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A symmetric real Hamiltonian

Exercise 1.1 A symmetric real Hamiltonian ([1] pr. 2.9)

Find the time evolution for the state |a′〉 for a Hamiltian of the form

(1.1)H = δ
(∣∣a′〉 〈a′

∣∣ +
∣∣a′′〉 〈a′′

∣∣)
Answer for Exercise 1.1

This Hamiltonian has the matrix representation

(1.2)H =
[

0 δ
δ 0

]
,

which has a characteristic equation of

(1.3)λ2 − δ2 = 0,

so the energy eigenvalues are ±δ.
The diagonal basis states are respectively

(1.4)|±δ〉 =
1√
2

[
±1
1

]
.

The time evolution operator is

(1.5)

U = e−iHt/h̄

= e−iδt/h̄ |+δ〉 〈+δ| + eiδt/h̄ |−δ〉 〈−δ|

=
e−iδt/h̄

2
[
1 1

] [1
1

]
+

eiδt/h̄

2
[
−1 1

] [−1
1

]
=

e−iδt/h̄

2

[
1 1
1 1

]
+

eiδt/h̄

2

[
1 −1
−1 1

]
=
[

cos(δt/h̄) −i sin(δt/h̄)
−i sin(δt/h̄) cos(δt/h̄)

]
.
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The desired time evolution in the original basis is

(1.6)

∣∣a′, t
〉

= e−iHt/h̄ ∣∣a′, 0
〉

=
[

cos(δt/h̄) −i sin(δt/h̄)
−i sin(δt/h̄) cos(δt/h̄)

] [
1
0

]
=
[

cos(δt/h̄)
−i sin(δt/h̄)

]
= cos(δt/h̄)

∣∣a′, 0
〉
− i sin(δt/h̄)

∣∣a′′, 0
〉

.

This evolution has the same structure as left circularly polarized light.
The probability of finding the system in state |a′′〉 given an initial state of |a′, 0〉 is

(1.7)P =
∣∣〈a′′

∣∣a′, t
〉∣∣2

= sin2 (δt/h̄
)

.
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