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Heisenberg picture spin precession

Exercise 1.1 Heisenberg picture spin precession ([1] pr. 2.1)

For the spin Hamiltonian

(1.1)H = − eB
mc

Sz

= ωSz,

express and solve the Heisenberg equations of motion for Sx(t), Sy(t), and Sz(t).

Answer for Exercise 1.1
The equations of motion are of the form

(1.2)

dSH
i

dt
=

1
ih̄

[
SH

i , H
]

=
1
ih̄

[
U†SiU, H

]
=

1
ih̄

(
U†SiUH − HU†SiU

)
=

1
ih̄

U† (Si H − HSi) U

=
ω

ih̄
U† [Si, Sz] U.

These are

(1.3)

dSH
x

dt
= −ωU†SyU

dSH
y

dt
= ωU†SxU

dSH
z

dt
= 0.

To completely specify these equations, we need to expand U(t), which is
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(1.4)

U(t) = e−iHt/h̄

= e−iωSzt/h̄

= e−iωσzt/2

= cos
(
ωt/2

)
− iσz sin

(
ωt/2

)
=
[

cos (ωt/2) − i sin (ωt/2) 0
0 cos (ωt/2) + i sin (ωt/2)

]
=
[

e−iωt/2 0
0 eiωt/2

]
.

The equations of motion can now be written out in full. To do so seems a bit silly since we also
know that SH

x = U†SxU, SH
y U†SxU. However, if that is temporarily forgotten, we can show that the

Heisenberg equations of motion can be solved for these too.

(1.5)

U†SxU =
h̄
2

[
eiωt/2 0

0 e−iωt/2

] [
0 1
1 0

] [
e−iωt/2 0

0 eiωt/2

]
=

h̄
2

[
0 eiωt/2

e−iωt/2 0

] [
e−iωt/2 0

0 eiωt/2

]
=

h̄
2

[
0 eiωt

e−iωt 0

]
,

and

(1.6)

U†SyU =
h̄
2

[
eiωt/2 0

0 e−iωt/2

] [
0 −i
i 0

] [
e−iωt/2 0

0 eiωt/2

]
=

ih̄
2

[
0 −eiωt/2

e−iωt/2 0

] [
e−iωt/2 0

0 eiωt/2

]
=

ih̄
2

[
0 −eiωt

e−iωt 0

]
.

The equations of motion are now fully specified

(1.7)

dSH
x

dt
= − ih̄ω

2

[
0 −eiωt

e−iωt 0

]
dSH

y

dt
=

h̄ω

2

[
0 eiωt

e−iωt 0

]
dSH

z
dt

= 0.

Integration gives
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(1.8)

SH
x =

h̄
2

[
0 eiωt

e−iωt 0

]
+ C

SH
y =

h̄
2

[
0 −ieiωt

ie−iωt 0

]
+ C

SH
z = C.

The integration constants are fixed by the boundary condition SH
i (0) = Si, so

(1.9)

SH
x =

h̄
2

[
0 eiωt

e−iωt 0

]
SH

y =
ih̄
2

[
0 −eiωt

e−iωt 0

]
SH

z = Sz.

Observe that these integrated values SH
x , SH

y match eq. (1.5), and eq. (1.6) as expected.
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