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Non-interacting particles in a box

Q: [1] pr 4.1 Calculate the three lowest energy levels and their degeneracies for equal mass distin-
guishable spin half particles in a box of length L.

(a) Two particles. (b) Three particles. (c) Four particles.

A: part (a) The problem statement doesn’t include the dimensionality of the box. The simplest case
is the one dimensional box, for which the wave function of one particle is

(1.1)ψ1(x) =

√
2
L

sin
(nπx

L

)
,

and the energy of that particle is

(1.2)E =
1

2m

(
h̄π

L

)2

n2.

If the box is two dimensional the energy is

(1.3)E =
1

2m

(
h̄π

L

)2 (
n2

1 + n2
2
)

,

and if it’s a 3D box, we have

(1.4)E =
1

2m

(
h̄π

L

)2 (
n2

1 + n2
2 + n2

3
)

.

Suppose we are considering the 3D box. In statistical mechanics when we are considering particles
Fermions, they are indistinguishable, and thus not allowed to share the same spin state at a given
energy level. However, for distinguishable particles, that restriction doesn’t exist, and we can have
two (or more) such particles in the lowest order energy state. The lowest such energy is

(1.5)
E1,1,1;1,1,1 =

1
2m

(
h̄π

L

)2 (
6× 12)

=
6

2m

(
h̄π

L

)2

.
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The particle spin states can be any of |++〉 , |+−〉 , |−+〉 , |−−〉, so there is a four way degeneracy in
the ground state.

the next lowest energy level is

(1.6)
E1,1,2;1,1,1 =

1
2m

(
h̄π

L

)2 (
5× 12 + 22)

=
9

2m

(
h̄π

L

)2

,

where there are (6
1) = 6 ways to pick such a state for each variation of spin, for a total 6× 4 = 24

way degeneracy. Finally, since 22 + 22 < 32 + 12, the next lowest energy level is

(1.7)
E1,2,2;1,1,1 =

1
2m

(
h̄π

L

)2 (
4× 12 + 2× 22)

=
12
2m

(
h̄π

L

)2

,

with a (6
2)× 4 = 15× 4 = 60 way degeneracy for this energy level.

A: part (b) For three particles (the two particle case wasn’t actually in the problem statement, but
seemed an easier starting place), the lowest energy state for a 3D box is

(1.8)
E =

1
2m

(
h̄π

L

)2 (
9× 12)

=
9

2m

(
h̄π

L

)2

.

There are now 23 = 8 variations of spin |+ + +〉 , |+ +−〉 , · · ·, so the ground state is 8-way degener-
ate. Next up is

(1.9)
E =

1
2m

(
h̄π

L

)2 (
8× 12 + 22)

=
12
2m

(
h̄π

L

)2

,

where there is a (9
1)× 8 = 9× 8 = 72 way degeneracy in this energy level. Finally, the next lowest

energy level is

(1.10)
E =

1
2m

(
h̄π

L

)2 (
7× 12 + 2× 22)

=
15
2m

(
h̄π

L

)2

,

with a (9
2)× 8 = 36× 8 = 288 way degeneracy for this energy level.
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A: part (c) For four particles the lowest energy state for a 3D box is

(1.11)
E =

1
2m

(
h̄π

L

)2 (
12× 12)

=
12
2m

(
h̄π

L

)2

.

There are now 24 = 16 variations of spin |+ + ++〉 , |+ + +−〉 , · · ·, so the ground state is 16-way
degenerate. For the second level

(1.12)
E =

1
2m

(
h̄π

L

)2 (
11× 12 + 22)

=
15
2m

(
h̄π

L

)2

,

where there is a (12
1 )× 16 = 12× 16 = 192 way degeneracy in this energy level. Finally, the next

lowest energy level is

(1.13)
E =

1
2m

(
h̄π

L

)2 (
7× 12 + 2× 22)

=
15
2m

(
h̄π

L

)2

,

with a (12
2 )× 16 = 66× 16 = 1056 way degeneracy for this energy level.
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