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PHY1520H Graduate Quantum Mechanics. Lecture 5: time evolution of
coherent states, and charged particles in a magnetic field. Taught by Prof.
Arun Paramekanti

Disclaimer Peeter’s lecture notes from class. These may be incoherent and rough.
These are notes for the UofT course PHY1520, Graduate Quantum Mechanics, taught by Prof.

Paramekanti, covering ch. 1 [1] content.

Coherent states (cont.) A coherent state for the SHO H =
(

N + 1
2

)
h̄ω was given by

a |z〉 = z |z〉 , (1.1)

where we showed that

|z〉 = c0eza† |0〉 . (1.2)

In the Heisenberg picture we found

aH(t) = eiHt/h̄ae−iHt/h̄ = ae−iωt

a†
H(t) = eiHt/h̄a†e−iHt/h̄ = a†eiωt.

(1.3)

Recall that the position and momentum representation of the ladder operators was

a =
1√
2

(
x̂
√

mω

h̄
+ i p̂

√
1

mh̄ω

)

a† =
1√
2

(
x̂
√

mω

h̄
− i p̂

√
1

mh̄ω

)
,

(1.4)

or equivalently

x̂ =
(

a + a†
)√ h̄

2mω

p̂ = i
(

a† − a
)√mh̄ω

2
.

(1.5)

Given this we can compute expectation value of position operator
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(1.6)

〈z| x̂ |z〉 =

√
h̄

2mω
〈z|
(

a + a†
)
|z〉

= (z + z∗)

√
h̄

2mω

= 2 Re z

√
h̄

2mω
.

Similarly

(1.7)
〈z| p̂ |z〉 = i

√
mh̄ω

2
〈z|
(

a† − a
)
|z〉

=

√
mh̄ω

2
2 Im z.

How about the expectation of the Heisenberg position operator? That is

(1.8)

〈z| x̂H(t) |z〉 =

√
h̄

2mω
〈z|
(

a + a†
)
|z〉

=

√
h̄

2mω

(
ze−iωt + z∗eiωt

)
=

√
h̄

2mω
((z + z∗) cos(ωt)− i (z − z∗) sin(ωt))

=

√
h̄

2mω

(
〈x(0)〉

√
2mω

h̄
cos(ωt)− i 〈p(0)〉 i

√
2mω

h̄
sin(ωt)

)

= 〈x(0)〉 cos(ωt) +
〈p(0)〉

mω
sin(ωt).

We find that the average of the Heisenberg position operator evolves in time in exactly the same
fashion as position in the classical Harmonic oscillator. This phase space like trajectory is sketched in
fig. 1.1.

In the text it is shown that we have the same structure for the Heisenberg operator itself, before
taking expectations

(1.9)x̂H(t) = x(0) cos(ωt) +
p(0)
mω

sin(ωt).

Where the coherent states become useful is that we will see that the second moments of position
and momentum are not time dependent with respect to the coherent states. Such states remain local-
ized.
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Figure 1.1: phase space like trajectory

Uncertainty First note that using the commutator relationship we have

(1.10)
〈z| aa† |z〉 = 〈z|

([
a, a†

]
+ a†a

)
|z〉

= 〈z|
(

1 + a†a
)
|z〉 .

For the second moment we have

(1.11)

〈z| x̂2 |z〉 =
h̄

2mω
〈z|
(

a + a†
) (

a + a†
)
|z〉

=
h̄

2mω
〈z|
(

a2 + (a†)
2

+ aa† + a†a
)
|z〉

=
h̄

2mω
〈z|
(

a2 + (a†)
2

+ 2a†a + 1
)
|z〉

=
h̄

2mω

(
z2 + (z∗)2 + 2z∗z + 1

)
|z〉

=
h̄

2mω
(z + z∗)2 +

h̄
2mω

.

We find

(1.12)σ2
x =

h̄
2mω

,

and

(1.13)σ2
p =

mh̄ω

2

so
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(1.14)σ2
x σ2

p =
h̄2

4
,

or

(1.15)σxσp =
h̄
2

.

This is the minimum uncertainty.

Quantum Field theory In Quantum Field theory the ideas of isolated oscillators is used to model par-
ticle creation. The lowest energy state (a no particle, vacuum state) is given the lowest energy level,
with each additional quantum level modeling a new particle creation state as sketched in fig. 1.2.

