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Total internal reflection and Brewster’s angles

1.1 Total internal reflection

From Snell’s second law we have

(1.1)θt = arcsin
(

ni

nt
sin θi

)
.

This is plotted in fig. 1.1.

Figure 1.1: Transmission angle vs incident angle.

For the ni > nt case, for example, like shining from glass into air, there is a critical incident angle
beyond which there is no real value of θt. That critical incident angle occurs when θt = π/2, which is

(1.2)sin θic =
nt

ni
sin(π/2).

With
(1.3)n = nt/ni

the critical angle is
(1.4)θic = arcsin n.
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Note that Snell’s law can also be expressed in terms of this critical angle, allowing for the solution
of the transmission angle in a convenient way

(1.5)
sin θi =

nt

ni
sin θt

= n sin θt
= sin θic sin θt,

or

(1.6)sin θt =
sin θi

sin θic
.

Still for ni > nt, at angles past θic, the transmitted wave angle becomes complex as outlined in [2] ,
namely

(1.7)

cos2 θt = 1− sin2 θt

= 1− sin2 θi

sin2 θic

= −
(

sin2 θi

sin2 θic
− 1
)

,

or

(1.8)cos θt = j

√
sin2 θi

sin2 θic
− 1.

Following the convention that puts the normal propagation direction along z, and the interface
along x, the wave vector direction is

(1.9)k̂t = e3ee31θt

= e3 cos θt + e1 sin θt.

The phase factor for the transmitted field is

(1.10)

exp
(

jωt ± jkt · x
)

= exp
(

jωt ± jkk̂t · x
)

= exp
(

jωt ± jk (z cos θt + x sin θt)
)

= exp

jωt ± jk

zj

√
sin2 θi

sin2 θic
− 1 + x

sin θi

sin θic


= exp

jωt ± k

jx
sin θi

sin θic
− z

√
sin2 θi

sin2 θic
− 1

 .

The propagation is channelled along the x axis, but the propagation into the second medium decays
exponentially (or unphysically grows exponentially), only getting into the surface a small amount.
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What is the average power transmission into the medium? We are interested in the time average
of the normal component of the Poynting vector S · n̂.

(1.11)

S =
1
2

E ×H∗

=
1
2

E ×
(

1
η

k̂t × E∗
)

= − 1
2η

E ·
(

k̂t ∧ E∗
)

= − 1
2η

(
(E · k̂t)E∗ − k̂tE · E∗

)
=

1
2η

k̂t|E|2.

(1.12)

k̂t · n̂ = (e3 cos θt + e1 sin θt) · e3

= cos θt

= j

√
sin2 θi

sin2 θic
− 1.

Note that this is purely imaginary. The time average real power transmission is

(1.13)〈S · n̂〉 = Re

j

√
sin2 θi

sin2 θic
− 1

1
2η
|E|2


= 0.

There is no power transmission into the second medium at or past the critical angle for total inter-
nal reflection.

1.2 Brewster’s angle

Brewster’s angle is the angle for which there the amplitude of the reflected component of the field
is zero. Recall that when the electric field is parallel(perpendicular) to the plane of incidence, the
reflection amplitude ([1] eq. 4.38)

(1.14)r ‖ =
nt
µt

cos θi − ni
µi

cos θt
nt
µt

cos θi + ni
µi

cos θt

(1.15)r ⊥ =
ni
µi

cos θi − nt
µt

cos θt
ni
µi

cos θi + nt
µt

cos θt
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There are limited conditions for which r⊥ is zero, at least for µi = µt. Using Snell’s second law
ni sin θi = nt sin θt, that zero is found at

(1.16)

ni cos θi = nt cos θt

= nt

√
1− sin2 θt

= nt

√
1−

n2
i

n2
t

sin2 θi,

or

(1.17)
n2

i
n2

t
cos2 θi = 1−

n2
i

n2
t

sin2 θi,

or

(1.18)
n2

i
n2

t

(
cos2 θi + sin2 θi

)
= 1.

This has solutions only when ni = ±nt. The ni = nt case is of no interest, since that is just propa-
gation, so naturally there is no reflection. The ni = −nt case is possible with the transmission into a
negative index of refraction material that is matched in absolute magnitude with the index of refrac-
tion in the incident medium.

There are richer solutions for the r‖ zero. Again considering µ1 = µ2 those occur when

(1.19)

nt cos θi = ni cos θt

= ni

√
1−

n2
i

n2
t

sin2 θi

= ni

√
1−

n2
i

n2
t

sin2 θi

Let n = nt/ni, and square both sides. This gives

(1.20)
n2 cos2 θi = 1− 1

n2 sin2 θi

= 1− 1
n2 (1− cos2 θi),

or

(1.21)cos2 θi

(
n2 +

1
n2

)
= 1− 1

n2 ,
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or

(1.22)

cos2 θi =
1− 1

n2

n2 − 1
n2

=
n2 − 1
n4 − 1

=
n2 − 1

(n2 − 1)(n2 + 1)

=
1

n2 + 1
.

We also have

(1.23)
sin2 θi = 1− 1

n2 + 1

=
n2

n2 + 1
,

so
(1.24)tan2 θi = n2,

and
(1.25)tan θiB = ±n,

For normal media where ni > 0, nt > 0, only the positive solution is physically relevant, which is

θiB = arctan
(

nt

ni

)
. (1.26)
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