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PHY1520H Graduate Quantum Mechanics. Lecture 16: Addition of
angular momenta. Taught by Prof. Arun Paramekanti

Disclaimer — Peeter’s lecture notes from class. These may be incoherent and rough.
These are notes for the UofT course PHY1520, Graduate Quantum Mechanics, taught by Prof.
Paramekanti, covering ch. 3 [1] content.

1.1 Addition of angular momenta (cont.)

e For orbital angular momentum

I,=% x9
LS (1.1)
Li =1 X p1,
We can show that it is true that
[L1j + Loj, Lij + Ly;| = ifiejj (Lig + Lok), (1.2)

because the angular momentum of the independent particles commute. Given this is it fair to
consider that the sum

Li+L (1.3)

is also angular momentum.

e Given |l;, m1) and |, my), if a measurement is made of L; + L,, what do we get?

Specifically, what do we get for

(L1 +Ly)", (1.4)

and for
(ilz + izz) . (15)



For the latter, we get

(Liz + Loz) |, ma; I, ma) = (Bmy + Fmy) | Iy, ma; 1y, mo) (1.6)
Given
Ly, + Lo, = LY, (1.7)
we find
[t 13] =0
ttOt, ]:2 =0
[Atjt f 2} (1.8)
(LY L] =0
(L £y.] = 0.
We also find
[(]:1 + ]A_.2)2, Lﬂ = []A_.% + I:% + 21:1 . ]:2, Lﬂ (19)
= 0,
but for
[(tl + I:z)z, tlz} = [t% + E% + 2£1 . tz, ilz] (110)

=2 [I:l : IA*'Z/ ]:12]
£0.

Classically if we have measured L; and L, then we know the total angular momentum as sketched
in fig. 1.1.
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Figure 1.1: Classical addition of angular momenta.

In QM where we don’t know all the components of the angular momentum simultaneously, things
get fuzzier. For example, if the Li, and L,, components have been measured, we have the angular
momentum defined within a conical region as sketched in fig. 1.2.
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Figure 1.2: Addition of angular momenta given measured L..

Suppose we know Lt precisely, but have imprecise information about (I:““)Z. Can we determine
bounds for this? Let |) = |l1, ma; lo, my), so

A A 2 ~ N R .
(] (L1 +L2)" |y) = (9| L3 [9) + (| L3 [9) +2 (9| L1 - Lo [9)
:ll(ll+1)h2+12(12+1)h2+2<¢‘i‘1'£2‘¢>- (1.11)
Using the Cauchy-Schwartz inequality

{Plp) [ < [{plop) || (w]y)], (1.12)

which is the equivalent of the classical relationship
(A - B)? < A?B2. (1.13)
Applying this to the last term, we have
(@181 L2 9)” < (pl Lo Lafy) (9l Lo Lo fy) (119
=HLh(h+1D)h(+2).
Thus for the max we have

(] (B +L2)° ) < Hly (I + 1) + Py (I + 1) + 202/l (Il + 1) Lo (I + 2) (1.15)

and for the min

(@] (B +12)* [9) > B2l (h + 1) + B2l (I + 1) — 202/ ( + 1) 2 (I + 2). (1.16)

To try to pretty up these estimate, starting with the max, note that if we replace a portion of the
RHS with something bigger, we are left with a strict less than relationship.
That is

(1.17)



That is

(| (L1 + I:z)z lp) < K <11 Lh+D)+b(+1)+2 <11 + ;) (lz + ;))

=K (l%+l§+ll+lz+211lz+ll+lz+;>

1 3 1
=h2<<ll+lz+2> <11+12+2> —4>

1 3
Lot (ltot +1) < <11 +1 + 2) <11 +1 + 2) ,

or

which, gives
1
Lot <li+ 1+ 5

Finally, given a quantization requirement, that is

| ot <h+h. |

Similarly, for the min, we find

(| (L1 + L) [y) > 1 <l1 (h+1)+lh(h+1)—2 <11 + ;) (12 N ;))

= 2 (l% +13 —2I1, — ;)

oo (fr-a-2) (ed) )

The total angular momentum quantum number must then satisfy

1 1 1
liot(liot + 1) > <ll — 1, — 2> (ll — I+ 2> -1

1 1
N _ 212
liot(Itot + 1) > <11 I 2> (ll I + 2) ¢

Is it true that

This is true when iy > 11 — I, — %, assuming that Iy > ;. Suppose liot =11 — I — %, then

1 1
liot(ltot + 1) = <ll - — 2) (ll — b+ 2)

1
— 1)
=(h —h) I

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



So, is it true that

(I — L)* — i >Pah+B+1— 2L + Do +1)? (1.26)

If that is the case we have

—21112 — i > ll +1p — 2\/11(11 + 1)[2(12 + 1), (1.27)

2L + Dh(y +1) > 1 + 1 + 2L, + 411

. (1.28)
=hh+1)+bLL+1)+ i
This has the structure
2/xy > x+y+ i, (1.29)
or
dxy > (x + )2+i+1(x+ ) (1.30)
or 11
> —yY)P+—+= :
0>((x—y) +16+2(x+y), (1.31)
But since x + y > 0 this inequality is not satisfied when liot = I1 — I — % We can conclude
l—l—1<l <l+l+1 (1.32)
1—h =5 <ht<h+h+s. .
Is it true that
hi—Db >l > 1L +1p? (1.33)

Note that we have two separate Hilbert spaces I; ® I, of dimension 2I; + 1 and 2/, + 1 respectively.
The total number of states is

L+l Li+lp

Y @+ =2 ) n+)+L—(H—DL)+1

liot =l —1I» n=l—I

1.34
=2%(11+12+(11—lz))(ll+lz—(ll—lz)+1)+2[2+1 ( )
= 211 (212 + 1) + 212 +1
= 2L +1)(2l +1).

So the end result is that given |l1, m1) , |lo, mp), with [; > I, where, in steps of 1,
| h—b<lu<h+h. (1.35)
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