
Peeter Joot
peeter.joot@gmail.com

Hermite polynomial normalization constant

Exercise 1.1 Hermite polynomial normalization constant ([1] pr. 2.21)

Derive the normalization constant cn for the Harmonic oscillator solution

(1.1)un(x) = cnHn

(
x
√

mω

h̄

)
e−mωx2/2h̄,

by deriving the orthogonality relationship using generating functions

g(x, t) = e−t2+2tx =
∞

∑
n=0

Hn(x)
tn

n!
. (1.2)

Start by working out the integral

I =
∫ ∞

−∞
g(x, t)g(x, s)e−x2

dx, (1.3)

consider the integral twice with each side definition of the generating function.

Answer for Exercise 1.1
First using the exponential definition of the generating function

(1.4)

∫ ∞

−∞
g(x, t)g(x, s)e−x2

dx =
∫ ∞

−∞
e−t2+2txe−s2+2sxe−x2

dx

= e−t2−s2
∫ ∞

−∞
e−(x2−2tx−2sx)dx

= e−t2−s2+(s+t)2
∫ ∞

−∞
e−(x−t−s)2

dx

= e2st
∫ ∞

−∞
e−u2

du

=
√

πe2st.

With the Hermite polynomial definition of the generating function, this integral is
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(1.5)

∫ ∞

−∞
g(x, t)g(x, s)e−x2

dx =
∫ ∞

−∞

∞

∑
n=0

Hn(x)
tn

n!

∞

∑
m=0

Hm(x)
sm

m!
e−x2

dx

=
∞

∑
n=0

tn

n!

∞

∑
m=0

sm

m!

∫ ∞

−∞
Hn(x)Hm(x)e−x2

dx.

Let

(1.6)αnm =
∫ ∞

−∞
Hn(x)Hm(x)e−x2

dx,

and equate the two expansions of this integral

(1.7)
√

π
∞

∑
n =0

(2st)n

n!
=

∞

∑
n=0

tn

n!

∞

∑
m=0

sm

m!
αnm,

or, after equating powers of tn

(1.8)
√

π(2s)n =
∞

∑
m=0

sm

m!
αnm.

This requires αnm to be zero for n 6= m, so

(1.9)
√

π2n =
1
n!

αnn,

and

(1.10)
∫ ∞

−∞
Hn(x)Hm(x)e−x2

dx = δnm
√

π2nn! .

The SHO normalization is fixed by

(1.11)

∫ ∞

−∞
u2

n(x)dx = c2
n

∫ ∞

−∞
H2

n(x/x0)e−(x/x0)2
dx

= c2
nx0
√

π2nn! ,

or

(1.12)

cn =
1√

√
π2nn!

√
h̄

mω

=
(mω

h̄π

)1/4
2−n/2 1√

n!
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