
〈
p′′
∣∣p′′′〉 δ(p′′′ − p′) exp

(
−i

(p′′′)2(t − t0)
2mh̄

)
=
〈
p′′
∣∣p′〉 exp

(
−i

(p′)2(t − t0)
2mh̄

)
or

K(p′′, t; p′, t0) = δ(p′′ − p′) exp
(
−i

(p′)2(t− t0)
2mh̄

)
. (1.9)

This is what we expect since the time evolution is given by just this exponential factor

(1.10)
〈
p′
∣∣α, t0; t

〉
=
〈
p′
∣∣ exp

(
−i

(p′)2(t − t0)
2mh̄

)
|α, t0〉 = exp

(
−i

(p′)2(t − t0)
2mh̄

) 〈
p′
∣∣α, t0

〉
.
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