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Plane wave and spinor under time reversal

Q: [1] pr 4.7

(a) Find the time reversed form of a spinless plane wave state in three dimensions.

(b) For the eigenspinor of σ · n̂ expressed in terms of polar and azimuthal angles β and γ, show that
−iσyχ∗(n̂) has the reversed spin direction.

A: part (a) The Hamiltonian for a plane wave is

H =
p2

2m
= i

∂.
∂t

(1.1)

Under time reversal the momentum side transforms as

(1.2)

Θ
p2

2m
Θ−1 =

(
ΘpΘ−1) · (ΘpΘ−1)

2m

=
(−p) · (−p)

2m

=
p2

2m
.

The time derivative side of the equation is also time reversal invariant

(1.3)

Θi
∂

∂t
Θ−1 = ΘiΘ−1Θ

∂

∂t
Θ−1

= −i
∂

∂(−t)

= i
∂

∂t
.

Solutions to this equation are linear combinations of

(1.4)ψ(x, t) = eik·x−iEt/ h̄,

where h̄2k2/2m = E, the energy of the particle. Under time reversal we have
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(1.5)
ψ(x, t)→ e−ik·x+iE(−t)/ h̄

=
(

eik·x−iE(−t)/ h̄
)∗

= ψ∗(x,−t)

A: part (b) The text uses a requirement for time reversal of spin states to show that the Pauli matrix
form of the time reversal operator is

(1.6)Θ = −iσyK,

where K is a complex conjugating operator. The form of the spin up state used in that demonstra-
tion was

(1.7)

|n̂; +〉 = e−iSz β/ h̄e−iSyγ/ h̄ |+〉
= e−iσz β/2e−iσyγ/2 |+〉
=
(
cos(β/2)− iσz sin(β/2)

) (
cos(γ/2)− iσy sin(γ/2)

)
|+〉

=
(

cos(β/2)− i
[

1 0
0 −1

]
sin(β/2)

)(
cos(γ/2)− i

[
0 −i
i 0

]
sin(γ/2)

)
|+〉

=
[

e−iβ/2 0
0 eiβ/2

] [
cos(γ/2) − sin(γ/2)
sin(γ/2) cos(γ/2)

] [
1
0

]
=
[

e−iβ/2 0
0 eiβ/2

] [
cos(γ/2)
sin(γ/2)

]
=
[

cos(γ/2)e−iβ/2

sin(γ/2)eiβ/2

]
.

The state orthogonal to this one is claimed to be

(1.8)|n̂;−〉 = e−iSz β/ h̄e−iSy(γ+π)/ h̄ |+〉
= e−iσzβ/2e−iσy(γ+π)/2 |+〉 .

We have

(1.9)cos((γ + π)/2) = Re ei(γ+π)/2 = Re ieiγ/2 = − sin(γ/2),

and
(1.10)sin((γ + π)/2) = Im ei(γ+π)/2 = Im ieiγ/2 = cos(γ/2),

so we should have

(1.11)|n̂;−〉 =
[
− sin(γ/2)e−iβ/2

cos(γ/2)eiβ/2

]
.

This looks right, but we can sanity check orthogonality
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(1.12)〈n̂;−|n̂; +〉 =
[
− sin(γ/2)eiβ/2 cos(γ/2)e−iβ/2

] [cos(γ/2)e−iβ/2

sin(γ/2)eiβ/2

]
= 0,

as expected.
The task at hand appears to be the operation on the column representation of |n̂; +〉 using the Pauli

representation of the time reversal operator. That is

(1.13)

Θ |n̂; +〉 = −iσyK
[

e−iβ/2 cos(γ/2)
eiβ/2 sin(γ/2)

]
= −i

[
0 −i
i 0

] [
eiβ/2 cos(γ/2)
e−iβ/2 sin(γ/2)

]
=
[

0 −1
1 0

] [
eiβ/2 cos(γ/2)
e−iβ/2 sin(γ/2)

]
=
[
−e−iβ/2 sin(γ/2)

eiβ/2 cos(γ/2)

]
= |n̂;−〉 . �
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