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Hamiltonian for a scalar field

Exercise 1.1

In [1] it is left as an exersize to expand the scalar field Hamiltonian in terms of the raising and lower-
ing operators. Let’s do that.

Answer for Exercise 1.1
The field operator expanded in terms of the raising and lowering operators is

(1.1)φ(x) =
∫ d3k

(2π)3/2
√

2ωk

(
ake−ik·x + a†

k eik·x
)

.

Note that x and k here are both four-vectors, so this field is dependent on a spacetime point, but
the integration is over a spatial volume.

The Hamiltonian in terms of the fields was

(1.2)H =
1
2

∫
d3x

(
Π2 +

(
∇φ

)2 + µ2φ2
)

.

The field derivatives are

(1.3)

Π = ∂0φ

= ∂0

∫ d3k
(2π)3/2

√
2ωk

(
ake−iωkt+ik·x + a†

k eiωkt−ik·x
)

= i
∫ d3k

(2π)3/2 ωk
2ωk

(
−ake−iωkt+ik·x + a†

k eiωkt−ik·x
)

,

and

(1.4)

∂nφ = ∂n

∫ d3k
(2π)3/2

√
2ωk

(
ake−iωkt+ik·x + a†

k eiωkt−ik·x
)

= i
∫ d3kkn

(2π)3/2
√

2ωk

(
ake−iωkt+ik·x − a†

k eiωkt−ik·x
)

.
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Introducing a second set of momentum variables with j = |j|, the momentum portion of the Hamil-
tonian is

(1.5)

1
2

∫
d3xΠ2 = −1

2
1

(2π)3

∫
d3x

∫
d3 jd3k

1√
4ωjωk

ωjωk

(
−aje−iωjt+ij·x + a†

j eiωjt−ij·x
)

(
−ake−iωkt+ik·x + a†

k eiωkt−ik·x
)

= −1
4

1
(2π)3

∫
d3x

∫
d3 jd3k

√
ωjωk

(
a†

j a†
k ei(ωk+ωj)t−i(k+j)·x + ajake−i(ωj+ωk)t+i(j+k)·x

− a†
j ake−i(ωk−ωj)t−i(j−k)·x − aja†

k e−i(ωj−ωk)t−i(k−j)·x
)

= −1
4

∫
d3 jd3k

√
ωjωk

(
a†

j a†
k ei(ωk+ωj)tδ3(k + j) + ajake−i(ωj+ωk)tδ3(−j − k)

− a†
j ake−i(ωk−ωj)tδ3(j − k)− aja†

k e−i(ωj−ωk)tδ3(k − j)
)

= −1
4

∫
d3kωk

(
a†
−ka†

k e2iωkt + a−kake−2iωkt − a†
k ak − aka†

k

)
.

For the gradient portion of the Hamiltonian we have

(1.6)

1
2

∫
d3x (∇φ)2 = −1

2
1

(2π)3

∫
d3x

∫
d3 jd3k

1√
4ωjωk

(
3

∑
n=1

jnkn

)(
aje−iωjt+ij·x − a†

j eiωjt−ij·x
)

(
ake−iωkt+ik·x − a†

k eiωkt−ik·x
)

= −1
4

∫
d3 jd3k

j · k
√

ωjωk

(
a†

j a†
k ei(ωk+ωj)tδ3(k + j) + ajake−i(ωj+ωk)tδ3(−j − k)

− a†
j ake−i(ωk−ωj)tδ3(j − k)− aja†

k e−i(ωj−ωk)tδ3(k − j)
)

= −1
4

∫
d3k

k2

ωk

(
− a†

−ka†
k e2iωkt − a−kake−2iωkt

− a†
k ak − aka†

k

)
.

Finally, for the mass term, we have
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(1.7)

1
2

∫
d3xµ2φ2 =

µ2

2
1

(2π)3

∫
d3x

∫
d3 jd3k

1√
4ωjωk

(
aje−iωjt+ij·x + a†

j eiωjt−ij·x
)

(
ake−iωkt+ik·x + a†

k eiωkt−ik·x
)

=
µ2

2
1

(2π)3

∫
d3x

∫
d3 jd3k

1√
4ωjωk

(
ajake−i(ωk+ωj)t+i(k+j)·x + a†

j a†
k ei(ωj+ωk)t−i(k+j)·x

+ aja†
k ei(ωk−ωj)t−i(k−j)·x + a†

j ake−i(ωk+ωj)t−i(j−k)·x
)

=
µ2

2

∫
d3 jd3k

1√
4ωjωk

(
ajake−i(ωk+ωj)tδ3(−k − j) + a†

j a†
k ei(ωj+ωk)tδ3(k + j)

+ aja†
k ei(ωk−ωj)tδ3(k − j) + a†

j ake−i(ωk+ωj)tδ3(j − k)
)

=
µ2

4

∫
d3k

1
ωk

(
a−kake−2iωkt + a†

−ka†
k e2iωkt + aka†

k + a†
k ak

)
.

Now all the pieces can be put back together again

(1.8)

H =
1
4

∫
d3k

1
ωk

(
− ω2

k

(
a†
−ka†

k e2iωkt + a−kake−2iωkt − a†
k ak − aka†

k

)
+ k2

(
a†
−ka†

k e2iωkt + a−kake−2iωkt + a†
k ak + aka†

k

)
+ µ2

(
a−kake−2iωkt + a†

−ka†
k e2iωkt + aka†

k + a†
k ak

))
=

1
4

∫
d3k

1
ωk

(
a†
−ka†

k e2iωkt (−ω2
k + k2 + µ2)

+ a−kake−2iωkt (−ω2
k + k2 + µ2)

+ aka†
k
(
ω2

k + k2 + µ2)
+ a†

k ak
(
ω2

k + k2 + µ2)).

With ω2
k = k2 + µ2, the time dependent terms are killed leaving

(1.9)H =
1
2

∫
d3kωk

(
aka†

k + a†
k ak

)
.
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