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PHY2403H Quantum Field Theory. Lecture 19: Pauli matrices, Weyl spinors,
SL(2,c), Weyl action, Weyl equation, Dirac matrix, Dirac action, Dirac
Lagrangian. Taught by Prof. Erich Poppitz

DISCLAIMER: Very rough notes from class, with some additional side notes. ~These are notes for the UofT
course PHY2403H, Quantum Field Theory, taught by Prof. Erich Poppitz, fall 2018.

1.1 Fermions: IR3 rotations.
Given a real vector x and the Pauli matrices
0 1 0 —i 1 0
1_ 2 _ 3 _
(7_[1 0}, (7_[1_ O}' 0_[0 _1]. (1.1)

We may form a Pauli matrix representation of a vector

X x| —ix
o-X= 3 ! 20, (1.2)
X1 +1Xp —X3

where o = ((71, %, 03 ) This matrix, like the Pauli matrixes, is a 2 x 2 Hermitian traceless matrix. We
find that the determinant is

det(c - x) = —x3 — x3 — x3 (1.3)
= 32 '
= —x".
We may form
U(o - x)U’, (1.4)

where U is a unitary 2 x 2 unit determinant matrix, satisfying

utu=1

1.5
detU =1. (15)



Further
det(Ue - x)U" = det U det(c - x) det U (1.6)
= det(c - x).
Moral: U(o - x)U' = ¢ - x, where x’ has the same length of x.
We may use this to represent an arbitrary rotation

U(c - x)U" = R'x/o’ (1.7)
We say that U € SU(2) and R € SU(3), and SU(2) is called the “universal cover of SO(3)”.

Pauli figured out that, in non-relativistic QM, that this type of transformation also applies to (spin)
wave functions (spinors)

Y(x) = ¥Y'(x)=U¥(x) (1.8)
where
x — x' = Rx, (1.9)
and RTR = 1. Here ¥ is a two element vector
hd (X)}
Y) = [ | 1.10
0=yl 110
so the transformation should be thought of as a matrix operation
‘YT(X)] PiL(X) [TT(X)]
— =U . 1.11
hw> ¥00) | =Y [, (L1)

Having seen such representations and their SU(2) transformations in NRQM, we want to know what the
relativistic generalization is.

1.2 Lorentz group

Let
(x%,x)=x%% + o - x
2%+ x5 x —ixy (1.12)
Tl +ing A0 —x3 |
This has determinant
det(x”,%) = ()2 — (12 — ()2 — (*)? (113
= xl'x,,.

We therefore identify (x?, x) as a four vector
(%, x) = xtoy (1.14)

We say that SL(2, C) is a double cover of SO(1, 3).
Note that the matrix U can be built explicitly. For example, it may be built up using Euler angles as

sketched in fig. 1.1. or algebraically
U= €i¢a3/2€i901/2€i¢03/2. (115)



Y4

Figure 1.1: Euler angle rotations.

1.3 Weyl spinors.

We will see that there is generalization of Pauli spinors, called Weyl spinors, but we will have to intro-

duce 4 component objects.
We’d like to argue that there is a correspondence (also 2 — 1) between SL(2,C) — SO(1, 3). Here:

e S:special

e L: linear
©2:2x2

e C: complex.

and we say that M € SL(2,C) if det M = 1, where M is a complex 2 x 2, but not necessarily unitary. The
SU(2) group is a subset of SL(2,C). In this representation SU(2) matrices are SL(2, C) matrices, but not

necessarily the opposite.
We introduce a special notation for the identity matrix

10
o0 = [0 J (1.16)

and can now form four vectors in a matrix representation

X (1.17)



Such 2 x 2 matrices are Hermitian. Notice that the space of 2 x 2 Hermitian matrices is 4 dimensional.

We found that
det(x"cy) = (x°)? — x%. (1.18)

The transformation
oy, — M (xMoy,) MY, (1.19)

maps 2 X 2 Hermitian matrices to 2 x 2 Hermitian matrices using a unit determinant transformation M.
Note that M is not unitary, as it is an arbitrary (Hermitian) matrix. In particular MM" # 1! Also note
that the determinant of the transformed object is

det (M (xe,) M") =1 x det (x'cy,) x 1, (1.20)

since det M = 1, so that we see that the Lorentz invariant length is preserved by such a transformation.
This can be expressed as

x-0c— Mx-cM'=x"-0, (1.21)
where (x')? = x2.

