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Energy-momentum tensor for a scalar field

Exercise 1.1 Energy-momentum tensor for a scalar field

It is claimed in [1] (3.2.1) that the momentum components of the energy-momentum tensor was found
to be

(1.1)en

∫
d3xT0n =

∫
d3kka†

k ak.

Calculate this and the other energy-momentum components.
Answer for Exercise 1.1

First, from the Noether current for the scalar field Lagrangian in question, what is the energy-
momentum tensor explicitly?

(1.2)

Tµν = Πµ∂νφ − gµνL

= Πµ∂νφ − gµν 1
2
(
∂αφ∂αφ − µ2φ2)

= ΠµΠν − gµν 1
2
(
ΠαΠα − µ2φ2)

= ΠµΠν − 1
2

gµνgαβΠβΠα +
1
2

gµνµ2φ2.

Consider some special cases for the indexes. For µ = ν = 0, the result is the Hamiltonian density

(1.3)

T00 = Π0Π0 − 1
2

g00ΠαΠα +
1
2

g00µ2φ2

= Π0Π0 − 1
2

ΠαΠα +
1
2

µ2φ2

=
1
2

Π0Π0 − 1
2

ΠnΠn +
1
2

µ2φ2

=
1
2

Π2 +
1
2

(∇φ)2 +
1
2

µ2φ2,

where Π2 = (∂0φ)2 6= ∂2φ. For any µ 6= ν the off diagonal metric elements are zero, leaving just

(1.4)Tµν = ΠµΠν.
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Finally, when n 6= 0, the remaining diagonal terms are

(1.5)

Tnn = ΠnΠn − 1
2

gnnΠαΠα +
1
2

gnnn2φ2

= ΠnΠn +
1
2

ΠαΠα − 1
2

µ2φ2

=
1
2

Π2 + ΠnΠn − 1
2

ΠmΠm − 1
2

µ2φ2

=
1
2

Π2 +
1
2

ΠnΠn − 1
2 ∑

m 6=n,0
ΠmΠm − 1

2
µ2φ2

=
1
2 ∑

m=n,0
ΠmΠm − 1

2 ∑
m 6=n,0

ΠmΠm − 1
2

µ2φ2.

The canonical momenta are

(1.6)Πµ = ∂µ
∫ d3k

(2π)3/2
√

2ωk

(
ake−ik·x + a†

k eik·x
)

,

but
(1.7)∂µeik·x = ∂µ exp (ikαxα)

= ikµ exp (ik · x) ,

so

(1.8)

Πµ = i
∫ d3kkµ

(2π)3/2
√

2ωk

(
−ake−ik·x + a†

k eik·x
)

= i
∫ d3kkµ

(2π)3/2
√

2ωk

(
−ake−iωkt+k·x + a†

k eiωkt−ik·x
)

.

This gives

(1.9)

∫
d3xΠµΠν = −1

2

∫
d3x

1
(2π)3

∫
d3kd3 j

kµ jν

√
ωkωj

(
−ake−iωkt+k·x + a†

k eiωkt−ik·x
) (
−aje−iωjt+j·x + a†

j eiωjt−ij·x
)

= −1
2

∫
d3x

1
(2π)3

∫
d3kd3 j

kµ jν

√
ωkωj

(
akaje−i(ωj+ωk)t+(j+k)·x

− aka†
j ei(ωj−ωk)t−i(j−k)·x − a†

k aje−i(ωj−ωk)t−(k−j)·x + a†
k a†

j ei(ωj+ωk)t−i(j+k)·x
)

= −1
2

∫
d3kd3 j

kµ jν

√
ωkωj

(
akaje−i(ωj+ωk)tδ3(j + k)

− aka†
j ei(ωj−ωk)tδ3(j − k)− a†

k aje−i(ωj−ωk)tδ3(k − j) + a†
k a†

j ei(ωj+ωk)tδ3(j + k)
)

.

