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Partition function and ground state energy

Exercise 1.1 Partition function and ground state energy ([1] pr. 2.32)

Define the partition function as

(1.1)Z =
∫

d3x′K(x′, t; x′, 0)
∣∣

β=it/h̄,

Show that the ground state energy is given by

(1.2)− 1
Z

∂Z
∂β

, β→ ∞.

Answer for Exercise 1.1
The propagator evaluated at the same point is

(1.3)

K(x′, t; x′, 0) = ∑
a′

〈
x′
∣∣a′〉 ∣∣a′〉 x′ exp

(
− iEa′ t

h̄

)
= ∑

a′

∣∣〈x′∣∣a′〉∣∣2 exp
(
− iEa′ t

h̄

)
= ∑

a′

∣∣〈x′∣∣a′〉∣∣2 exp
(
−Ea′β

)
.

The derivative is
(1.4)

∂Z
∂β

= −
∫

d3x′∑
a′

Ea′
∣∣〈x′∣∣a′〉∣∣2 exp

(
−Ea′β

)
.

In the β → ∞ this sum will be dominated by the term with the lowest value of Ea′ . Suppose that
state is a′ = 0, then

(1.5)lim
β→∞

− 1
Z

∂Z
∂β

=

∫
d3x′E0|〈x′|0〉|2 exp

(
−E0β

)∫
d3x′|〈x′|0〉|2 exp

(
−E0β

)
= E0.
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