Motivated by this SL(2, C) — SO(1, 3) correspondence, postulate that we study two component objects

U(x) = [g;gﬂ , (1.22)

1,2

where x = (x?, x1, x2, x3) is a four-vector, and assume that such objects transform as follows in SO(1, 3)

U(x) = U'(x"y = MTU(x)

LN 1.23)
where M is the one giving rise to A. To understand what is meant by “giving rise to”, consider
Mx'o,M" = x"c, (1.24)
= oy, AVt
and this holds for all x#, we must have
Mo,M" = g, AY),. (1.25)

Theorem 1.1: Transformation of U*(x)ay U(x)

U*(x)(ry U(x) transforms as a four vector.




Proof:
Ut (0o, Ux) — U (o, U'(x)
= (M'U(x)) o, M U(x)
= ut(x) (McryMJ‘) U(x)
= Ut (x)o, U(x)A",

(1.26)

so we find that U*(x)ay U(x) transforms as a four vector as claimed.

—| Theorem 1.2: Transformation of partials.

The four-gradient coordinates transform as a four vector

@) = (A9,

Proof!: Inverting the transformation relation
= AF XY, (1.27)

gives
2= (AT A = (AT, (1.28)
SO
A — (3,)
B
~ox
o
~ox'M oxe
0

(A1
=(A7) HyT
= (A9

(1.29)

Theorem 1.3: Transformation of unﬂ*ayu

uter d, U transforms as a four vector.

In class we proved this by considering the transformation properties of a direction derivative dx/ - dy,, but that isn’t the
method that seems most intuitive to me.



Proof:
u'(x))

) d
LIJr(x)(T"WU(x) — U)o ST

) /
= AH t v Afl H
s (x)‘; g ) ) (1.30)
= U’ (x)o" S2F S* U (x)
d
_qrt
=U"(x)0" T U(x)
We can now define
—| Definition 1.1: Weyl action (name?)
We may construct the following Lorentz invariant action
Svieyl = / dhxillt (09, U (x),
where U(x) is a Weyl spinor.
The i factor here is so that the action is real. This can be seen by noting that (ic*)" = —ic* and
integrating the Hermitian conjugate by parts
(1(70)+ ([0 ' = —io® (1.31a)
i 0
t o i
1) _ _ il
<za ) - [i o] - _io (1.31b)
t_[o 17
2 2
(ic?) = [_1 0} = —io (1.31c)
v i 0]
. -3
(ic®)" = [0 _i] = —io (1.31d)
Syt = / d4x0,, U (x) (i) U ()
- / d*x9, U (x)ic" U(x)
- / dx9, (U ()ic"U()) + / dxUt (x)icd, U (x) (1.32)
_ / dxUt (x)io" 9, U(x)
= SWeyl/



where it was assumed that any boundary terms vanish.

—| Theorem 1.4: Weyl equation.

Variation of the action definition 1.1 gives rise to the equations of motion

0
2 Uu=0
v oxH

which is called the Weyl equation.

Proof:
55 =i / dx (SUte 9, U + U9, 61

=i [ dtx (sU'o"a, U + 3, (Ule¥eUl) — @,UosU)
=i [dtx (sU" (ea,U1) — (@,UNe" ) 8U)

- / d*x (w* (i"9,u) + (ou* (iaﬂayu)f) .

(1.33)

Requiring this to vanish for all variations §U" proves the result.
Written out explicitly in matrix form, the Weyl equation is

|:a() +0d3 01— 182:| [U1:| =0, (1.34)

81 + 162 ao — 83 UZ
or .
(do +93)U7 + (91 — id2)U2 =0 (1.35a)
(91 +1d2)Uy + (dg — 93)Uz = 0. (1.35b)

—| Theorem 1.5: Weyl equation relation to the massless KG equation.

The Weyl equation is equivalent to a set of massless KG equations.

3,0 Uy =0,

fork=1,2.




Proof:
Multiplying eq. (1.35a) by 91 +id, gives

(91 +102) ((ao +03)Uy + (01 — iaz)uz> = (do + 03) (91 +1d2) Uy + (91 +10d2) (91 — id2)U>

= —(do +093)(dg — 93)U> + (91 +193) (91 — id2)L>

(1.36)
= (—0po + 033 + 911 + d2) Up
- <—8080 —9:9° — 90! — 8282> U,
Similarly, multiplying eq. (1.35b) by 01 — id, we find
0= (91 — idy) ((31 +1d2)Uq + (dp — 33)U2>
= (011 +922) Uy + (9 — 93) (91 — i9) U (1.37)

=—(do+03)U;
= (011 + 022 — dgo + 933) U

Because Swey results in a massless KG equation, this is no good for electrons, and we have to look for
a different action.

