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Hamiltonian for a scalar field

Exercise 1.1

In [1] it is left as an exersize to expand the scalar field Hamiltonian in terms of the raising and lower-

ing operators. Let’s do that.

Answer for Exercise 1.1

The field operator expanded in terms of the raising and lowering operators is
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Note that x and k here are both four-vectors, so this field is dependent on a spacetime point, but

the integration is over a spatial volume.
The Hamiltonian in terms of the fields was
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Introducing a second set of momentum variables with j = |j|, the momentum portion of the Hamil-
tonian is
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For the gradient portion of the Hamiltonian we have
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Finally, for the mass term, we have
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Now all the pieces can be put back together again

37
4/dk

—w? (a+ cate? Ot g ae Ot —gta — akzﬁ)

+ K2 (utka,‘:ezwkt +a_gage 2 4 atay + akaZ)

“iwgt | ot 1 it + ., t

+ ‘112 (a_kake
/d3k— at e (—w? + 12 + p?)

+a_gage 2 (—wf + K + )
+agay (wi + K+ p?)
+afay (wi + K + ;42)).

With w? = k? + pi?, the time dependent terms are killed leaving
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