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Corollaries to Stokes and Divergence theorems

In [1] a few problems are set to prove some variations of Stokes theorem. He gives some cool tricks to prove
each one using just the classic 3D Stokes and divergence theorems. We can also do them directly from the more
general Stokes theorem

∫
dkx · (∇∧ F) =

∮
dk−1x · F.

Exercise 1.1 Stokes theorem on scalar function. ([1] pr. 1.60a)
Prove

(1.1)
∫
∇TdV =

∮
Tda.

Answer for Exercise 1.1
The direct way to prove this is to apply Stokes theorem

(1.2)
∫

d3x · (∇ ∧ T ) =

∮
d2x · T

Here d3x = dx1 ∧ dx2 ∧ dx3, a pseudoscalar (trivector) volume element, and the wedge and dot products take
their most general meanings. For k-blade F, and k′-blade F′, that is

(1.3)
F ∧ F′ =

〈
FF′

〉
k+k′

F · F′ =
〈
FF′

〉
|k−k′ |

With d3x = IdV , and d2x = In̂dA = Ida, we have

(1.4)
∫

IdV∇T =

∮
IdaT.

Cancelling the factors of I proves the result.
Griffith’s trick to do this was to let v = cT , where c is a constant. For this, the divergence theorem integral is

(1.5)

∫
dV∇ · (cT ) =

∫
dVc · ∇T

= c ·
∫

dV∇T

=

∮
da · (cT )

= c ·
∮

daT.
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This is true for any constant c, so is also true for the unit vectors. This allows for summing projections in
each of the unit directions

(1.6)

∫
dV∇T =

∑
ek

(
ek ·

∫
dV∇T

)
=

∑
ek

(
ek ·

∮
daT

)
=

∮
daT. �

Exercise 1.2 ([1] pr. 1.60b)
Prove

(1.7)
∫
∇ × vdV = −

∮
v × da.

Answer for Exercise 1.2
This also follows directly from the general Stokes theorem

(1.8)
∫

d3x · (∇ ∧ v) =

∮
d2x · v

The volume integrand is

(1.9)d3x · (∇ ∧ v) = 〈IdVI∇ × v〉1
= −dV∇ × v,

and the surface integrand is

(1.10)

d2x · v = 〈Idav〉1
= 〈I(da ∧ v)〉1
= I2(da × v)
= −da × v
= v × da.

Plugging these into eq. (1.8) proves the result.
Griffiths trick for the same is to apply the divergence theorem to v × c. Such a volume integral is

(1.11)

∫
dV∇ · (v × c) =

∫
dVc · (∇ × v)

= c ·
∫

dV∇ × v.

This must equal

(1.12)

∮
da · (v × c) = c ·

∮
da × v

= −c ·
∮

v × da
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Again, assembling projections, we have

(1.13)

∫
dV∇ × v =

∑
ek

(
ek ·

∫
dV∇ × v

)
= −

∑
ek

(
ek ·

∮
v × da

)
= −

∮
v × da.

Exercise 1.3 ([1] pr. 1.60e)

Prove
(1.14)

∫
∇T × da = −

�
Tdl.

Answer for Exercise 1.3
This one follows from

(1.15)
∫

d2x · (∇ ∧ T ) =

∮
d1x · T.

The surface integrand can be written

(1.16)

d2x · (∇ ∧ T ) = 〈Ida∇T 〉1
= I(da ∧ ∇T )
= I2(da × ∇T )
= −da × ∇T.

The line integrand is

(1.17)d1x · T = d1xT.

Given a two parameter representation of the surface area element d2x = dx1 ∧ dx2, the line element repre-
sentation is

(1.18)d1x = (x1 ∧ dx2) · x1 + (dx1 ∧ x2) · x2

= −dx2 + dx1,

giving

(1.19)
−

∫
da × ∇T =

∫
−

(
∂x
∂u2

T
)∣∣∣∣∣∣

∆u1

du2 +

(
∂x
∂u1

T
)∣∣∣∣∣∣

∆u2

du1

=


dlT,

or
(1.20)

∫
∇T × da = −

�
dlT. �
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Griffiths trick for the same is to use v = cT for constant c in (the usual 3D) Stokes’ theorem. That is

(1.21)

∫
da · (∇ × (cT )) = c ·

∫
da × ∇T

= −c ·
∫
∇T × da

=

�
dl · (cT )

= c ·
�

dlT.

Again assembling projections we have

(1.22)

∫
∇T × da =

∑
ek

(
ek ·

∫
∇T × da

)
= −

∑
ek

(
ek ·

�
dlT

)
= −

�
dlT. �
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