Claim:  UYo,U is the only bilinear Lorentz invariant that we can add to the action.
An action like:
_1 1t T
Loinass = 2mu U + 2m U'ey(U")", (1.38)
may exist in nature (we don’t know), and are called Majorana neutrino masses. The problem with such
a Lagrangian density is that it breaks U(1) symmetry. In particular U — ¢'*U symmetry of the kinetic
term. This means that the particle associated with such a Lagrangian cannot be charged.
Recall that we introduced electromagnetic potentials into NRQM with
.. 0 1 ’
=¥ =— —eA) Y 1.39
zhat‘lf 2m(V eA) (1.39)
which is a gauge transformation. We’d like to have this capability.
What we can do instead and maintain U(1) symmetries, is to introduce two U’s, like

1 1,
Lomass = Emu;fo-zuz + o Wiopuf)t (1.40)

What we are really doing is assembling a four component spinor out of the two U’s.



1.4  Lorentz symmetry.

We want to examine the Lorentz invariance of UTo»U, but need an intermediate result first.

—| Lemma 1.1: Transpose of Pauli vector representation

For any x € R3
(c-x)T = —c?(c - x)0?,

or more compactly

O'T = —0'20'0'2.

Geometrically, this transposition operation reflects x about the y-axis.

Proving lemma 1.1 is well suited to software (FIXME: link: diracWeylMatrixRepresentationAndIdenti-
ties.nb), but can also be done algebraically with ease. First note that

(Ti[ =01
03 = —0p (1.41)
O'g =03

which means that
(- x)T =clal — % + 28

= o20? (alxl —?x% + 0“3x3>

(1.42)

=02 (—olxl — X — U3x3) o?
= —c*(c -x)o?.

Now we are ready to proceed.

Theorem 1.6: UTo» U invariance

UTo,U is Lorentz invariant.

Proof:
UTonl — U ol (1.43)

- UM o, MHU,

where U’ = MU and U = uTM*TT
Note that if we can show that M* oo M = 0, then we are done.



It is simple to show that any ‘
U =eioa, (1.44)

for a € R3, has eigenvalues +i|a|. The determinant of such a matrix is

eflal 0

detu = O e*i‘a‘

=1, (1.45)

so we see that such a matrix has the UtU = 1 and detU = 1 properties that we desire for elements of
SU(2)?. We haven’t shown that all matrices U € SU(2) can be written in this form, but let’s assume that’s
the case.

Claim:  Generalizing from the exponential form of SU(2) elements seen above, we assume that any
SL(2,C) matrix M can be written as

M+ — eiv-(a+ib), (1‘46)
fora,b € R3.
The transpose of an exponential of a sigma matrix goes like
(etf-u)T Z - ((0. . u)k)
pars
=Y L (o we
= e ’ (1.47)
( —0 - u)k> 0
ok
= oye —oug,
6)
0'2M+ ( 10" (a+zb)) o> e o-(a+ib)
o-(a+ib) icr-(a+ib) (1.48)
( ) ope
=0y,

which is the result required to finish the proof of theorem 1.6°.

1.5 Dirac matrices.

2In class the suitability of ¢17'2 a5 an element of SU(2) was demonstrated with an argument that diagonalizable matrices satisfy
deted = eft
3A slightly different derivation was done in class, but this one makes more sense to me.
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— Definition 1.2: Dirac matrices.

The Dirac matrices v*, u € {0,1,2,3} are matrices that satisfy
{r " =281,

that is
Y+t =2¢1,

We will use the explicit 4 x 4 matrix representation

01
0_
’Y - |:1 0:| 7
and
i_| 0 ¢
Y —ct 0
The metric relations can also be written explicitly in the handy form
2
(r')" =1
2 (149)
()
Written out explicitly, these matrices are
[0 0 1 0 0 0 01
o_10 0 0 1 110 0 10
T>l1ooo0” TT|o -10 0|
0100 -1 0 00
- . (1.50)
0 0 0 —i 0 01 O
> |0 0 i O 3 |0 00 -1
T=1o io ol TT|-100 o0
-7 0 0 O 0 10 O
We will see (HW4) that Lorentz transformations take the form
Xy = AT, () A, (1.51)
where . ,
Ay =e 29w (1.52)
where .
GH — i [y, 2"]. (1.53)

11



In particular

0 1[0 aj (1.54)

will generate boosts, whereas

B 0 dl[o0 o
1 I N I (1.55)
0

are rotations (and in this case, are Hermitian).
The explicit expansion of the half Lorentz transformation operator is

Ay =S
— e*i&)OkSOkf%wijjk
e 1 [woro* 0 i [wyeMo! 0 (156)
p 2 0 —aJOk(Tk 4 0 wjke]klcfl
B e—(%kaU’0+£wjk€ijU’l) 0
- 0 e*(*%(x}[)kﬂo-i-il(djk@jklal)

where the 1/2 factor of wy; vanished because we had a sum over 0i and i0 which have been grouped.

