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More ket problems

Exercise 1.1 Uncertainty relation. ([1] pr. 1.20)

Find the ket that maximizes the uncertainty product

(1.1)
〈

(∆Sx)2
〉 〈(

∆Sy
)2
〉

,

and compare to the uncertainty bound 1
4

∣∣〈[Sx, Sy
]〉∣∣2.

Answer for Exercise 1.1
To parameterize the ket space, consider first the kets that where both components are both not

zero, where a single complex number can parameterize the ket

(1.2)
|s〉 =

[
β′eiφ′

α′eiθ′

]
∝
[

1
αeiθ

]
The expectation values with respect to this ket are

(1.3)

〈Sx〉 =
h̄
2
[
1 αe−iθ] [0 1

1 0

] [
1

αeiθ

]
=

h̄
2
[
1 αe−iθ] [αeiθ

1

]
=

h̄
2

αeiθ + αe−iθ

=
h̄
2

2α cos θ

= h̄α cos θ.
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(1.4)

〈
Sy
〉

=
h̄
2
[
1 αe−iθ] [0 −i

i 0

] [
1

αeiθ

]
=

ih̄
2
[
1 αe−iθ] [−αeiθ

1

]
=
−iαh̄

2
2i sin θ

= αh̄ sin θ.

The variances are

(1.5)

(∆Sx)2 =
(

h̄
2

[
−2α cos θ 1

1 −2α cos θ

])2

=
h̄2

4

[
−2α cos θ 1

1 −2α cos θ

] [
−2α cos θ 1

1 −2α cos θ

]
=

h̄2

4

[
4α2 cos2 θ + 1 −4α cos θ
−4α cos θ 4α2 cos2 θ + 1

]
,

and

(1.6)

(
∆Sy

)2 =
(

h̄
2

[
−2α sin θ −i

i −2α sin θ

])2

=
h̄2

4

[
−2α sin θ −i

i −2α sin θ

] [
−2α sin θ −i

i −2α sin θ

]
=

h̄2

4

[
4α2 sin2 θ + 1 4αi sin θ

−4αi sin θ 4α2 sin2 θ + 1

]
.

The uncertainty factors are

(1.7)

〈
(∆Sx)2

〉
=

h̄2

4
[
1 αe−iθ] [4α2 cos2 θ + 1 −4α cos θ

−4α cos θ 4α2 cos2 θ + 1

] [
1

αeiθ

]
=

h̄2

4
[
1 αe−iθ] [ 4α2 cos2 θ + 1− 4α2 cos θeiθ

−4α cos θ + 4α3 cos2 θeiθ + αeiθ

]
=

h̄2

4

(
4α2 cos2 θ + 1− 4α2 cos θeiθ − 4α2 cos θe−iθ + 4α4 cos2 θ + α2

)
=

h̄2

4

(
4α2 cos2 θ + 1− 8α2 cos2 θ + 4α4 cos2 θ + α2

)
=

h̄2

4

(
−4α2 cos2 θ + 1 + 4α4 cos2 θ + α2

)
=

h̄2

4
(
4α2 cos2 θ

(
α2 − 1

)
+ α2 + 1

)
,
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and

(1.8)

〈(
∆Sy

)2
〉

=
h̄2

4
[
1 αe−iθ] [4α2 sin2 θ + 1 4αi sin θ

−4αi sin θ 4α2 sin2 θ + 1

] [
1

αeiθ

]
=

h̄2

4
[
1 αe−iθ] [ 4α2 sin2 θ + 1 + 4α2i sin θeiθ

−4αi sin θ + 4α3 sin2 θeiθ + αeiθ

]
=

h̄2

4

(
4α2 sin2 θ + 1 + 4α2i sin θeiθ − 4α2i sin θe−iθ + 4α4 sin2 θ + α2

)
=

h̄2

4

(
−4α2 sin2 θ + 1 + 4α4 sin2 θ + α2

)
=

h̄2

4
(
4α2 sin2 θ

(
α2 − 1

)
+ α2 + 1

)
.