There are two cases here to consider. The first is ν = 0, for which

(1.10)
∫

d3xΠµΠ0 = −1
2

∫
d3kkµ

(
aka−ke−2iωkt − aka†

k − a†
k ak + a†

k a†
−ke2iωkt

)
.
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For ν 6= 0

(1.11)

∫
d3xΠµΠν = −1

2

∫
d3k

kµkν

ωk

(
−aka−ke−2iωkt − aka†

k − a†
k ak − a†

k a†
−ke2iωkt

)
=

1
2

∫
d3k

kµkν

ωk

(
aka−ke−2iωkt + aka†

k + a†
k ak + a†

k a†
−ke2iωkt

)
.

Here’s a summary of these products

(1.12a)
∫

d3xΠ0Π0 = −1
2

∫
d3kωk

(
aka−ke−2iωkt − aka†

k − a†
k ak + a†

k a†
−ke2iωkt

)
,

(1.12b)

∫
d3xΠnΠ0 =

∫
d3xΠ0Πn

= −1
2

∫
d3kkn

(
aka−ke−2iωkt − aka†

k − a†
k ak + a†

k a†
−ke2iωkt

)
,

(1.12c)
∫

d3xΠmΠn =
1
2

∫
d3k

kmkn

ωk

(
aka−ke−2iωkt + aka†

k + a†
k ak + a†

k a†
−ke2iωkt

)
.

For the mass term it was previously found that

(1.13)
1
2

∫
d3xµ2φ2 =

µ2

4

∫
d3k

1
ωk

(
a−kake−2iωkt + a†

−ka†
k e2iωkt + aka†

k + a†
k ak

)
.

The Hamiltonian component has been previously calculated, and resolves to

(1.14)
∫

d3xT00 =
1
2

∫
d3kωk

(
aka†

k + a†
k ak

)
.

The other diagonal components, for r 6= s 6= t are

(1.15)

∫
d3xTrr =

∫
d3x

(
1
2 ∑

m=r,0
ΠmΠm − 1

2 ∑
m=s,t

ΠmΠm − 1
2

µ2φ2

)

=
1
4

∫
d3k

(kr)2 − (ks)2 − (kt)2 − µ2

ωk

(
aka−ke−2iωkt + aka†

k + a†
k ak +

a†
k a†
−ke2iωkt

)
− 1

4

∫
d3kωk

(
aka−ke−2iωkt − aka†

k − a†
k ak + a†

k a†
−ke2iωkt

)
=

1
4

∫
d3k

(kr)2 − (ks)2 − (kt)2 − µ2 − ω2
k

ωk

(
aka−ke−2iωkt

+ a†
k a†
−ke2iωkt

)
+

1
4

∫
d3k

(kr)2 − (ks)2 − (kt)2 − µ2 + ω2
k

ωk

(
aka†

k + a†
k ak

)
=

1
2

∫
d3k

(kr)2 − ω2
k

ωk

(
aka−ke−2iωkt + a†

k a†
−ke2iωkt

)
+

1
2

∫
d3k

(kr)2

ωk

(
aka†

k + a†
k ak

)
.
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This doesn’t have the nice cancelation that killed the time dependent terms in the Hamiltonian.
Such cancellation also doesn’t appear in the off diagonal energy-momentum tensor components,
which are

(1.16)

∫
d3xTn0 =

∫
d3xTn0

= −1
2

∫
d3kkn

(
aka−ke−2iωkt − aka†

k − a†
k ak + a†

k a†
−ke2iωkt

)
,

and for m 6= n 6= 0

(1.17)
∫

d3xTmn =
1
2

∫
d3k

kmkn

ωk

(
aka−ke−2iωkt + aka†

k + a†
k ak + a†

k a†
−ke2iωkt

)
.

The eq. (1.16) result has time dependence that the stated result does not (but is linear in k as
desired)? Did I miss something?
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