Figure 1.2: QFT energy levels

We have to imagine many oscillators, each with a distinct vacuum energy∼ k2 . The Harmonic os-
cillator can be used to model the creation of particles with h̄ω energy differences from that “vacuum
energy”.

Charged particle in a magnetic field In the classical case ( with SI units or c = 1 ) we have

(1.16)F = qE + qv × B.

Alternately, we can look at the Hamiltonian view of the system, written in terms of potentials

(1.17)B = ∇ × A,

(1.18)E = −∇φ − ∂A
∂t

.

Note that the curl form for the magnetic field implies one of the required Maxwell’s equations
∇ · B = 0.
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Ignoring time dependence of the potentials, the Hamiltonian can be expressed as

(1.19)H =
1

2m
(
p − qA

)2 + qφ.

In this Hamiltonian the vector p is called the canonical momentum, the momentum conjugate to
position in phase space.

It is left as an exercise to show that the Lorentz force equation results from application of the
Hamiltonian equations of motion, and that the velocity is given by v = (p− qA)/m.

For quantum mechanics, we use the same Hamiltonian, but promote our position, momentum and
potentials to operators.

(1.20)Ĥ =
1

2m
(
p̂ − qÂ(r, t)

)2 + qφ̂(r, t).

Gauge invariance Can we say anything about this before looking at the question of a particle in a
magnetic field?

Recall that the we can make a gauge transformation of the form

(1.21a)A→ A + ∇χ

(1.21b)φ→ φ − ∂χ

∂t

Does this notion of gauge invariance also carry over to the Quantum Hamiltonian. After gauge
transformation we have

(1.22)Ĥ′ =
1

2m
(
p̂ − qA − q∇χ

)2 + q
(

φ − ∂χ

∂t

)
Now we are in a mess, since this function χ can make the Hamiltonian horribly complicated. We

don’t see how gauge invariance can easily be applied to the quantum problem. Next time we will
introduce a transformation that resolves some of this mess.

Exercise 1 Lorentz force from classical electrodynamic Hamiltonian

Given the classical Hamiltonian

(1.23)H =
1

2m
(
p − qA

)2 + qφ.

apply the Hamiltonian equations of motion

dp
dt

= −∂H
∂q

dq
dt

=
∂H
∂p

,
(1.24)

to show that this is the Hamiltonian that describes the Lorentz force equation, and to find the
velocity in terms of the canonical momentum and vector potential.
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Answer of exercise 1
The particle velocity follows easily

(1.25)

v =
dr
dt

=
∂H
∂p

=
1
m

(p − aA) .

For the Lorentz force we can proceed in the coordinate representation

(1.26)

dpk

dt
= − ∂H

∂xk

= − 2
2m

(
pm − qAm

) ∂

∂xk

(
pm − qAm

)
− q

∂φ

∂xk

= qvm
∂Am

∂xk
− q

∂φ

∂xk
,

We also have

(1.27)

dpk

dt
=

d
dt
(
mxk + qAk

)
= m

d2xk

dt2 + q
∂Ak

∂xm

dxm

dt
+ q

∂Ak

∂t
.

Putting these together we’ve got

(1.28)

m
d2xk

dt2 = qvm
∂Am

∂xk
− q

∂φ

∂xk
,−q

∂Ak

∂xm

dxm

dt
− q

∂Ak

∂t

= qvm

(
∂Am

∂xk
− ∂Ak

∂xm

)
+ qEk

= qvmεkmsBs + qEk,

or

(1.29)m
d2x
dt2 = qekvmεkmsBs + qEk

= qv × B + qE.

Exercise 2 Show gauge invariance of the magnetic and electric fields

After the gauge transformation of eq. (1.21) show that the electric and magnetic fields are unaltered.
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Answer of exercise 2
For the magnetic field the transformed field is

(1.30)

B′ = ∇ × (A + ∇χ)
= ∇ × A + ∇ × (∇χ)
= ∇ × A
= B.

(1.31)

E′ = −∂A′

∂t
−∇φ′

= − ∂

∂t
(A + ∇χ)−∇

(
φ − ∂χ

∂t

)
= −∂A

∂t
−∇φ

= E.
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