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1D SHO linear superposition that maximizes expectation

Exercise 1.1 1D SHO linear superposition that maximizes expectation ([1] pr. 2.17)

For a 1D SHO
1. Construct a linear combination of |0〉 , |1〉 that maximizes 〈x〉 without using wave functions.
2. How does this state evolve with time?
3. Evaluate 〈x〉 using the Schrödinger picture.
4. Evaluate 〈x〉 using the Heisenberg picture.
5. Evaluate

〈
(∆x)2〉.

Answer for Exercise 1.1

Part 1. Forming

(1.1)|ψ〉 =
|0〉 + σ |1〉√

1 + |σ|2

the position expectation is

(1.2)〈ψ| x |ψ〉 =
1

1 + |σ|2
(〈0| + σ∗ 〈1|) x0√

2

(
a† + a

)
(|0〉 + σ |1〉) .

Evaluating the action of the operators on the kets, we’ve got

(1.3)
(

a† + a
)

(|0〉 + σ |1〉) = |1〉 +
√

2σ |2〉 + σ |0〉 .

The |2〉 term is killed by the bras, leaving

(1.4)
〈x〉 =

1

1 + |σ|2
x0√

2
(σ + σ∗)

=

√
2x0 Re σ

1 + |σ|2
.
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Any imaginary component in σ will reduce the expectation, so we are constrained to picking a real
value.

The derivative of

(1.5)f (σ) =
σ

1 + σ2 ,

is

(1.6)f ′(σ) =
1− σ2

(1 + σ2)2 .

That has zeros at σ = ±1. The second derivative is

(1.7)f ′′(σ) =
−2σ(3− σ2)

(1 + σ2)3 .

That will be negative (maximum for the extreme value) at σ = 1, so the linear superposition of
these first two energy eigenkets that maximizes the position expectation is

(1.8)ψ =
1√
2

(|0〉 + |1〉) .

That maximized position expectation is

(1.9)〈x〉 =
x0√

2
.

Part 2. The time evolution is given by

(1.10)

|Ψ(t)〉 = e−iHt/h̄ 1√
2

(|0〉 + |1〉)

=
1√
2

(
e−i(0+1/2)h̄ωt/h̄ |0〉 + e−i(1+1/2)h̄ωt/h̄ |1〉

)
=

1√
2

(
e−iωt/2 |0〉 + e−3iωt/2 |1〉

)
.

Part 3. The position expectation in the Schrödinger representation is

(1.11)

〈x(t)〉 =
1
2

(
eiωt/2 〈0| + e3iωt/2 〈1|

) x0√
2

(
a† + a

) (
e−iωt/2 |0〉 + e−3iωt/2 |1〉

)
=

x0

2
√

2

(
eiωt/2 〈0| + e3iωt/2 〈1|

) (
e−iωt/2 |1〉 + e−3iωt/2

√
2 |2〉 + e−3iωt/2 |0〉

)
=

x0√
2

cos(ωt).
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Part 4.

(1.12)

〈x(t)〉 =
1
2

(〈0| + 〈1|) x0√
2

(
a†eiωt + ae−iωt

)
(|0〉 + |1〉)

=
x0

2
√

2
(〈0| + 〈1|)

(
eiωt |1〉 +

√
2eiωt |2〉 + e−iωt |0〉

)
=

x0√
2

cos(ωt),

matching the calculation using the Schrödinger picture.

Part 5. Let’s use the Heisenberg picture for the uncertainty calculation. Using the calculation above
we have

(1.13)

〈
x2〉 =

1
2

x2
0

2

(
e−iωt 〈1| +

√
2e−iωt 〈2| + eiωt 〈0|

) (
eiωt |1〉 +

√
2eiωt |2〉 + e−iωt |0〉

)
=

x2
0

4
(1 + 2 + 1)

= x2
0.

The uncertainty is

(1.14)

〈
(∆x)2〉 =

〈
x2〉 − 〈x〉2

= x2
0 −

x2
0

2
cos2(ωt)

=
x2

0
2
(
2− cos2(ωt)

)
=

x2
0

2
(
1 + sin2(ωt)

)
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