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Time evolution of spin half probability and dispersion

Exercise 1.1 Time evolution of spin half probability and dispersion ([1] pr. 2.3)

A spin 1/2 system S · n̂, with n̂ = sin βx̂ + cos βẑ, is in state with eigenvalue h̄/2, acted on by a
magnetic field of strength B in the +z direction.

1. If Sx is measured at time t, what is the probability of getting +h̄/2?
2. Evaluate the dispersion in Sx as a function of t, that is,〈

(Sx − 〈Sx〉)2
〉

. (1.1)

3. Check your answers for β→ 0, π/2 to see if they make sense.

Answer for Exercise 1.1

Part 1. The spin operator in matrix form is

(1.2)

S · n̂ =
h̄
2
(
σz cos β + σx sin β

)
=

h̄
2

([
1 0
0 −1

]
cos β +

[
0 1
1 0

]
sin β

)
=

h̄
2

[
cos β sin β
sin β − cos β

]
.

The |S · n̂; +〉 eigenstate is found from

(1.3)
(
S · n̂ − h̄/2

) [a
b

]
= 0,

or

(1.4)

0 =
(
cos β − 1

)
a + sin βb

=
(
−2 sin2(β/2)

)
a + 2 sin(β/2) cos(β/2)b

=
(
− sin(β/2)

)
a + cos(β/2)b,
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or

(1.5)|S · n̂; +〉 =
[

cos(β/2)
sin(β/2)

]
.

The Hamiltonian is

H = − eB
mc

Sz = − eBh̄
2mc

σz, (1.6)

so the time evolution operator is

(1.7)U = e−iHt/h̄

= e
ieBt
2mc σz .

Let ω = eB/(2mc), so

(1.8)

U = eiσzωt

= cos(ωt) + iσz sin(ωt)

=
[

1 0
0 1

]
cos(ωt) + i

[
1 0
0 −1

]
sin(ωt)

=
[

eiωt 0
0 e−iωt

]
.

The time evolution of the initial state is

(1.9)

|S · n̂; +〉 (t) = U |S · n̂; +〉 (0)

=
[

eiωt 0
0 e−iωt

] [
cos(β/2)
sin(β/2)

]
=
[

cos(β/2)eiωt

sin(β/2)e−iωt

]
.

The probability of finding the state in |S · x̂; +〉 at time t (i.e. measuring Sx and finding h̄/2) is

(1.10)

|〈S · x̂; +|S · n̂; +〉|2 =
∣∣∣∣ 1√

2

[
1 1

] [ cos(β/2)eiωt

sin(β/2)e−iωt

]∣∣∣∣2
=

1
2

∣∣∣cos(β/2)eiωt + sin(β/2)e−iωt
∣∣∣2

=
1
2
(1 + 2 cos(β/2) sin(β/2) cos(2ωt))

=
1
2
(1 + sin(β) cos(2ωt)) .
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Part 2. To calculate the dispersion first note that

(1.11)
S2

x =
(

h̄
2

)2 [0 1
1 0

]
2

=
(

h̄
2

)2

,

so only the first order expectation is non-trivial to calculate. That is

(1.12)

〈Sx〉 =
h̄
2
[
cos(β/2)e−iωt sin(β/2)eiωt] [0 1

1 0

] [
cos(β/2)eiωt

sin(β/2)e−iωt

]
=

h̄
2
[
cos(β/2)e−iωt sin(β/2)eiωt] [sin(β/2)e−iωt

cos(β/2)eiωt

]
=

h̄
2

sin(β/2) cos(β/2)
(

e−2iωt + e2iωt
)

=
h̄
2

sin β cos(2ωt).

This gives

〈
(∆Sx)2〉 =

(
h̄
2

)2 (
1− sin2 β cos2(2ωt)

)
(1.13)

Part 3. For β = 0, n̂ = ẑ, and β = π/2, n̂ = x̂. For the first case, the state is in an eigenstate of Sz, so
must evolve as

(1.14)|S · n̂; +〉 (t) = |S · n̂; +〉 (0)eiωt.

The probability of finding it in state |S · x̂; +〉 is therefore

(1.15)

∣∣∣∣ 1√
2

[
1 1

] [eiωt

0

]∣∣∣∣2
=

1
2

∣∣∣eiωt
∣∣∣2

=
1
2

=
1
2

(1 + sin(0) cos(2ωt)) .

This matches eq. (1.10) as expected.
For β = π/2 we have

(1.16)
|S · x̂; +〉 (t) =

1√
2

[
eiωt 0
0 e−iωt

] [
1
1

]
=

1√
2

[
eiωt

e−iωt

]
.
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The probability for the h̄/2 Sx measurement at time t is

(1.17)

∣∣∣∣12 [1 1
] [ eiωt

e−iωt

]∣∣∣∣2 =
1
4

∣∣∣eiωt + e−iωt
∣∣∣2

= cos2(ωt)

=
1
2
(
1 + sin(π/2) cos(2ωt)

)
.

Again, this matches the expected value.
For the dispersions, at β = 0, the dispersion is

(1.18)
(

h̄
2

)2

This is the maximum dispersion, which makes sense since we are measuring Sx when the initial
state is |S · ẑ; +〉. For β = π/2 the dispersion is

(1.19)
(

h̄
2

)2

sin2(2ωt).

This starts off as zero dispersion (because the initial state is |S · x̂; +〉, but then oscillates.
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