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Gauge transformation of free particle Hamiltonian

Exercise 1.1

Given a gauge transformation of the free particle Hamiltonian to

(1.1)H =
1

2m
Π · Π + eφ,

where

(1.2)Π = p − e
c

A,

calculate mdx/dt,
[
Πi, Πj

]
, and md2x/dt2, where x is the Heisenberg picture position operator, and

the fields are functions only of position φ = φ(x), A = A(x).
Answer for Exercise 1.1

The final results for these calculations are found in [1], but seem worth deriving to exercise our
commutator muscles.

Heisenberg picture velocity operator The first order of business is the Heisenberg picture velocity op-
erator, but first note

(1.3)
Π · Π =

(
p − e

c
A
)
·
(

p − e
c

A
)

= p2 − e
c

(A · p + p · A) +
e2

c2 A2.

The time evolution of the Heisenberg picture position operator is therefore

(1.4)

dx
dt

=
1
ih̄

[x, H]

=
1

ih̄2m
[
x, Π2]

=
1

ih̄2m

[
x, p2 − e

c
(A · p + p · A) +

e2

c2 A2
]

=
1

ih̄2m

([
x, p2] − e

c
[
x, A · p + p · A

])
.
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For the p2 commutator we have

(1.5)
[
xr, p2] = ih̄

∂p2

∂pr
= 2ih̄pr,

or
(1.6)

[
x, p2] = 2ih̄p.

Computing the remaining commutator, we’ve got

[xr, p · A + A · p] = xr ps As − ps Asxr

+ xr As ps − As psxr

= ([xr, ps] + psxr) As − ps Asxr

+ xr As ps − As ([ps, xr] + xr ps)

= [xr, ps] As +(((((
((((ps Asxr − ps Asxr

+(((((
((((xr As ps − xr As ps + As [xr, ps]

= 2ih̄δrs As

= 2ih̄Ar,

(1.7)

so

[x, p · A + A · p] = 2ih̄A. (1.8)

Assembling these results gives

dx
dt

=
1
m

(
p − e

c
A
)

=
1
m

Π, (1.9)

as asserted in the text.

Kinetic Momentum commutators

(1.10)

[Πr, Πs] =
[
pr − eAr/c, ps − eAs/c

]
=����[pr, ps] −

e
c
([

pr, As
]

+
[
Ar, ps

])
+

e2

c2��
��[Ar, As].

= − e
c

(
(−ih̄)

∂As

∂xr
+ (ih̄)

∂Ar

∂xs

)
= − ieh̄

c

(
−∂As

∂xr
+

∂Ar

∂xs

)
.

= − ieh̄
c

εtsrBt,

or

[Πr, Πs] =
ieh̄
c

εrstBt. (1.11)
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Quantum Lorentz force For the force equation we have

(1.12)

m
d2x
dt2 =

dΠ

dt

=
1
ih̄

[Π, H]

=
1

ih̄2m
[
Π, Π2] +

1
ih̄
[
Π, eφ

]
.

For the φ commutator consider one component

(1.13)

[
Πr, eφ

]
= e
[

pr −
e
c

Ar, φ
]

= e
[
pr, φ

]
= e(−ih̄)

∂φ

∂xr
,

or
1
ih̄

[Π, eφ] = −e∇φ = eE. (1.14)

For the Π2 commutator I initially did this the hard way (it took four notebook pages, plus two for
a false start.) Realizing that I didn’t use eq. (1.11) for that expansion was the clue to doing this more
expediently.

Considering a single component

(1.15)

[
Πr, Π2] = [Πr, ΠsΠs]

= ΠrΠsΠs − ΠsΠsΠr
= ([Πr, Πs] +���ΠsΠr) Πs − Πs ([Πs, Πr] +���ΠrΠs)

= ih̄
e
c

εrst (BtΠs + ΠsBt) ,

or

(1.16)
1

ih̄2m
[
Π, Π2] =

e
2mc

εrster (BtΠs + ΠsBt)

=
e

2mc
(Π × B − B × Π) .

Putting all the pieces together we’ve got the quantum equivalent of the Lorentz force equation

m
d2x
dt2 = eE +

e
2c

(
dx
dt

× B − B × dx
dt

)
. (1.17)

While this looks equivalent to the classical result, all the vectors here are Heisenberg picture oper-
ators dependent on position.
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