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Quantum Virial Theorem

Exercise 1.1 Quantum Virial Theorem ([1] pr. 2.7)

Consider a particle with Hamiltonian

(1.1)H =
p2

2m
+ V(x),

By calculating the time evolution of [x · p, H], identify the quantum virial theorem and show the
conditions where it is satisfied.
Answer for Exercise 1.1

(1.2)

[
x · p, H

]
=

1
2m

[
x · p, p2] +

[
x · p, V(x)

]
=

1
2m

(
xr prp2 − p2xr pr

)
+
(
xr prV(x)− V(x)xr pr

)
=

1
2m

[
xr, p2] pr + xr

[
pr, V(x)

]
,

Evaluating those commutators separately, gives

(1.3)

[
xr, p2] =

[
xr, p2

r
]

no sum
= 2ih̄pr,

and

(1.4)
[
pr, V(x)

]
= −ih̄

∂V(x)
∂xr

,

so

(1.5)

d
dt

(x · p) =
1
ih̄

[
x · p, H

]
=

1
2m

2pr pr − xr
∂V(x)

∂xr

=
p2

m
− x ·∇V(x).
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Taking expectation values, assuming that the states are independent of time, we have

(1.6)
0 =

d
dt
〈x · p〉

=
〈

p2

m

〉
− 〈x ·∇V(x)〉 .

Note that taking the expectation with respect to stationary states was required to reverse the order
of the time derivative with the expectation operation.

The right hand side is the quantum equivalent of the virial theorem, relating the average kinetic
energy to the potential

(1.7)2 〈T〉 = 〈x ·∇V(x)〉
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