The uncertainty product can finally be calculated

(1.9)

〈
(∆Sx)2

〉 〈(
∆Sy

)2
〉

=
(

h̄
2

)4 (
4α2 cos2 θ

(
α2 − 1

)
+ α2 + 1

) (
4α2 sin2 θ

(
α2 − 1

)
+ α2 + 1

)
=
(

h̄
2

)4 (
4α4 sin2 (2θ)

(
α2 − 1

)
+ 4α2

(
α4 − 1

)
+
(
α2 + 1

)2
)

The maximum occurs when f = sin2 2θ is extremized. Those points are

(1.10)
0 =

∂ f
∂θ

= 2 sin 2θ cos 2θ

= 4 sin 4θ.

Those points are at 4θ = πn, for integer n, or

θ =
π

4
n, n ∈ [0, 7], (1.11)

Minimums will occur when

(1.12)0 <
∂2 f
∂θ2

= 8 cos 4θ,

or
(1.13)n = 0, 2, 4, 6.

At these points sin2 2θ takes the values

(1.14)sin2
(

2
π

4
{0, 2, 4, 6}

)
= sin2 (π {0, 1, 2, 3})
∈ {0} ,
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so the maximization of the uncertainty product can be reduced to that of

(1.15)
〈

(∆Sx)2
〉 〈(

∆Sy
)2
〉

=
(

h̄
2

)4 (
4α2

(
α4 − 1

)
+
(
α2 + 1

)2
)

We seek

(1.16)

0 =
∂

∂α

(
4α2

(
α4 − 1

)
+
(
α2 + 1

)2
)

=
(

8α
(

α4 − 1
)

+ 16α5 + 4
(
α2 + 1

)
α
)

= 4α
(

2α4 − 2 + 4α4 + 4α2 + 4
)

= 8α
(

3α4 + 2α2 + 1
)

.

The only real root of this polynomial is α = 0, so the ket where both |+〉 and |−〉 are not zero that
maximizes the uncertainty product is

(1.17)|s〉 =
[

1
0

]
= |+〉 .

The search for this maximizing value excluded those kets proportional to
[

0
1

]
= |−〉. Let’s see the

values of this uncertainty product at both |±〉, and compare to the uncertainty commutator. First
|s〉 = |+〉

(1.18)〈Sx〉 =
[
1 0

] [0 1
1 0

] [
1
0

]
= 0.

(1.19)
〈
Sy
〉

=
[
1 0

] [0 −i
i 0

] [
1
0

]
= 0.

so

(1.20)

〈
(∆Sx)2

〉
=
(

h̄
2

)2 [
1 0

] [1
0

]
=
(

h̄
2

)2
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(1.21)

〈(
∆Sy

)2
〉

=
(

h̄
2

)2 [
1 0

] [1
0

]
=
(

h̄
2

)2

.

For the commutator side of the uncertainty relation we have

(1.22)

1
4

∣∣〈[Sx, Sy
]〉∣∣2 =

1
4
|〈ih̄Sz〉|2

=
(

h̄
2

)4 ∣∣∣∣[1 0
] [1 0

0 −1

] [
1
0

]∣∣∣∣2,

so for the |+〉 state we have an equality condition for the uncertainty relation

(1.23)

〈
(∆Sx)2

〉 〈(
∆Sy

)2
〉

=
1
4

∣∣〈[Sx, Sy
]〉∣∣2

=
(

h̄
2

)4

.

It’s reasonable to guess that the |−〉 state also matches the equality condition. Let’s check

(1.24)〈Sx〉 =
[
0 1

] [0 1
1 0

] [
0
1

]
= 0.

(1.25)
〈
Sy
〉

=
[
0 1

] [0 −i
i 0

] [
0
1

]
= 0.

so
〈
(∆Sx)

2
〉

=
〈(

∆Sy
)2
〉

=
(

h̄
2

)2
.

For the commutator side of the uncertainty relation will be identical, so the equality of eq. (1.23)
is satisfied for both |±〉. Note that it wasn’t explicitly verified that |−〉 maximized the uncertainty
product, but I don’t feel like working through that second set of algebraic mess.

We can see by example that equality does not mean that the equality condition means that the
product is maximized. For example, it is straightforward to show that |Sx;±〉 also satisfy the equality
condition of the uncertainty relation. However, in that case the product is not maximized, but is zero.

Exercise 1.2 Degenerate ket space example. ([1] pr. 1.23)

Consider operators with representation

A =

a 0 0
0 −a 0
0 0 −a

 , B =

b 0 0
0 0 −ib
0 ib 0

 . (1.26)

5



Show that these both have degeneracies, commute, and compute a simultaneous ket space for both
operators.

