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SHO translation operator expectation

Exercise 1.1 SHO translation operator expectation ([1] pr. 2.12)
Using the Heisenberg picture evaluate the expectation of the position operator 〈x〉with respect to the
initial time state

(1.1)|α, 0〉 = e−ip0a/h̄ |0〉 ,

where p0 is the initial time position operator, and a is a constant with dimensions of position.
Answer for Exercise 1.1

Recall that the Heisenberg picture position operator expands to

(1.2)
xH(t) = U†xU

= x0 cos(ωt) +
p0

mω
sin(ωt),

so the expectation of the position operator is

(1.3)
〈x〉 = 〈0| eip0a/h̄

(
x0 cos(ωt) +

p0

mω
sin(ωt)

)
e−ip0a/h̄ |0〉

= 〈0|
(

eip0a/h̄x0 cos(ωt)e−ip0a/h̄ cos(ωt) +
p0

mω
sin(ωt)

)
|0〉 .

The exponential sandwich above can be expanded using the Baker-Campbell-Hausdorff [2] for-
mula

(1.4)

eip0a/h̄x0e−ip0a/h̄ = x0 +
ia
h̄
[p0, x0] +

1
2!

(
ia
h̄

)2

[p0, [p0, x0]] + · · ·

= x0 +
ia
h̄
(−ih̄) +

1
2!

(
ia
h̄

)2

[p0,−ih̄] + · · ·

= x0 + a.

The position expectation with respect to this translated state is

(1.5)〈x〉 = 〈0|
(

(x0 + a) cos(ωt) +
p0

mω
sin(ωt)

)
|0〉

= a cos(ωt).

The final simplification above follows from 〈n| x |n〉 = 〈n| p |n〉 = 0.
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