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PHY2403H Quantum Field Theory. Lecture 10: Lorentz boosts, generator
of spacetime translation, Lorentz invariant field representation. Taught
by Prof. Erich Poppitz

DISCLAIMER: Very rough notes from class, with some additional side notes. These are notes for the UofT
course PHY2403H, Quantum Field Theory I, taught by Prof. Erich Poppitz fall 2018.

1.1 Lorentz transform symmetries.

From last time, recall that an infinitesimal Lorentz transform has the form

(1.1)xµ → xµ + ωµνxν,

where
(1.2)ωµν = −ωνµ

We showed last time that ωij induces a rotation, and will show today that ω0i is a boost.
We introduced a three index current, factoring out explicit dependence on the incremental Lorentz

transform tensor ωµν as follows
(1.3)Jνµρ =

1
2

(xρTνµ − xµTνρ) ,

and can easily show that this current has the desired zero four-divergence property

(1.4)
∂ν Jνµρ =

1
2

((∂νxρ)Tνµ + xρ���∂νTνµ − (∂νxµ)Tνρ − xµ���∂νTνρ)

=
1
2

(Tρµ +−Tµρ)

= 0,

since the energy-momentum tensor is symmetric.
Defining charge in the usual fashion Q =

∫
d3xj0, so we can define a charge for each pair of indexes

µν, and in particular

(1.5)
Q0k =

∫
d3xJ00k

=
1
2

∫
d3x

(
xkT00 − x0T0k

)

1



(1.6)
Q̇0k =

∫
d3xJ̇00k

=
1
2

∫
d3x

(
xkṪ00 − x0Ṫ0k

)
However, since 0 = ∂µTµν = Ṫ0ν + ∂jT jν, or Ṫ0ν = −∂jT jν,

(1.7)

Q̇0k =
1
2

∫
d3x

(
xk(−∂jT j0)− T0k − x0(−∂jT jk)

)
=

1
2

∫
d3x

(
∂j(−xkT j0) + (∂jxk)T j0 − T0k + x0∂jT jk

)
=

1
2

∫
d3x

(
∂j(−xkT j0) +�

�Tk0 −�
�T0k + x0∂jT jk

)
=

1
2

∫
d3x∂j

(
−xkT j0 + x0T jk

)
,

which leaves just surface terms, so Q̇0k = 0.

Quantizing: From our previous identification

(1.8)−Tν
µ = −∂νφ∂µφ + δν

µL,

we have
(1.9)Tνµ = ∂νφ∂µφ − gνµL,

or

(1.10)
T00 = ∂0φ∂0φ − 1

2

(
∂0φ∂0φ + ∂kφ∂kφ

)
=

1
2

∂0φ∂0φ − 1
2

(∇φ)2,

and
(1.11)T0k = ∂0φ∂kφ,

so we may quantize these energy momentum tensor components as

(1.12)
T̂00 =

1
2

π̂2 +
1
2

(∇φ̂)2

T̂0k =
1
2

π̂∂kφ̂.

We can now start computing the commutators associated with the charge operator. The first of
those commutators is

(1.13)
[
T̂00(x), φ̂(y)

]
=

1
2
[
π̂2(x), φ̂(y)

]
,

which can be evaluated using the field commutator analogue of [F(p), q] = iF′ which is

(1.14)
[
F(π̂(x)), φ̂(y)

]
= −i

dF
dπ̂

δ(x − y),
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to give
(1.15)

[
T̂00(x), φ̂(y)

]
= −iδ3(x − y)π̂(x)

The other required commutator is

(1.16)

[
T̂0i(x), φ̂(y)

]
=
[
π̂(x)∂iφ̂(x), φ̂(y)

]
= ∂iφ̂(x)

[
π̂(x), φ̂(y)

]
= −iδ3(x − y)∂iφ̂(x),

The charge commutator with the field can now be computed

(1.17)

iε
[

Q̂0k, φ̂(y)
]

= i
ε

2

∫
d3x

(
xk [T̂00, φ̂(y)

]
− x0

[
T̂0k, φ̂(y)

])
=

ε

2

(
ykπ̂(y)− y0∂kφ̂(y)

)
=

ε

2

(
yk ˙̂φ(y)− y0∂kφ̂(y)

)
,

so to first order in ε
(1.18)eiεQ̂0k

φ̂(y)e−iεQ̂0k
= φ̂(y) +

ε

2
yk ˙̂φ(y) +

ε

2
y0∂kφ̂(y)

For example, with k = 1

(1.19)
eiεQ̂0k

φ̂(y)e−iεQ̂0k
= φ̂(y) +

ε

2

(
y1 ˙̂φ(y) + y0 ∂φ̂

∂y1 (y)
)

= φ̂(y0 +
ε

2
y1, y1 +

ε

2
y2, y3).

