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Position operator in momentum space representation

A derivation of the position space representation of the momentum operator −ih̄∂x is made in [1],
starting with the position-momentum commutator. Here I’ll repeat that argument for the momentum
space representation of the position operator.

The we want to do is expand the matrix element of the commutator. First using the definition of
the commutator

(1.1)
〈

p′
∣∣XP − PX

∣∣p′′〉 = ih̄
〈

p′
∣∣p′′〉

= ih̄δp′ − p′′,

and then by inserting an identity operation in a momentum space basis

(1.2)

〈
p′
∣∣XP − PX

∣∣p′′〉 =
∫

dp
〈

p′
∣∣X |p〉 〈p| P

∣∣p′′〉 − ∫ dp
〈

p′
∣∣ P |p〉 〈p|X

∣∣p′′〉
=
∫

dp
〈

p′
∣∣X |p〉 pδ(p − p′′)−

∫
dppδ(p′ − p) 〈p|X

∣∣p′′〉
=
〈

p′
∣∣X
∣∣p′′〉 p′′ − p′

〈
p′
∣∣X
∣∣p′′〉 .

So we have
(1.3)

〈
p′
∣∣X
∣∣p′′〉 p′′ − p′

〈
p′
∣∣X
∣∣p′′〉 = ih̄δp′ − p′′.

Because the RHS is zero whenever p′ 6= p′′, the matrix element 〈p′|X |p′′〉must also include a delta
function. Let

(1.4)
〈

p′
∣∣X
∣∣p′′〉 = δ(p′ − p′′)X(p′′).

Because eq. (1.3) is an operator equation that really only takes on meaning when applied to a wave
function and integrated, we do that

(1.5)
∫

dp′′δ(p′ − p′′)X(p′′)p′′ψ(p′′)−
∫

dp′′p′δ(p′ − p′′)X(p′′)ψ(p′′) =
∫

dp′′ih̄δp′ − p′′ψ(p′′),

or
(1.6)ih̄ψ(p′) = X(p′)p′ψ(p′)− p′X(p′)ψ(p′).

Provided X(p′) operates on everything to its right, this equation is solved by setting

X(p′) = ih̄
∂

∂p′
. (1.7)
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