Lemma 1.2: Some Dirac matrix identities.

()" ="

(7" ==

12



YOy = —int

The first two are clear from inspection of eq. (1.50). For the last, for y =0

7°3179°) 7 = 12 (y°) T (—i)y”
= _i,)/O,yO,YO (157)

= —1")/0/
and for y =k #0

Y017 0 = (i) (—9F)°
0. k.0

=+ Yy (1.58)
— _l',)/O,YO,yk
which completes the proof.
1.6 Dirac Lagrangian.
We postulate that there is a four-component object
P
L H IR AR U ) (1.59)
(2

where s are all complex fields, and assume that the fields transform as
Y(x) = ¥'(x') = A oY (), (1.60)

where our vectors transform in the usual x — x’ = Ax fashion, where the incremental form of the
Lorentz transformation is the usual

AV, =61, + Wty + O(w?). (1.61)

Definition 1.3: Overbar operator (name?).

13



Definition 1.4: Dirac Lagrangian.

»CDirac = ITr(x) (i')’yay - m) 1I[(x)

Armed with lemma 1.2 we can now show the following.

— Theorem 1.7: The Dirac action is a real Lorentz scalar.

The action
S= /d4x‘? (iv*0, —m) ¥,

is a real scalar and is Lorentz invariant.

Real:  To show that the action is real, we compute it’s Hermitian conjugate, apply lemma 1.2 and inte-
grate by parts

st = / ¥t (—i(y) 9, —m) (1O)1¥
(_
= /d‘lx‘I’Jr ((z'fyP‘)Jr du —m) a4
- / ¥ (=1 770 3, —m) ¥
_ —
= [ @x® (—iv" 3, —m) ¥

=— /d"‘xay (Yin"¥) + /d4x‘?i'y"8y‘}’ — /d"‘x‘?m‘l’

(1.62)

= /d4x‘? (iv"0, —m) ¥
=3,

where 9, without an overarrow means the traditional right acting operator, and assuming that the
boundary terms vanish.

To show the Lorentz invariance, we will consider just the transformation of the Dirac Lagrangian den-
sity. We need a couple additional pieces of information to do so, the first of which is the transformation

property4

¥ - TA;/lz, (1.63)
and (from HW4) P
A1/27VA1/2 = AM“,)/X. (164)

4Not proven here, but there’s an argument for that in [1] (eq. 3.33).

14



The Lagrangian transforms as

¥ (x) (i"9, — m) ¥(x) — F'(x)7" (i'y” = m) ¥ (x')
= F0)ATL (iw(Afl)“yaa - m) A1 ¥(x)
- ¥(x) <iA1‘/12fy”A1 (A3 — m) ¥ (x)
=¥ (ivVo, —m) ¥

We find that ¥¥ = ¥79¥ is a Lorentz scalar, whereas ¥¢*¥ is a 4 vector.

1.7 Problems:

Exercise 1.1 Show that ¥V¥ is a Lorentz scalar.

Answer for Exercise 1.1
The Lorentz property follows from eq. (1.63)

FY — (FA7S) (Ai¥)
=YY.

The scalar nature of this product can be seen easily by expansion.

¥y = v 0y
[0 0 1 0 Y
e wr w00 0 1] ¥
=[\Fl \FZ \Ij3 \Ij4]1000 \113
01 0 0] |¥,
Y,
* * * % 1{r4
z[lfl Y, T3 ‘F4] ¥,
k¢
:‘{’T‘Yg, +‘Y§‘P4 +‘Y§‘Y1 +‘YZ‘I’2

=2Re (¥1'¥s + ¥5¥,).
Clearly any individual ¥Ty*¥ product will also be a scalar.

Exercise 1.2 Show that ¥*¥ transforms as a four vector.

15
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Answer for Exercise 1.2
T FA-1
Tt = (FA7)) 7" (A1¥)
- ¥ (Al_/lzfy?‘Al /2) ¥ (1.68)
=Y (A" Y
= A", ¥9"Y.
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