This is a boost. If we compare explicitly to an infinitesimal Lorentz transformation of the coordi-
nates

(1.20)
x0 → x0 + ω01x1 = x0 − ω01x1

x1 → x1 + ω10x0 = x1 − ω01x0 = x1 − ω01x0

we can make the identification
(1.21)

ε

2
= −ω01.

We now have the explicit form of the generator of a spacetime translation

Û(Λ) = exp
(
−iω0k

∫
d3x

(
T̂00xk − T̂0kx0

))
(1.22)

An explicit boost along the x-axis has the form

(1.23)Û(Λ)φ̂(t, x)Û†(Λ) = φ̂

(
t − vx√
1− v2

,
x − vt√
1− v2

, y, z
)

,

and more generally
(1.24)Û(Λ)φ̂(x)Û†(Λ) = φ̂(Λx)

where x is a four vector, (Λx)µ = Λµ
νxν, and Λµ

ν ≈ δµ
ν + ωµ

ν.
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1.2 Transformation of momentum states

In the momentum space representation

(1.25)
φ̂(x) =

∫ d3 p
(2π)3

√
2ωp

(
ei(ωpt−p·x) âp + e−i(ωpt−p·x) â†

p

)
=
∫ d3 p

(2π)3
√

2ωp

(
eipµxµ

âp + e−ipµxµ
â†

p

)∣∣∣
p0=ωp

(1.26)
Û(Λ)φ̂(x)Û†(Λ) = φ̂(Λx)

=
∫ d3 p

(2π)3
√

2ωp

(
eipµΛµ

νxν
âp + e−ipµΛµ

νxν
â†

p

)∣∣∣
p0=ωp

This can be put into an explicitly Lorentz invariant form

(1.27)
φ̂(Λx) =

∫ dp0d3 p
(2π)3 δ(p2

0 − p2 − m2)Θ(p0)
√

2ωpeipµΛµ
νxν

âp + h.c.

=
∫ dp0d3 p

(2π)3

(
δ(p0 − ωp)

2ωp
+

δ(p0 + ωp)
2ωp

)
Θ(p0)

√
2ωp âp + h.c.,

which recovers eq. (1.26) by making use of the delta function identity δ( f (x)) = ∑ f (x∗)=0
δ(x−x∗)

f ′(x∗) , since
the Θ(p0) kills the second delta function.

We now have a more explicit Lorentz invariant structure

(1.28)φ̂(Λx) =
∫ dp0d3 p

(2π)3 δ(p2
0 − p2 − m2)Θ(p0)

√
2ωpeipµΛµ

νxν
âp + h.c.

Recall that a boost moves a spacetime point along a parabola, such as that of fig. 1.1, whereas a
rotation moves along a constant “circular” trajectory of a hyper-paraboloid. In general, a Lorentz
transformation may move a spacetime point along any path on a hyper-paraboloid such as the one
depicted (in two spatial dimensions) in fig. 1.2. This paraboloid depict the surfaces of constant
energy-momentum p0 =

√
p2 + m2. Because a Lorentz transformation only shift points along that

energy-momentum surface, but cannot change the sign of the energy coordinate p0, this means that
Θ(p0) is also a Lorentz invariant.

Let’s change variables
(1.29)pλ = Λλ

ρ p′ρ

so that

(1.30)

pµΛµ
νxν = Λλ

ρ p′ρgλνΛν
σxσ

= p′ρ
(

Λλ
ρgλνΛν

σ

)
xσ

= p′ρgρσxσ
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Figure 1.1: One dimensional spacetime surface for constant (p0)2 − p2 = m2

Figure 1.2: Surface of constant squared four-momentum.
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which gives

(1.31)
φ̂(Λx) =

∫ dp′0d3 p′

(2π)3 δ(p′20 − p′2 − m2)Θ(p0)
√

2ωΛp′eip′·x âΛp′ + h.c.

=
∫ dp0d3 p

(2π)3 δ(p2
0 − p2 − m2)Θ(p0)

√
2ωΛpeip·x âΛp + h.c.

Since

(1.32)φ̂(x) =
∫ dp0d3 p

(2π)3 δ(p2
0 − p2 − m2)Θ(p0)

√
2ωpeip·x âp + h.c.

we can now conclude that the creation and annihilation operators transform as√
2ωΛp âΛp = Û(Λ)

√
2ωp âpÛ†(Λ) (1.33)

In particular
(1.34)

√
2ωp â†

p |0〉 = |p〉

and noting that Û(Λ) |0〉 = |0〉 (i.e. the ground state is Lorentz invariant), we have

(1.35)

√
2ωΛp â†

Λp |0〉 = Û(Λ)
√

2ωp â†
pÛ†(Λ)Û(Λ) |0〉

= Û(Λ)
√

2ωp â†
p |0〉

= Û(Λ) |p〉 .
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