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Expectations for SHO Hamiltonian, and virial theorem.

Exercise 1.1 Expectations for SHO Hamiltonian, and virial theorem. ([1] pr. 2.3)

1. For a 1D SHO, compute 〈m| x |n〉 , 〈m| x2 |n〉 , 〈m| p |n〉 , 〈m| p2 |n〉 and 〈m| {x, p} |n〉.
2. Verify the virial theorem is satisfied for energy eigenstates.

Answer for Exercise 1.1

Part 1. Using
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(1.1)

we have
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(1.3)

〈m| x2 |n〉 =
x2

0
2
〈m|

(
a + a†

)2
|n〉

=
x2

0
2

(
eiωt√m 〈m − 1| + e−iωt

√
m + 1 〈m + 1|

) (
e−iωt√n |n − 1〉 + eiωt

√
n + 1 |n + 1〉

)
=

x2
0

2

(
δm+1,n+1

√
(m + 1)(n + 1)

+ δm+1,n−1
√

(m + 1)ne−2iωt + δm−1,n+1
√

m(n + 1)e2iωt + δm−1,n−1
√

mn
)

,

(1.4)
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(1.5)

For the anticommutator {x, p}, we have
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so

(1.7)
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Part 2. For the SHO, the virial theorem requires
〈
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〉

=
〈
mωx2〉. That momentum expectation

with respect to the eigenstate |n〉 is

(1.8)
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.

For the position expectation we’ve got

(1.9)
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This shows that the virial theorem holds for the SHO Hamiltonian for eigenstates.
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