Answer for Exercise 1.2
The eigenvalues and eigenvectors for A can be read off by inspection, with values of a,−a,−a, and

kets

|a1〉 =

1
0
0

 , |a2〉 =

0
1
0

 , |a3〉 =

0
0
1

 (1.27)

Notice that the lower-right 2× 2 submatrix of B is proportional to σy, so it’s eigenvalues can be
formed by inspection

|b1〉 =

1
0
0

 , |b2〉 =
1√
2

0
1
i

 , |b3〉 =
1√
2

 0
1
−i

 . (1.28)

Computing B |bi〉 shows that the eigenvalues are b, b,−b respectively.
Because of the two-fold degeneracy in the−a eigenvalues of A, any linear combination of |a2〉 , |a3〉

will also be an eigenket. In particular,

|a2〉 + i |a3〉 = |b2〉
|a2〉 − i |a3〉 = |b3〉 ,

(1.29)

so the basis {|bi〉} is a simultaneous eigenspace for both A and B. Because there is a simultaneous
eigenspace, the matrices must commute. This can be confirmed with direct computation

(1.30)

AB = ab

1 0 0
0 −1 0
0 0 −1

1 0 0
0 0 −i
0 i 0


= ab

1 0 0
0 0 i
0 −i 0

 ,

and

(1.31)

BA = ab

1 0 0
0 0 −i
0 i 0

1 0 0
0 −1 0
0 0 −1


= ab

1 0 0
0 0 i
0 −i 0

 .
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Exercise 1.3 Unitary transformation. ([1] pr. 1.26)

Construct the transformation matrix that maps between the Sz diagonal basis, to the Sx diagonal
basis.
Answer for Exercise 1.3

Based on the definition

(1.32)U
∣∣∣a(r)

〉
=
∣∣∣b(r)

〉
,

the matrix elements can be computed

(1.33)
〈

a(s)
∣∣∣U ∣∣∣a(r)

〉
=
〈

a(s)
∣∣∣b(r)

〉
,

that is

(1.34)

U =
[〈

a(1)
∣∣U ∣∣a(1)〉 〈

a(1)
∣∣U ∣∣a(2)〉〈

a(2)
∣∣U ∣∣a(1)〉 〈

a(2)
∣∣U ∣∣a(2)〉]

=
[〈

a(1)
∣∣b(1)〉 〈

a(1)
∣∣b(2)〉〈

a(2)
∣∣b(1)〉 〈

a(2)
∣∣b(2)〉]

=
1√
2


[
1 0

] [1
1

] [
1 0

] [ 1
−1

]
[
0 1

] [1
1

] [
0 1

] [ 1
−1

]


=
1√
2

[
1 1
1 −1

]
.

As a similarity transformation, we have

(1.35)

〈
b(r)
∣∣∣ Sz

∣∣∣b(s)
〉

=
〈

b(r)
∣∣∣a(t)

〉 〈
a(t)
∣∣∣ Sz

∣∣∣a(u)
〉 〈

a(u)
∣∣∣b(s)

〉
=
〈

a(r)
∣∣∣U〉†

a(t)
〈

a(t)
∣∣∣ Sz

∣∣∣a(u)
〉 〈

a(u)
∣∣∣U ∣∣∣a(s)

〉
,

or

(1.36)S′z = U†SzU.

Let’s check that the computed similarity transformation does it’s job.

(1.37)

σ′z = U†σzU

=
1
2

[
1 1
1 −1

] [
1 0
0 −1

] [
1 1
1 −1

]
=

1
2

[
1 −1
1 1

] [
1 1
1 −1

]
=

1
2

[
0 2
2 0

]
= σx.
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The transformation matrix can also be computed more directly

(1.38)

U = U
∣∣∣a(r)

〉 〈
a(r)
∣∣∣

=
∣∣∣b(r)

〉 〈
a(r)
∣∣∣

=
1√
2

[
1
1

] [
1 0

]
+

1√
2

[
1
−1

] [
0 1

]
=

1√
2

[
1 0
1 0

]
+

1√
2

[
0 1
0 −1

]
=

1√
2

[
1 1
1 −1

]
.
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